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PREFACE 



The present volume conBists of the second half of the second 
volume of the French edition of Goursat's " Cours d'Analyae 
Math^matique." As was stated in the pre^e to the first half 
of this volume, it seemed best, for purposes of American schools, 
to issue these two parts separately, and this was done with the 
approval of Professor Goursat. 

It is hoped that the present volume, which is entitled " Differen- 
tial Equations," will prove serviceable in American universities 
for courses which bear that name. 

E. R. HEDRICK 
OTTO DUNKEL 
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DIFFERENTIAL EQUATIONS 

CHAPTER I 

ELEMENTARY BIETHODS OF INTEORATION 

I. FORMATION OF DIFFERENTIAL EQUATIONS 

1. Elimination of conBtonts. Let ua consider a family of plane 
curves represented by the equation 

which depends upon n arbitrary constants. If we assign to these con- 
stants definite but arbitranly chosen values, the successive derivatives 
of the function y of the variable x dSfined by the preceding equation 
are furnished by the relations 

dF ZF 

,^F„ dF 

(2) 



dx' 



-j^.. = o. 



If we stop with the equation for calculating the derivative of the 
nth order, we shall have in all (n. + 1) relations between x, y, y', y", 
■ ■ ■, I/'"' and the constants c,, e^, ■ ■ -, e„. The elimination of these n 
constants leads in general to a single relation between x, y,y', ■ ■ ■ , y*"', 

(3) ^{x,y,y;y",..-,if-'^)=(i. 

From the very way in which the equation (3) is derived it is clear that 
every function defined by the relation (1) satisfies this equation (3), 
whatever may be the values assigned to the constants c^; hence 
we say that any such function is a particular integral of the differ- 
ential equation (3). The whole set of these particular integrals is 
the general integral of the same equation. Using geometric language 
for convenience, we shall also say that every curve represented by 
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4 ELEMENTARY METHODS OF INTEGRATION [I, § 1 

the equation (1) is an integral curve of the equation (3), or that the 
equation (3) is the differential equation of the given family of 
curves (1). 

We see that the order of the differential equation is equal to the 
number of arbitrary constants upon which that fa,niily of curves de- 
pends. It is also clear that the reasoning does not at all prove that 
the equation (3) has no other integrals than those which are repre- 
eented by the equation (1). In fact, the equation (3) may have other 
integrals, as we shall see presently. 

The above Btatements do not apply to the excepUonftl cases lu which the 
elimination of Uie n parametera a between the (n + 1) relations (1) and {2) leads 
to BeveraJ distinct relations between x, y, y', v", ■ • ■, v<"'. We could in those 
coses find one relation not containing ii'.''>, so that the family of curves con- 
sidered would he the integral curves of a differential equation of an order less 
than n. This will occur if these curves depend In reality upon only n — p 
parameteis (p>0). For example, the curves represented by the equation 
F\x, V, 0(0, 6)] = ©apparently depend npontwo arbitrary parameters o and 6 ; 
in reality tbey depend upon only a single parameter c = ^(a, b). There is also 
another way in which the lowering of the order of the differential equation may 
occur. For example, the curves represented by the equation y^ = 2 axy -f b^ 
really depend upon the two independent parameters a and b, yet these curves 
always satisfy the equation y = xy". This is because the preceding equation 
represents two straight lines through the origin, each of which is an integral 
cnrve of the equation y = xy'. 

Example*. The straight lines passing through a fixed point (a, b) are repre- 
sented by the equation 

(4) v~b = 0{z-a) 

and depend npon an arbitrary parameter G. The elimination of this parameter 
between the preceding relaUon and the relation ^ = C leads immediately to 
the differential equation of this system of str^ght lines : 

(6) y-b = jf(z-a). 

Conversely, we can write equation (5) in the form 



and therefore every integral of that equation satisfies the relation 

Ix)g(V - 6) = Log(x- a) + Logo, 

which is equivalent to the equation (4). 

The set of all straight lines in a plane, y = C,z + C^, form a two-parameter 
family whose differential equation is y" = 0. The converse is self-evident. 

The circles in a plane 

(6> a^ -^ v« + 2 .ia: + 2 B^ + C = 
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l.fl] FOBMATION OF DIFFERENTIAL EQUATIONS 5 

form a tliree-parameter family ; the corresponding differential equation miut 
therefore be of the third order. Differentiating the preceding relation three 
timee, ne find 

(7) X +y]/' + A + By' = 0, 1 + i/* + yy" + By" = 0, 

Sv'i/" + yy"' + Bif'~ = 0. 
The elimination of S between the last two equations leadB to the dedred equation 

(8) ■ v"'(i + y^)-ay'V'' = o. 

The only plane curves satisfying this relation are drciei and atrai^bt fines. 
We see first of all that any straight line is an integral curve, for the equation 
is satisfied if we have v" = and therefore y"' = 0, Now let as suppose that 
y" ^Q; then we can writ« the equation (8) in the f onn 
V"' ^ Zy-v" 

r i+j^' 

from which we derive 

Log!/" = ^Log(l + i/^ + LogC,, 

where C, is a constant different from zero. This result ma^ be written In the form 
A second Integration gives 



Vl-(C,a!+ C,)" 
integrating once more, there results finally 



Citr + 0, =- Vl-(CiiI+C,)", 

which is the equation of a circle. 

The differential equation of all conies may be found easily by the following 
method, which is due to Halphen. If the conic has no asymptote parallel to 
the y-a.'zia, its equation solved with respect to ^ is of the form 

y = ma; + n + V^*" + 2 Bi + C. 
After two differentiations we find 

V = T' 

(4x» + 2 Bi + C)t 

BO that (i/")~*^ is a trinomial of tlie second degree in x. Hence, to eliminate 
the three constants vl, B, C three differentiations are sufficient, and the desired 
differential equation can be written In the abridged form 
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6 ELEMENTARY METHODS OF INTEGRATION [1,51 

Carrying out the diSereittiatiunB, we obtain tlie equation 

(9) 40y-"* - i5y"y'"v'-' + ^y-'iy' = 0. 

The difierential equation of parabolaa may be found by the same method. 
We have, in (act, for a parabola A — 0, and {1/")-*'* ia a binomial of the fltst 
degree. The differential equation is, therefore, in an abridged form, 

or, after carrying out the indicated di&erentiatioiui, 

(10) 5i/"'*-3j^'l,i' = 0. 



II. EQUATIONS OF THE FIRST ORDER 

Every differentia! equation of the nth order, formed by the elimi- 
nation of the constants, haa an infinite number of integrals that 
dejiend upon n arbitrary parameters. Bat it is by no means evident 
that a differential equation given a priori has any integi-als. This 
involves a fuodamental question to which we shall return in the 
following chapter. We ahall first consider some simple types of 
differential equations of the first order whose integration can be 
effected by quadratures. The existence of the integrals will be 
established by the very method by which we obtain them. If this 
order of procedure seems subject to criticism from the point of 
view of pure logic, we may at least observe that it conforms to the 
historical development of the subject. 

2. Separation of the variables. The simplest type of differential 
equation is the equation ab'cady studied, 

TO S =/(»), 

where f(x) is a continuous function if the variable x is real, or an 
analytic function if we regard the independent variable x as com- 
plex. We have seen that that equation has an infinite number of 
integrals which can be represented by the relation 






where the lower limit x^ is considered as fixed, and where C denotei 
an arbitrary constant. The equation 
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1. 5 2] EQUATIONS OF THE FIRST ORDER , 7 

reduces to the preceding by considering y as the independent vari- 
able and X as the unknown function. The equation may then be 
written in the form dx/dy — l/ip (y), and consequently 



-B 



In general, when a differential equation is solved with respect to 
the derivative of the unknown function, it is often convenient to 
writ* it in the differential notation, 

(13) P {x, y)dx+Q {x, y) dy = 0. 

This form does not commit us in any way as to the choice of the 
independent variable, which may he either x or y. If we wish to 
substitute for x and y new variables u and v, we need only replace 
X, y, dx, dy in the equation (13) by their corresponding expressions 
in terms of u, v, du, do. Let us also notice that we may, without 
changing the integrals of the equation (13), multiply or divide both 
its terms by the same function of x and y, fL(x, y), provided that we 
take account of the solutions of the equation fi (x, y)=0 which may 
be made to appear or may be suppressed by the operation. The two 
cases which we have just treated are particular eases under a more 
genera] method, called the separation of variables. If a differential 
equation of the first order is of the form 

(14) Xdx + Ydy = 0, 

where X and Y depend only upon x and y respectively, we say that 
the variables are separated. The equation is then integrable by quad- 
ratures, for if we put 

17 = r Xdx + r Ydy, 

the equation can be written in the form dU = 0, and the 'general 
integral is represented by the relation U = C. 
The equation 

(15) XY^dx +X^Ydy = 0, 

where X and X^ depend only upon x, and where Y and Y^ depend 
only upon y, can be reduced to the preceding form by dividing the 
two' terms by X^Y^. It should be noticed that in this example the 
solutions of the two equations, X^ = 0, T, = 0, are suppressed. Indeed, 
it is clear that if y = J is a root of the equation F^ = 0, j/ = 6 is an 
integral of the proposed equation, while in general it will not be 
included in the general integral of the new equation. 
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8 ELEMENTARY METHODS OF INTEGRATION [1,J3 

3. Homogieiieotti eqiuitions. A differential eqimtion of the first order 
is Baid to be homogeneous if it can be written in the form 



(") •£=/©• 



where the right-hand side is a homogeneous function of degree zero. 
It can be reduced to an integrable form by^ putting y = ux, where 
the new variables are x and u. This substitution gives 

and the equation (16) becomes 

We can now separate the variables by writing the equation in the 
form 

dx du 

X "/(«)-.' 
and the general integral is obtained by one quadrature in the form 

(17) X = CeJ7i!o^; 

We have only to replace in it u by i//x in order to obtain the equation 
of the integral curves. 

The general equation of that family of curves is of the form 
X — Cifi(i//x), where C is an arbitrary constant. These curves are 
all similar to any one of them, with the origin as center of simili- 
tude, the ratio of similitude being alone variable ; for we can derive 
the preceding equation from the equation, x = <fi(y/x) by replacing 
X and y in it by x/C and y/C respectively. Conversely, given a 
family of curves similar to each other with respect to the origin, the 
corresponding differential equation of the first order is homogeneous. 
We can verify this by actual calculation, but the result is evident 
a priori, for the tangents to the different curves of that family at 
the points of intersection with a straight line through the origin 
must be parallel, and therefore the slope of the tangent y' depends 
only on the ratio y/x. 

We can reduce to the homogeneous form any equation of the type 

ns\ ^ - ■>/ «a' + 6y + o \ 

Diqi1izcdovGoO<^IC 



I,S4] EQUATIONS OF THE FIRST ORDER 9 

where a, b, e, a', b', e' are any constants, except that b and b' are not 
both zero. In order that this equation be of the desired form, it is 
sufficient that e = e' ^ 0. Now, if we put 



where X and y are the new Tariables and where a and /3 are any 
two constants, the giren equation becomes 

dY^ J aX + bY+aa + h^+e \ 
dX ^ \a'X + b'Y+ a'a + b'p+eW' 

and this new equation will be homt^neous if 

aa + JyS + c = 0, a'a + A'/J + o' = 0. 

These two conditions determine a and fi it ab' — a'b is not zero. 
In the particular case in which al' — a'b = 0, suppose 6^0; we 
shall h&ve a'x + b'y = k(ax + by), where £ is a constant which has 
a finite value. Putting ax + by = u, the equation takes the form 

b dx b^'^\ku + e'/ 
in which the variables are separated. 

4. linear equations. A linear differential equation of the first 
order is of the form 

(19) ^ + x, + X, = 0, 

where X and X, are functions of x. If X^ =s 0, we can write this 
equation in the form 

(20) ^ + Xdx = 0, 

and the general integral is obtained by one quadrature in the form 

(21) y = Ce~^<"'. 

In order to integrate the complete equation (19), where X^ is 
supposed different from zero, we shall try to satisfy that equation 
by taking for y an expression of the form (21), considering C no 
longer as a constant but as an unknown function of x. This 
amounts to making the change of variable y = r«, where « is the 
new function to be determined and Y any one of the integrals 
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10 ELEMENTARY METHODS OF INTEGRATION [I. i i 

of the equation (20). After this substitution, the equation (19), 
by virtue of the relation (20) which Y satisfies, takes the form 



irhich 13 integrable by one quadrature. We derive fiom it 



"-/f 



where C is an arbitrary constant. The general integral of the 
equation (19) is therefore obtainable by two successive quadratures. 
Replacing Y by its value, we can again write it in the form 



(22) 



y = e-S"-(c-Jx,,!'"-dx\ 



where the lower limits in the two integrals are chosen at pleasure. 
The general integral -is an integral linear functwn of the constant 
of integration of the form y =C/(a;)+ <^(^), where f(x) and ^(a;) 
are definite functions of x. This property characterizes the linear 
equation, for if we eliminate the constant C between the preceding 
equation and the equation 

J,' = C/'(A!) +*'(«), 

we are evidently led to a relation that is linear in y and y'. 

This result may be stated in anqther way. Let y,, y^, y, be three 
particular integrals of the linear equation, corresponding to the 
values C^, Cj, Cj of the constant C } the elimination of the two func- 
tions f{x) and ^ (a;) between the three relations, 

y^ = CJ'{x)+4.(x), y^=CJ{x)+4,(x), y,= C,f(x)+4.(x), 

leads to the relation (y, — 2/,)/0/a — y^ = (p^ — C^/(C^ — C^), which 
shows that the ratio (ji, — y,)/(yj — y,) is constant for any three 
particular integrals of a linear equation. If we know two particular 
integials jj, 1/j of a linear equation, we can then write down imme- 
diately the general integral in the form 

■ ^-~ - ^' - = const. 

y^-jfi 

It is also to be noticed that if we know a single particular inte- 
gral y„ the general integral can be obtained by a single quadrature ; 
in fact, putting y = y^ + u,w& are led to the equation du/dx + Xu = 0, 
which is identical with the equation (20). 
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I, s a] EQUATIONS OP THE FIRST ORDER 11 

5. Bernoulli's equation. Bernoulli's equation 

(23) g + jTy + JT.s^-O, 

where the exponent n may be any number difEetent from zero and 
from unity, can be reduced to a linear equation by the substitution 
z = y'-'. For then we can write the preceding equation, after 
dividing all its terms by y", in the form 

-^p-t-Xz + X^-O. 
1 — n tfce ' 

We can reduce to the preceding type any equation of the form 

(24) ^(|)rfa; + ,l,(^)dif + k2f{xdy - ydx)^ 0, 

where It. and wt ar« any two numbers whatever. For if we put 
y = wa;, the equation obtained can be written as follows : 

[♦(.)+.*(.)] ^ +,,*(.)+ fa-" _ 0, 

and, putting « = ar"'"+'>, we are led to a linear equation. 

6. Jacolii'a aqnatlon. Let us cooeider the equation 

' ' I - (6 + ft'i + b"i/) d!/ + (c + c'l + c"i/) dl = 0, 

where a, a', a", b, b', 6", c, c', c" are any constant coefficienta. If o = 6 = e = 0, 
the equation comes under type (24), for we have only to divide by a'x + a"y to 
Teduc« it to this type. In order to reduce the general case to this particular 
case, let us put i = X+cr, y=F+/S, where X and Y are two new variables 
and where it and ^ are two constants. Thus we obtain a new equation of the 
same form, which can be written as follows : 

(35-) \ -\B->r\fX->rV'Y-{_A + a'X Jr a"Y-)a~ AX\i.Y 

\ +[C + c'X + c"r-(^ + a'X+a"F)^-.dr]dX = 0, 

.d = a + o'a + o"j9, B = 6 + 6'a + 6"ft C = c + c"*! + c"p. 

This equation (25') will be of the type (24) H we have J a - i( = 0, .d|S - C = 0. 
We are then led to determine the constants a, /S by thew two conditions, which 
may be written in a more symmetric form by introducing an auxiliary un- 
known X : 

4-X = 0, B-Xa: = 0, C-X^ = 0. 
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12 ELEMENTARY METHODS OF INTEGRATION [1,^6 

The eliminfttiou of the unknowns a, j9 leads to an aoxiliary equation of the 
third degree for the determination of X; 



The Integration of Jacobl's equation depends, tben, first of all on the solution 
of this equation of the third degree, as will be seen b; other methods a little 

7. Riccati'B equation. Biccati's equation 

(26) ^ + Xy* + X^y + X^ = 0, 

where X, X,, X^ are functions of x, cannot in general be integrated 
by quadratures. The integrals of this equation, when the coefficients 
are unrestricted, form new transcendental functions, whose proper- 
ties we shall study. But this equation is relate^ to the matter which 
we are discussing on account of the following property : If we 
know a particular integral, we can find the general integral by two 
quadratures. 

Let ^j be a particular integral. The change of variable y = y^-\-z 
leads to an equation of the same form which does not contain any 
term independent of a, since « = must be an integral ; that equa- 
tion is, in fact, 

and we have only to put u = 1/z in order to transform it into a 
linear equation. This proves the proposition just stated. 

From this result, several important consequences follow. The 
general integtal of the linear equation in it is of the form (§ 4) 

u=Cf{x) + ^{xy, 

hence the general integral of the Biccati equation is of the form 



(28) y = y, + -. 



._ g/i(^)+^.(^) . 



Cf{x)+4>{x) Cfix)+.i.{x) 

We see that it ia a rational Junction of the first degree in the constant 
of integration. Conversely, every differential equation of the first 
order which has this property is a Kiccati equation. For, let fix), 
•p{x), fjCx), <^j(a!) be any four functions of «; all the functions y 
represented by the expression (28), where C is an arbitrary con- 
stant, are integrals of an equation of the first order, which is easily 
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obtained by solving the equation (23) for C and then taking the 
derivative. This gives 

f. <k-y<f' 

and the corresponding differential equation is 

(^f-fi)i<t>i - H' - t/<l'')-{<t>i - yi>Wf+ yf -fO= o, 

which is of precisely the form (26), 

I'S' !/v 2/ji y,> Vt t« four particular integi^s corresponding to the 
values Cj, C^, C^, C^ of the constant C, By the theory of the anhar- 
monic ratio we have the relation 

y*-y^ ^ y»-yi _ c^-c.c^- c. 
y^-y^ Vx-Vi c-.-Ci <^.-c,' 

which is easily verified also by direct calculation, and which proves 
that the ankamwnie ratio of any four particular integrals of RiceatVs 
equation is KonstatU. 

This theorem enables ns to find without any quadrature the gen- 
eral integral of a Riccati equation when we know three of its partic- 
ular integrals y^, y^, y^. Every other integral y must be such that 
the. anharmonic ratio {y — y^f{y — y^-*- (y, — V^/iy^ — y^ is con- 
Btfint. The general integral is then obtained by equating this ratio to 
an arbitrary constant. It is clear that y will be a rational function 
of the first degree in this constant, which proves that the preceding 
property belongs only to the Riccati equations. 

Let us observe that if we know only two particular integrals, y^ 
and y^, we can complete the integration by one quadrature; for, 
after the first transformation y = y^-\-z, the equation obtained in s 
has the integral y^ — y^. The linear equation in u has therefore the 
known particular integral l/{y^ — y,)- The general integral of the 
equation in w will then be found by a single quadrature.* 

ApplieaHon. Let us con^der a famllj of circles [n a plane, which depends 
upon one variable parameter. Let (a, 6) be the coordinates of the center of the 
variable circle and let it be its radius (the axes being rectangular). We shall 

• The properHes of Biceati's oqustion eBtabllshed in the teit c«n be derived also 
b; observing that the equation is not changed in form by any general linear trans- 
formatJOQ V — {fi + 4>)/(J\ i + ^), where/,/,, #, ^j are tunctions of *. If we know 
one, two, or three integrals ot the equation (26), we cau always choose the linear 
traneformatioD in such a way that, in Che transformed equation in z, one, two, or 
tbree of the (Miefficlents of the polyaomlal of the eecood degree In x will be zero. A 
linear equation may be regarded as a Biccati eqaation which is satisfied I)y the 
particular Integral s = « , that Is, such that the equation obtained by putting y — \/z 
has the solution i - 0. 
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suppose that a, b, R are known functions of a variable parameter a. Let us Uj 
to find the ourrea which cut each of these circles at a known angle V, which 
may be coDStant or a given function of a. The coSrdinates of an; point if of 
the circle C with the center {a, b) and the radius S can be represented by the 
equations 

x = a + Btxme, y = b + Rain9, 

where 8 is the angle which the radius terminating at the point M makes with 
the direction Ox. The problem reduces to the determination of the angle 9 as a 
function of the parameter a, so that the curve described by the point Jlf cuts the 
circle C at the angle Y. The differential equation of the problem is therefore 



dy 



tantf 



which becomes, after replacing dx and dy by their values and reducing, 

B^ + 6'cosS- a'sinfl- ctn F(K'+ a'c«sS+ 6'Bin#) = 0, 

where a', f, R' are the derivatives of a, b, R with respect to a. Taking for the 
new unknown t = tan (0/2), we obtain the Riccati equation 

<28) 2-B^ + (^(l - 1') -2a't- ctn r[B'<l + f) + a'(l- (*) + 2b't] =,0. 

It will suffice, then, to know a ^ngle trajectory in order to obtiun all the others 
by two quadratures. 

Let us consider the particular case of orthogonal (rqjeceones; the angle Fis 
then a right angle, and tlie cotangent is zero. If we also suppose that the circles 
considered have their centers on a straight line, we know a priori two particular 
integrals of the equation (20), for the line of the centers Is an orthogonal tra- 
jectory and meets each circle in two points. It is easily shown that the inte- 
gration requires only one quadrature, for if we take the z-axis for the line of 
centers, the equation (28) reduces to B (dt/dr) — a'l = 0, 

8. Equotiona not solved for y'. In the different cases which we 
have just examined the equation was aupposed to be solved with 
respect to y'. Let us now consider the general equation of the first 
order F{x, y, y') — 0. Let S be the surface represented by the equa- 
tion F{x, y, a)= 0, obtained by replacing y' by z. To every integral 
y =f(x) of the proposed equation there corresponds a curve V, rep- 
resented by the relations 

(r) v=f{<c), «=A^). 

which lies entirely on the surface 5, since we have 
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But this curve T is not any curve on the surface S ; alon^ this curve, 
in feet, 1/ and s are functions of a: satisfying the relation dy—zdx = {i, 
and that relation preserves the same form if we take any independ- 
ent variable iu place of x. 

Conversely, let T be a curve lying on the surface S; the coordi- 
nates X, y, » of a point of that curve are functions of a variable a. 
If these three functions, x = ■^,(a), y = •^J^<^), z = '^s('i), satisfy the 
relation dy = zdx, we can deduce from them an integral of the given 
equation ; for the first two relations, x = <^j(ff), y = <^a(*), represent 
a plane curve C. Let y = f{x) be the equation of that curve, suppos- 
ing it solved for y. Along the entire curve T we have z =/*(«), and 
consequently F[x, f{x), f{x)'] = ; the curve C is therefore an inte- 
gral curve. There would be an exception only in case the curve C 
were to reduce to a point, and the curve T to a straight line parallel 
to Ox. The two problems are then equivalent : to integrate the given 
equation F(x, y, y')= or to find the curves of the surface S for 
which we have 

dy — zdx = 0. 

This being the case, let na suppose that we can express the coor- 
dinates of a point x, y, z of the surface S explicitly aa functions of 
two variable parameters w, v : 

"-/{'.'), ?-*(»,.), =-♦(.,.). 

Every curve T of the surface S is obtained by establishing a certain 
relation between m and v, and, in order that that curve shall define 
an integral, it is necessary and sufficient that we have dy = adx, or 



3m 



*+!*.,=♦(., ,)g..+g*). 



We have thus a differential equation dv/du = 7r(ii, u), solved with 
respect to dv/du. It is clear that the preceding discussion applies 
also to equations which can be solved for y'. 

This transformation is immediate for the equations solved for one 
of the variables x or y. For example, let the equation be 

(30) v=f<.',yy. 

we can here take for the variable parameters x and y' = p. The sur- 
face S is then represented by the equations 

x = x, z=p, y=f(3^,p). 
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[uid the relation dy = »dx becomes 

This result could have been obtained directly by dJfFerentiating the 
relation (30) and replacing y' hy p. Let j) =; tp{x, C) be the general 
integral of the equation (31) ; to deduce from it the general integral 
of the equation (30), it will only be necessary to replace y' in the 
equation (30) by *(«, C). 

9. Lagrange's equation. Let us consider in particular an equation 
linear in the two variables x and y : 

(32) y = a:.^(y') + ^(y'). 

Differentiating the two sides, and denoting y' by p, we obtain the 
equation 



'>S'''"''ds. 



If we consider p as the independent variable, and x as the unknown 
function, that equation, which can be written in the form 

WW - /■: ^ ■+ «*'0) + fw - 0. 

is linear and is integrable by two quadratures. Having obtained x 
as a function of p, by putting that value of x in the expression 

y = x<l,(p) + ^(p), 
we shall have the cofirdinates x and y expressed as functions of the 
parameter^ and of an arbitrM'y constant.* 

We can readily discuss tha geaeral appearance of the famitj ot Integral 
curves by observing that x and y are polynomlf^s of the fiist degree in the 
arbitrary constant C: 

(33) * = CF{p) + *(p>, 1, = CFi(y) + i^(p). 

But the functions F(p), Fj(p), *(p), *|(p) are not arbitrary functions, since 
the parameter p represents the elope dy/dx of the tangent. On this account 
we must have F[{p) =pF'(p), *J(p) =p*'(p). Let r,,, r, be two particular 
integrals corresponding to the vsluea C = 0, C = 1 of the constant : 

rjJo = *(p), rx, = F(p) + *(p), 

°\i'. = *i(P). Ui'i = *'i(P) + *iiP)- 

* The equation (32) can also bereducad to alineor equation by mesna of Legendre's 
tranafonnatloii (I, } 62, 2d ed. ; S 36, tst ed.). 

A homi^eQeouB equation of the form p — 3;^(jO, not solved lor j/'. may be consid- 
ered as a particular case of Lagrange's equation and integnited In the same way. 
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: (38), which repntsent any integral r, may be written also ii 



K;: 






At the points M^lx^^ y,), if,(x„ ]/,), Jf (^ i/) of the curves r„ r„ r, which 
correspond to the same value of p, the tangents to these carves are parallel. 
Moreover, we derive from the preceding expressions 

V-l/n _ g-!Co _ C 
]/— J/^ x — x, C ~l' 

which provefl that the three points Ji, JIfg, Jf, are on a straight line and that 
the ratio MM^MM^ U constant. We have then the following geometric 
construction ; Given the two curves T^ Tj, toe ^tn (Ae pointo M^, M^ of thete 
tXBO curves uAere the twagerds are paratlet, and ine take on the draight line joining 
' theite poinis the point if aack that the rofio MM^MM^ unU be equal to a giten 
conxtavi K. If the poinLs M^, M-y deamiie tAe curves Tg, r^, the poird M deacrOxi 
an inlegral curve T, and we obtain the geaeraX iidegral by oarviTig the amslaid K. 

10. Qflirant'B equation. A retnaikable particular case of Lagrange's 

equation had been treated previously by Clairaut ; every equation of 
the form 

(34) y=xy'^f{y-) 

is called a Clairaut equation. Following the general method, we 
differentiate the two sides and put p=y'; this leads to the equation 

(36) ['+/■«] g-0- 

This equation ia satisfied by putting dpfdx = ; whence p = C. The 
general integral of Clairaut's equation is, then, 

(36) y = Cx+f{C). 

This equation represents a family of straight lines, and it is readily 
seen that they are really integral curves. But the equation (35) is 
also satisfied by causing the first factor x +/Xp) ^ vanish. From 
this it follows that there exists a new integral of the equation (31), 
which is represented by the two equations 

^ +f'(p)= 0. y =p=^ +f(p)- 

Kow the elimination of p between these two equations would lead 
precisely to the envelope of the straight lines represented by the 
equation (36), Hence Clairaut's equation has also as an integral 
curve the envehpe of the straight lines which represent the general 
integral. Since we cannot obtain this integral by giving a particular 
value to the constant C, we say that it is a singular integral. 
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We are led to Clairaut's equation when we undertake to determine a. plane 
curve by a property of its tangenW in which the point of contact does not enter. 
In fact, let y — /(x) be the equation of the des ed u e hen the equaUon of 
the tangent is y = y'JC + y — xy', and we a e ed to a e at on between y" and 
y— xjr', that is, to Clairaut's equation. It a ea ha hia case it is Che 

singular integral which gives the real solu on of be p ob em. 

Let US propose, for example, to find a c rv gark thai he product qf lAe di»- 
tances Jrom two fixed points F, F' to any one qf ts tangents is always equal to a 
eonslanl Ifl. Let 2 c be the distance FF', let the middle pomt of the segment 
FF' be taken for the origin, and let the stn^ght line FF' be the a^-axis. This 
leads to the difterentiaJ equation 

if we suppose tliat the two points F, F' He on the sa me side of tbe tangent. This 
equation reduces to the form y^zy' ± Vft* + Q* ^ ; hence the general integral 
represents the family of straight lines 

Tbe singular integral curve, tbe envelope of these straight lines, is the ellipse 

3 + 5 = '' 

which is the true solution of the problem. 

11. lategTation Of the equations F(x, jf') = 0, F{y, y') = 0. The 
equations which contain only one of the variables x or y are inte- 
grable by a quadrature, provided that we can solve the equation for 
,y' (§ 2). If the equation is algebraic, 1/ ia an Abelian integral or 
the inverse function of an Abelian integral. Whenever the relation 
is of deficiency aero or deficiency one, we can express x and y as 
functions of a variable parameter, either rationally or by means of 
the classic transeendentals. Let us consider, first, equations of the 
type F(y, y') = 0, of deficiency sero ; we can express y and y' as 
rational functions of a parameter u, y=/(u), /=/,(«), and the 
condition dy = y'dx gives ns f'(u)du =^f^{u)dx. Then the variables 
X and y are given by the expressions 

(37) »=/(»), "'=//§''» 

in terms of the variable parameter u. The same procedure is applica- 
ble to the equations F{y, y')=(i\t the relation is of deficiency one ; 
but we must take for/(M) and /|(m) elliptic functions, and a; and «/ are 
expressed in terms of the transeendentals p, £, a (Part I, § 76). 

We can proceed similarly with the equations F{x, y')= if the 
relation is of deficiency zero or one ; besides, they reduce to the pre- 
ceding form by interchanging x and y. 
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ExampUl. The equation i/> (y' - 1) = (2 - y^^ is of deficiency zero. PutUng 
2 ~ y" = 1/u, we derive from it y' = 1 + a*, y = 1/u— u. The relation dg = y'dx 
becomeB here dx=— du/v.'. We have, then, x = I/u + C, and the geDeral jdW- 
gral of the given equation is 1/ = l — C — l/(l — C). 

Example 2. The equation y^ — 3^"^— Oy*— 12y' ~ represents, if we regard 
]/ and y* in it as the codrdinates of a point, a unicursal quartic having three 
double points (y = 0, y' = 0), (y = ± V— 2/8, y" = 2). We can, in fact, write 
the preceding equation 

(y-a)>(y' + l) = (3y» + 2)». 

Putting first / = "'-!, we have 3y^ = (w + l)»(u- 2) ; if we then put 
u — 2 = 3(', we obtain finally the following eiprassiona for y and V' as func- 
tions of the parameter t -. 

y = 8 (f + t»), y- = 3(1 + (') (1 + 3 i»). 
The relation dy = itdx reduces here to (1 + t^dx = dt ; we derive from it 

i = tan (I + C), 
and the general integral of the given equation is therefore 
y = 8tan(i+ C) + 8tan*(a; + C). 
Example 3. Let R (y) be a polynomial of the tliird or of the fourth degree, 
prime to its derivative ; let as consider the differential equation 

(88) V^ = H(y). 

We have seen in g 78, Part I, that we can satisfy this equation of deficiency 
one by putting y =/(u), y* =/'(u), where /(u) is an elliptic function of the 
second order. The condition dy = v'di becomes du = dz ; the general integral 
of the equation (88) is therefore an elliptic function y =/|z + C). 

If the polynomial R(y) is of lower degree than the third, or if the polyno- 
mial, although of the third or of the fourth degree, is not prime to its derivative, 
the relation (38) is of deficiency zero. We can express y and y' by rational func- 
tions of a parameter u, and, by applying the preceding method, we easily show 
that the general integral is a rational function of x or a rational function of e". 

12. Integrating; factors. The method of integration by the eepara- 
tion of the variables waa generalized by Euler. The reasoning of S 2 
applies really to every equation of the first order 

(39) P(x,y)dx+Ct (x, y) dy = 0, 

where the coefficients P and Q contain both x and y, provided that 
we have dPjdy = dQ/dx. This condition is necessary and suffieient 
in order that Pdx + Qdy shall be the total differential of a function 
V(x, y), and the function U(x, y) is obtained by quadratures, as we 
have seen (I, § 151). The equation (39) is then identical with the 
equation dU ^ 0, and the moat general solution is given by a rela^ 
tion of the form U(x, y)=C between x and y. The equation (39) is 
therefore integrable by quadratures whenever the coefficients P and 
Q satisfy the condition ZPjZy = dQ/dx. 
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In order that the preceding method may be applied, it is not 
DBCesBary that we hare iP/dy = dQ/dx ; it suffices to know an into- 
grating facttrr, that is, a factor /t(a!, y) such that the product 

ti.{x,y)lPdx-lrQdy-] 

satisfies the integrability condition d(/iP)/dy = d(t*Q)/^, or, after 
developing, 

The investigation of the integrating factors is thus reduced to the 
integration of the preceding equation, which is a partial difFerential 
equation of the first order. It seems that in proceeding in this way 
we have made the integration of equation (39) depend on an appar- 
ently more difficult problem, but it is to be noticed that it sufBces 
to know one particular solution of the equation (40) in order to apply 
the method, and in many cases we can find a particular integral of 
the equation (40) by more or leas direct processes. Let us see, for 
example, in what case the equation (39) has an integrating factor 
depending only on x. If we suppose dft/dy = 0, the equation (40) 
become. ^^^^ /!f_««V 

fir \dy dxi 
and the expression [dP/dy — dQ/dx]/Q must be independent of y ; 
if it is, we obtain an integrating factor /ii by a quadrature. Let us 
suppose in addition that Q = 1 ; then dP/dy must be a function X 
of the variable x, and the equation (39) is a linear equation, 

(Sg-) dy+{Xy + X^dx = 0, 

where X and X^ denote functions of x alone. In this case, the equa- 
tion (40) is satisfied by 

ft = e^'t'^, 
and it is easy to show that if we multiply the equation (39*) by this 
factor, we have on the left an exact differential 



«/^ 



Vi/ 



- Xydx + X^dx)= dfye^^^"^ + f X^e^''^dx\=0. 



The calculations which have to be made for the integration are 
exactly the same as in the first method (g 4). 

We shall show farther on that the equation (40) has an infinite 
number of integrals under very general conditions, which are always 
satisfied in the cases in which we are interested. If we know otis 
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integrating factor fi^, we can obtain all others in the following way: 
Putting fi = ft^v, the equation (40) becomes 

Now we know one function satisfying this relation : it is the func- 
tion, U(x, y), whose total differential is n^{Pdx+ Qdy), since the 
partial derivatives 8U/dx, dU/dy are equal to /i^P and to fi^Q. We 
have, then, also (dvfdy)(dU /dx) — (dv/dx)(dU /dy')= 0, which proves 
that V is of the form ^{U) and that the general expression for the 
integrating factors is ^ = fi^{U), where ^ is an arbitrary function 
of U. It is easy to show that ft. is really an integrating factor, for 
from the identity 

/i,(P(£e + Qdy)=dU 

we derive, by multiplying by 4>(^)i 

and the right-hand side is the exact differential of the function 
F{U)= fif>{U)dU. 



We deduce from this an interesting conseqnenoe : if ^l^ and /«, are 
two integrating factors, the ratio fi^fii is a function of U. If this 
quotient /i^/i, is not constant, the general integral of the differential 
equation can then be written in the form /*j/^, = constant. 

The preceding theorem is sometimes helpful in finding an inte- 
grating factor. Let us consider the differential equation 

(41) Pdx+ Qdy + P^dx -\- Q^dy = 0, 

where P, /",, Q, Q^ are functions of x, y, and let us suppt«e that we 
know how to find an integrating factor for eaeh of the expressions 
Pdx-\- Qdy, P^dx + Q^dy. The general expression for the integrat- 
ing faetors oi Pdx + Qdy is ii.^{ U), where fi is the known factor, U 
a function of x and y which we obtain by quadratures, and ^ an 
arbitrary function. Similarly, the general expression for the inte- 
grating factors of P^dx + Q^dy is /i^ip(Uj), where /*, and U^ are 
definite functions and ip an arbitrary function. If we can choose the 
functions ^ and ^ in such a way that we have 

we shall hare an integrating ^tor for the given equation (41). 
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Let na take, for example, tbe equation 

axdj/ + bydx+ xf*y(axdi/ + ^dx) = 0, 
where a,b,a,p are constants. Every integrating factor of axAy + hyckt is of 
the form 0(1*3/°)/!^, and, similarly, every integrating factor of the second 
part is of the form ^(i«j«)/x"+'j/"+'. In order to have a common integrating 
factor, it will suffice to find two exponents, p and 9, mcb that we have 

which leads to the conditions 

pa — 90: + n = 0, yb — g|8 + m = 0. 
These conditions are compatible if afl — 6ar is not zero, and determine an inte- 
grating factor of the form z>'y'^. Multiplying by this integrating factor, the 
equation takes tbe form np-'ds + iij-'duj = 0, where we have put v = 3^y", 
r, = aPf/" ; and this equation is immediately integrable. 

In the particular case where o^ — 6a = 0, we obtain from it a/a = /S/6 = k, 
and the equation can be written in the form {axdy + bydx) (1 + fcz";/") = 0. 

Note. If we know the general integral of a diHerential equation of the first 
order, it is quite easy to obtain an integrating factor. For let/(z, y)=G he 
the general integral of the equation (39). The differential equation of the curves 
represented by that relation is also (iif/dx)dx -^^ (tif/Sy)dy — fi\ in order that it 
be identical with the equation (39), we must have 



and the common value of the two preceding ratios is evidently an integrating 
factor tor Fdx + Qdy. Every other integrating factor is equal to this one 
multiplied by an arbitrary function of f{x, y). 

13. Application to confomuil repreeenution. The theory of integrat- 
ing factors finds an important application in the problem of conformal 
repr^entation. Let 

d^ = Edu^ + 2 Fdudv +Gdv' 
be a quadratic form in du, dv whose coefficients E, F, G are analytic 
functions of u and v such that EG — F' is not zero. We can also 
write ds^ in the form 

d^ = (adu + bdv)(a^du -\- b^dv), 
where a, b, a^, b^ are also analytic functions of u and v. According 
to a result which will be rigorously proved later, each of the expres- 
sions adu + bdv, a^du + b^dv has an infinite number of integrating 
factors, which are themselves analytic functions. If /t, ;t, are two 
such factors, we have the identities 

f>,{adu + bdv)= dU, t*'^{o.^'iu + b^dv)= dU^, 
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and therefore 
whence, substituting 

U=X + Yi, U^ = X- Yiy f*/i^ = -> 

we obtain 

Edu* + 2 Fdudv +Gdv* = \{dJ^ + dV^). 

Every analytic surface can therefore be represented on a plane 
conformly ; that is, without alteration of the angles between pairs of 
curves. If the surface is real, we may suppose that the real points 
of the surface correspond to real values of the variables u, v; the 
coefficients E, F, G are real, while a and a, are conjugate imaginaries, 
as also b and b^. We can also take for fi. and n^, and therefore for U 
and (Tj, conjugate imaginaries, so that to real values of w, v corre- 
spond real values of X and of Y. To real points of the surface 
correspond therefore real points of the plane. 

Since it is possible to represent every analytic surface on a plane 
conformly, we conclude that any analytic surface can be represented 
conformly on any other analytic surface. 

14. Euler's equation. A great many devices have been invented for 
the integration of differential equations of special forms. A cele- 
brated example, due to Euler and now known by his name, is the 
equation 

(«) ^-^=». 

where -Y and Y are two polynomials of the fourth degree in x and y 
respectively, having the same coefficients : 

X = a^x* + a^x' + a^x' + a^x + a^, 
y = oy H- *y + a^f + a^y H- «,. 

The variables being separated, we obtain the general integral of 
equation (42) by two quadratures, which introduce two transcen- 
dental functions depending respectively upon x and y. Euler's fun- 
damental discovery, which was the starting point of the theory of 
elliptic functions, consisted in showing that that relation between 
the variables x and y which in appearance is transcendental is in 
reality algebraic. 

Let us first consider the case where X is a polynomial of the sec- 
ond degree, not a perfect square. A linear substitution enables us to 
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brii^ it to the form X =A (3^ — 1), and in this particular case the 
equation (42) becomes 

Clearing of fractions, we can write this in the form 
Vl - fdx + Vl - a^dtf =s d{x Vl- y" 4- 

which shows that we have identically 




The expression V(l — ar") (1 — y*) — xy is therefore an integrating 
factor for the equation (43), and the general integral is given by the 
relation ' 

(44) 
or by the relation 



(46) V(l-3:»)(l-y') ~ xy = C, 

since the equation (43) has the two integrating factors, 1 and the 
expression on the left-hand side of (46). It is also very eaay to 
verify that the two expressions (44) and (46) are eqnivalent by 
means of the identity 

(j,Vi^+j,vnrp)-+[V(i-«')(i-!0-«j,]*=i. 

Rationalizing the expression (46), we can write the general integral 
of the equation (43) in the form 

(46) x' + f + Z C'xy + C - 1 = 0, 

where C denotes an arbitrary constant, and this equation represents 
the conies tangent to the four straight lines a: = ± 1, y = ± 1. 

By a bold induction Euler was led to a more general formula of 
the same kind, which corresponds to the case where X is any poly- 
nomial of the third or of the fourth degree (Inatitutiones calculi 
integralU, Vol. I, chaps, v, vi). 

Let F(x, y) be a polynomial of the second degree in each of the 
variables x and y and symmetrical with respect to these two variables ; 

(47) F{x, y)^A^^y' +A^^{x + y) 

+A^{^ + f) ^-A^xy+A^{x + y) + .1, 
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This polynomial depends upon six arbitrary coefBeients A^, A^, A^, 
A^i A^, A^, and the relation F(x, y)=0 can be written in two 
equivalent forms: 
' (iS) {F(x,y) = My'+Ny+P =a. 

where M, N, P are three polynomials of the second degree in x : 

M = A^^-\-A^x+A^, N = A^^ + A^x-\-A^, P = A^i^-\-A^x+A^, 

and where M^, N^ P, are the polynomials obtained by replacing ar by y 
in M, N, P. From the relation F(x, y) = we derive F^dx + F',dy = 0, 
or, after replacing F^ and F^ by their values, 

(49) (2 M^x + N^)dx +(2My +N)dy = 0. 

We derive, moreover, from the relations (48), 

2M>/ + N = ± ViV= - 4 MP, 2 M^x + N^ = ± Va^ - 4 3/jP„ 

and the preceding equation (49) may be written in the form 

(60) ^ ^ dy ^p 

VJV" — 4 MP ViV; - 4 M^P^ 

This relation will be identical with the given equation (42) if we 
have N' — 4:MP = X, which necessarily carries with it the other 
equality JVJ — 4 Jtf,P, = Y. Now, since M, iV", P are of the second 
degree, iV° — 4 MP is of the fourth degree, and the preceding condi- 
tion is an identity between two polynomials of the fourth degree, 
which requires only five conditions. Since we have six coefficients 
A, at our disposal, we see that one of these coefficients will remain 
arbitrary. There are therefore an infinite number of polynomials 
F(x, y) of the form (47), depending upon an arbitrary constant C 
and such that the relation 

(51) F(x,y)=% 

between the variables x and y, leads to the relation (42). Hence the re- 
lation (61) represents the general integral of the proposed equation. 

The actual detenninatlon of the polynomial F(x, y) requires a calculation by 
equating coefficients which can be simpli&ed by means of a geometric repre- 
iientation due to Jacobl. Let us consider, in order to take tbe general case, a 
potjDomlal of the fourth degree £(() prime to its derivative, and let (,,(,, (,,1^ 
be tbe roots of R(e) = 0. On the other band, let Z be any conic the coordinates 
of any point of which are rational functions of the second degree of the varift- 
ble parameter t, so that to a point (z, y) correapondB a single value of t; let ua 
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call m,, m^, m,, ntf thepointa of S wblcb corregpond to the values t,, 1,, tg, f, 
of the parameter. Finally, let 2' be a second codEc passing through the foot 
points ni[, nij, iHj, m,. Every straight line tangent to Z' meets Z in two points 
Jtf and Jlf' ; If ( and (' are the corresponding values of the parameter, the rela- 
tion between ( and (' is the one desired. It is evident, in fact, that that relation 
Is symmetric in t and (', and that it 1b of the second degree in each of the varia- 
bles, for through a point M' we can draw two tangents to Z', and so to each 
value of t' correspond only two values of I. 
Let 



be that relation. We can derive from it, as we have juat seen, a relation 
between the differentials dt, dt, of the form 

where P(() is a polynomial of the fourth degree. Tkia polj/nomial P{t) ia iden- 
tical except for a constant factor vrith S{t); for, according to the preceding 
method for obtaining the polynomial P{t) from F{t, f) = 0, the roots of P(() = 
are the values of ( for which the two values of f coincide. Now the geometric 
eigniflcance of the relation (62) shows immediately that this can only occur if 
the two tangents from M ta S' coincide ; that is, if the point Jf is one of the 
points m^,m^,mf, mj. We are thus led to the following method, which reqiiireB 
only rational calculations, for obtaining the general integral of the equation 



where B(() = Off* + a^t' + a^H' + o,[ + a,, This equation differs only in nota- 
tJon from the proposed equation (42). We begin by forming the general 
equation of the conies S' passing through the four points m,, irij, nig, m^ of S ; 
that equation is of the form/(i!,ii) + C^(ji,V) = 0, where C is an arbitrary con- 
stant. We then write the condition that the straight line joining the two points 
Id and if of Z, which correspond to the values t, t' of the parameter, shall be 
tangent to S'. The resulting relation, which contains the arbitrary constant G, 
represents the general integral of Euler's equation. 

To carry out the calculations, let us take for S the parabola y* = i, and let 
us put * = (', y = t. The conic S' given by the equation 

(55) ^^a + A'y^ + 2 B"xy + 2 .ffz + 2 Bj, + ^" = 

cuts Z in four points, given by the equation of the fourth degree in t which is 
obtained by replacing x by (» and y by (. In order that that equation shall be 
identical with R if.) = 0, it is sufGcient that 

(56) A = a^, .d' + 2B' = aj, 2B" = a„ 2fl = a„ A"=a^. 
The coefftcient W remaining arbitrary, we shall put B' = C, which gives 



lovGooi^lc 



EQUATIONS OF THE FIRST ORDER 



Let na recall now th&t tl 
the straight line ax + p\ 
equation 



e tangential equation of 2', that is, the condition that 
+ 7 = shall be tangent to that conic, is given by the 



The straight line joining the two points (t', t) and (f, t') of Z has for ita 



equation 



a: -(( + !')!' + «' = 



We can therefore take 

a = l, |9=-(( + i'). ■> = ' 
Substituting the values ohtained for A, B, A', W, A", 

dition (57), and replacing ( and C by i and y respectively, we arrive at the gen- 
eral integral of Euler's equation in the following form, which is due to Stieltjes: 



a* 


11 

2 


C 


1 


a 


<^-2(7 


2 


- (a; + ») 


c 


¥ 




xy 


1 


-(« + !/) 


ly 






"■, ^, y ii 



This equation represents a family of curves of the fourth degree, having two 
double points at infinity on Oi and Oj/ reapectively. The equation being of the 
second degree with respect to the constant C, through each point of the plane 
there pass two curves of the family, as we might have foreseen, since the given 
differential equation gives two equal values, but with opposite eigns, for the 
derivative y" at each point. These two values of y' become equal only if the 
point (i, y) belongs to the curve XY = 0, which is composed of four straight 
lineBl>j,D2,Dj,J>, parallel to the axis O^, and of four straight lines Ai,Aj, A,, A, 
parallel to the axis Ox. Let xm write Euler's equation in the rational form 
Fdc' — Xdy'' = 0, and let us take a point M{z, y) on one of these straight lines, 
4j for example, not belonging to any one of the D lines. For the coordinates 
of the pointer we have F = 0, X-^ 0, and Euler's equation gives for y' a double 
value, y' = 0. Hence the straight line A, itself is an integral curve through M. 
But it can be verified that the curves represented by the equation (58) have as 
their envelope the set of eight straight lines given by the equation XY = 0, 
Hence there is a new integral curve tangent to the first one at M. Thus the 
eight stAight lines D(, A,- are singular integral curves, for they are not included 
among the curves represented by the general integral. 

Note. We have supposed, in order to arrive at the equation (58), that the 
polynomial R {x) was one of the fourth degree and prime to its derivative ; but 
it is clear that the result can be verified direcUy without the hypothesis that 
R(x) is prime to Its derivative. We could, for example, form the differential 
equation of the curves represented by the equation (58) by applying the general 
method of 8 1, and the equation obtained woiild necessarily be identical with 
Euler's equation, whatever maybe the values of the coefficients Og, a,, dj, Og, a^, 
since we i«ach this result when the coefficients do not satisfy any particular 
relation. The equation (58) therefore applies to all cases. 
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IS. A metlwd dsdncsd fiom Abd'a theorem. We can also very eatitj deduce the 
geaend integral of Eulei's equation from Abel's theorem. Let ub now denote 
by K(z) a polynomial of the third or of the fourth degree, prime to its deriva- 
tive, and let ua coD^der the curve C which has for its equation y* = B{x). 
If a variable algebraic curve C meets the curve C in three variable points 
only, Jtf„ M^, Jfj, we have shown (Part I, S 103) that the coordinates {Xj, y^, 
(x,, Vi)i (^i Va> "^ theae three variable points satisfy the relation 

(59) ^ + ^ + ^ = 0. 

If the variable curve C depends upon two variable parameters which we 
can select in such a way that two of the points of intersection, (Xj, j/j^, (a;,, j/^, 
can be brought to coincide with any two points of the curve C given in advuice, 
the coilrdinates of the third point of intersection, {x^, y^, are functions of the 
coordinates (z,,!/,; Xj,^j)of the first two,and satisfy the relation (SB). The equa- 
tion dS;/!/, + diCj/y, = 0i8thereforeeqaivaJent to the equation tlay'y, = 0, whose 
general integral is x, = constant. Now, since the points (x,, y,), (x,, y^) are on the 
curve C, we liave!^ = B(i[),j/§ = R(j!j), and the equation iii,/ij,+ dxj/y, = 0, 
which may be written In the form 

(80) - f^' + --^»== 0, 



is identical with Buler'a except in notation. In the ezpressloh which gives the 
general integral 

(61) X, = F(x^, Vi : Xj, y^ = const. 

we should replace y^ and y, by Vfifs,) and Vii(2,) respectively, the deter- 
minations of the two radicals being the same In the two expressions (61^ 
and (61). We thus obtain for the general integral an expression containing 
radicals, while the result (68) is rational. But the irrational form is in certain 
cases the more advantageous. 

Let us carry out the calculations, supposing the polynomial R(x) reduced to 
the normal form of Legendre, E (x) = (1 — x') (1 — JAe'), where it* is diHerent 
from zero and from unity. The parabola C, 

(62) J, = «x= + to + 1, 

meets the curve C represented by the equation y* = R(x) in the point (z = 0, 
V = 1) and in three variable points whose abscissas x„ z^, x, are roots of the 
equation 

(68) (a" - k'>)x<> + 2 06*' + (6' + 2a+ia + l)x + 26 = 0, 

which is obtained by eliminating y and suppressing the factor x. 

We derive from this equation the relations 

2ab t^ + ia + k' + l 

X, + I, + X, = ^— ^ ■ *,!, + x^, + x,x, = ^, J^ ^ ■ 

26 
whence 

(64) X, + ij + Xj = ax,x^,. 
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The condition that the parabola C passos through the two points (3^, y^, 
(z„ 11,), enables ua to determine a and b. We have in parUcular 

Substituting this value of a In the preceding expression, we obtain finally the 
ezpiesalan for z. In terms of z,, Vj, Zj, Vg ■ 

The general integral of Euler's equation, 

in therefore represented tiy the expreeaion 
(86) 



16. Dtiboox'i thMtami. Let us conuder a differential equation of the form 

(67) - Ldy + Mix + S(xdy - yix) = 0, 

where I, 3f, N are three polynomialB in z, v of at most the mth degree, and 
where at least one of them Is actually of the mth degree. In order that the 
relation u(x, y) = constant shall represent the general integral, it is m 
and sufficient that the equation (67) be identical with the equation 

which require 

This condition assumes a more aymmetric form if we replace x by a/js and y 
by y/z, where z Is a tlctitious variable which we shall always suppose equal to 
unity after the indicated operations have been performed. Then u(z, y) 
changes into a homogeneous function of degree zero, and we have 

Sz Sy 5z 
The condition (66) takes bow the foim 

(69) i^ + Jlf??' + Ar^ = d(«) = 0. 

' St Sy dz 

Conversely, If we have obtained a homogeneoua function of degree zero, 
u(x, y, z), which satiBfiea the relation (60), u(z, y, 1) = constant represents the 
general Integral of the equation (67). 

Darboux* has shown tliat we could form a function u (x, y, z) satisfying 
these conditions if we knew a certain number of algebraic integrals of the 
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equation (QT). Suppose that the equation (67) haa an algebraic int^ral defloed 
by the relation /(z, y) = 0, where the polynomial /(x, y) ie irreducible and of 
degree A. Repeating the previous work^ we find that the relation 



ae Bif \ dx 'dyj 



must be a consequence of the equation /(z, j/) = 0. If we again replace z by 
x/x, and y by y/z, and then multiply by z\f{x, y) becomes a homogeneous 
(unction of X, y, z, ol degree ft, satisfying the relation 

dx^'dy^ Sz ^' 
and the condition (70) becomes 

(71) ^(/) = l|+Jf|+s|=W 

This condition is not satisfied identically, but by reason of the relation 
/(z, y, z) =0. Since the last relation is irreducible by hypothesis, it is neces- 
sary that we have identically . 
■(72) A{f) = Kf, 
where K denotes a polynomial in z, y, z which is necessarily of degree m — 1, 
for if /ia of degree ft, A{f) is of degree m + ft — 1. 

Let us now suppose that we have found p algebraic solutions of the equa- 
tion (67), defined by the p following equations : 

/j(x, y) = 0, /, (*, V) = 0, . . ., /p (X, V) = 0, 
wbere/,,/j, ■ ■ -./p are irreducible polynomials of the degrees ftj, ft,,---, fti,. 
This requires that we have p identities of the following form : 

(73) A{/,) = r,/,, A{f^) = K^f„ ■ ■ .. A(f^) = Fp/p, 
where the poiynomlala K,, E^, ■•■, K^ are all of degree m — 1. 

Lefrus observe that the symbolic operator A(f) baa properties analogous to 
those of a derivative. In particular, we can apply to it the rule for the deriva- 
tive of a function of functions : if F(u, u, ur) ia any function of u, e, w, we have 

Consequently, if we put u=/'' f^>--- f"', where a-„ a,, ■■■, a^ are any con- 
stants, we have 

^(u) = «,jT'-'/r' ■ ■ -yi'MA) + «,/,- A"-' ■ • -f^'Mh) + ■ ■ ■. 

or, by (78), 

4(n) = (aiF,-t-ajir,-(- .- ■ -j- apXp)u. 

The function u (z, v, z) ia a homogeneous function of degree 
a:,Ai + "A+ ■■■ + «?«,- 
If we can dispose of the constants a, ■ • - a^ in such a way tliat we have 
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the eqii&tion u(x, y, z) = constant wltl furnish the general integral of the given 
equation, by vbat we hare eatabliabed above. 

Tbe equations (74) form a eystem of ni(m + l)/2 + l homogeneous equa- 
tions in tij, ttj, ■■■, «,, since the polynomials Ki of degree m — \ contain 
m(m-f l)/2 terms. We shall surely be able to satiaf; all tbene equations by 
vaiues of a,- not all zero, and therefore to complete the integration, whenever 
there are more unknowns than equations ; that !«, whenever we have 



(75) 



Zi<^L±l). 



This is Darboax's first theorem. K the equations (74) are not independent, 
we can find the solutions without requiring p to reach the preceding iimit 
jn{m + l)/2 -f 2. A large number of examples in which this is the case wilt 
be found in Darboux's paper. 

If we know only ji = m(m + I)/2 + 1 particular algebmic integrals, we can, 
in general, dispose of thep constants at in such a way as to satisfy the conditions 

(„ ir j.„ IT J. j.„ w - "■ '" "" 
(70) J''.^. + ''.^.+ -'- + ''»'fi.=--5r-ai---S-' 



which are equivalent to a system of m[m + l)/2 + 1 linear non-homogeneoua 
equations. The function u thus obtained satisfies the two equations, 

Sz dy dz^ \dx ^ dy 

wbenc« we derive, b; eliminating du/dz and replacing z by 1, 

ftE Sy l^ ' dx^'dyj \dz, &!/ Sz/ 

But, since the function W has been made homogeneous by substituting a/z fori 
and y/z for y, and then muitiplying by z^, we also have, after making £ — 1, 



BO that tbe preceding relation may be written also in the form 

(77) ^^L-m^■'^w-m 

\Sx dy dx Sy / 

It is easily seen that this last condition expresses the fact that u is an integrat- 
ing factor for the equation (37), and we obt^n thus Darboux's secojid theorem : 

If m (t» + l)/2 + 1 particular algd>rair. integrals of the equation (67) are knovm, 
an integrating factor can be determined. 

The proof of this last theorem is not complete in tbe particular case where 
tbe determinant of the coefficients of the unknowns ai in tbe m{^ -)- ])/2 + 1 
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equ&tlons daducsd from the relations (70) tunu out to be zero. But ve can then 
satisfy the m (m + l)/2 + 1 homogeneous equations, obtained by euppreaaing the 
right-hand Bides, by values of the at not alt zero, and therefore obtain the 
general integral by the first theorem. 

Example. Let us consider In particular Jacobi's equation (§6); the num- 
ber m ts here equal to 1. Let db look first for the linear integrals ot the form 
VX + VJ/+ wz = (i. By the gener^ method we must have Identically 

u (te + (^2 + 6"y) + r(cz + c-z + c"y) 

+ 10(01 + a'x + a."y) = X(uz + rj/ + wz), 

where X is a constant factor. This leads to the three conditions 

lift + oc + io(a- X) = 0, (((d" - X) + w' + loa' = 0, 

ut" + « (c" - X) + wo" = 0, 

and, ^ter eliminating u, e, u, we find again the equation in X obtained by the 
first method (p. 12). 

Let us limit ourselves to the case in which the equation in X has three dis- 
tinct roots \, \, \. Each of these roots furalsbes a linear integral, and we 
therefore have three linear fuoctions, X, Y, Z, giving the three Identities 
4(X) = XiX, A(T) = \r, A{Z) = \Z. 

By the general theory we can deduce from them the general integral, wnce 
in this case in = 1. For this purpose It Is necessary to determine three numbers 
a, p, 7 satisfying the relations 

a: + ^ + 7 = 0, a\ + p\j + y\ = 0. 

We ma; take or = X, — X,, ^ = X, — X„ t = \j — X,, and the general integral of 
Jacobi's equation is therefore 

X*i -*•?*•- *iZ*i-*i = const. 

17. Applications. When we seek to determine a plane curve by a 
given relation F(x, y, m) = between the coordinates (a:, y) of a 
point on the curve and the slope in of the tangent at this point, the 
curves desired are evidently obtained by the integration of the differ- 
ential equation of the first order F(x, y, y')= 0, which we obtain 
from the given relation by replacing in it m by y'. If this equation 
is of the yth degree in y', there pass in general q such curves through 
each point of the plane, as will be proved farther on. Let us con- 
sider, for example, a family of curves C, represented by the equation 
^{x, y, a)= 0, depending upon an arbitrary parameter, and let us 
try to find their orthogonal trajectories, that is, the curves C' which 
cut orthogonally in each of their points a curve C passing through 
the same point. Let m, m' be the slopes of the tangents to the two 
orthogonal curves C, C passing through the same point (x, y). Then 
m and m' must satisfy the relation H-ni'j» = 0. On the other hand. 
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let F(x, y,y')=Oh& the differential equation of the given curves C. 
Then we have F(x, y, m) = 0, since wi is the slope of the tangent to 
a curve C passing through the point (x, y). It follows that 



f{x, y,-^ = 



Moreover, m,' is also the slope of the tangent to a curve C passing 
through the point (x, y) ; hence the curve C satisfies the equation 

(TS) f(,,,,-1) = 0, 

and we obtain the differential equation of the orthogonal trajectories 
of the curves C by replacing y' by — l/y' in the differential equation 
of the curves C. 

In order to obtain the differential equation of the curves C, we must 
eliminate abetween the two equations *=0,(S*/fe) + (2*/Sj/)j/' = 0. 
Therefore, in order to obtain the differential equation of the orthogonal 
trajectories, it will suffice to eliminate a between the two relations 
* = 0, (a*/2a) y' - (B4>/dy) = 0. 

Let us take, for example, the conies represented by the equation 

^ + Bx*-2ax = 0, 

where a is a variable parameter. The application of the preceding 
method leads to the homogeneous differential equation 

(!f'~3x^y' + 2xy = 0, 

which becomes, after putting y = ux and separating the variables, 

dx 3du du du . 

Solving this equation, we find 

rf-C(»"-l), or f=C(3'-<f). 

The orthogonal trajectories are therefore cubics with the origin as a 
double point. 

Let us consider in a more general manner a surface S the coordi- 
nates X, y, B of any point of which are expressed as functions of 
two parameters u, v : 

»=/(«■")■ » = *(«,'■), « = «■(..,"). 
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We derive from these expressions 

ax ^= 7^- du + -t- dv, dy = -r- du + -r- dv, dz = rr- du + -^ d». 
cu dv ou ov ou cv 

To every value of the ratio dv/du corresponds a tangent to the sur- 
face passing through the point (u, v). If we wish to determine the 
curves of that surface such that the tangent to one of these curves in 
any point depends only on the position of that point on the surface, 
we are ^ain led to integrate a differential equation of the first order : 

Conversely, every equation of this form establishes a relation between 
a point of a curve lying on the surface .S^ and the tangent at that point. 
Let us, for example, try to find the trajectories at a constant 
angle r to a family of given curves lying upon the surface. Given 
two curves, C, C, passing through a point (w, v) and cutting at an 
angle V, we have the general formula (II, Part I, § 20) 

.„„. „ Edu8u + F{duSv + dv&u)+ GdvSv 

(80) cos K = , — , ^ t 

■y/Edu" + 2 Fdudv + Gdv'' VESu^ + 2 FSuSv + GSv" 

where E, F, G have the usual meanings, where du and dv denote 
the differentials relative to a displacement on C, and where 8m and 8u 
denote the differentials relative to a displacement on C". The curves 
C being given, &v/hu is a known function of u and v, Sv/Su = 7r{w, v). 
Replacing Sw/Sit by ir(M, v) in the preceding relation (80), the result 
ing relation F(u, v, dv/du) = is the desired differential equation of 
the trajectories. 

Let us consider in particular the trajectories at a constant angle 
to the meridians of the surface of revolution, 

3; = pcos<o, if = paiaa, z=f(jt). 
We have here 

M = p, i; = <o, E = l+/"(p), F=(i, G = p', Su = Oi 
hence the equation (80) becomes 



cos F = 



Vl+/°(p)rfp 



V[l+/"(p)]V + P='^<"' 
Solving for du, we find 

p 

whence u can be obtained by a quadrature. 
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nr. EQUATIONS OF HIGHER ORDER 

18. Integration of the equation ^y/dx" =f(x). Griven a differen- 
tial equation of the nth order, 



(81) :^ = H':,V,S',!l", ■■;'/—'), 



where y"^ = d*yfdx*, this equation and those which are obtained from 
it by repeated differentiation enable us to express all the derivatives, 
beginning with y"', in terms of x, y, y\ y", ■ ■ ■ , y*" "'*- If, then, for a 
particular value x^ of the independent variable we are given the cor- 
responding values y^, yl, • ■ •, j4"~''* of the unknown function y and of 
its n — 1 first derivatives, we can calculate the values of all the 
derivatives of y for the value x^ of x, and form a power series, 



whose value represents the integral in question, provided that inte- 
gral can be developed by Taylor's series. Up to the time of Cauchy's 
work the convergence of this series had been assumed without 
proof.* We shall see later that the series does converge under cer- 
tain conditions which will be stated precisely. We shall indicate 
here only some simple types of differential equations of the nth 
order whose integration can be reduced to quadratures or to the 
integration of an equation of lower order than n. 
The differential equation 

constitutes the simplest possible type of differential equation of the 
rath order. It can be integrated by means of n successive quadra- 
tures ; for, indicating by x^ any arbitrary constant, we have 



''=f.''^f.?'-£'- 



/(')<!': 



(n-iy. + (»-2)! 
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where C.-i, C„_j, ■ ■ -, C^ are n arbitrary constants which are equal 

respectively to the values of the integral and of its first (n — 1) 
derivatives for x = x^. 

We can replace the expression 



= C dxf dx---f 



f(x)cU 



which contains n successive signs of integration, by an expression 
containing only a single quadrature, to be carried out on a function 
in which the variable x appears only as a parameter. It is easy to 
verify this fcict, which will appear later as a special case of a general 
theory (§ 39). For if we put 

we obtain successively, by the application of known rules, 

f =(^/>-''-^«- ^=X'^«-. 

and, finally, d'Yjdx' =f{x). The function Y^ is therefore an inte- 
gral of the equation (83). Besides, the two functions Y and Y^ vanish, 
as do also their first (n — 1) derivatives, for x = x^. Their differ- 
ence, which is a polynomial of degree equal to » — 1 at most, cannot 
be divisible by (x — x^" unless it is identically zero. We have 
therefore Y^ = Y. 

19. Various caMS of depreasion. The most usual cases in which the 
order of the equation can be depressed are the following : 

1) The equation does not contain the uttknown function. An equa- 
tion of the form 

reduces immediately to one of order n — A by taking u = d^yjds^ as 
a new unknown function. If the auxiliary equation in u can be inte- 
grated, we shall then obtain y by quadratures, as has just been 
explained. 

It sometimes happens that we can express x and w = cfy/di^ in 
terms of an auxiliary parameter t, 
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where the functions / and ^ contain also the arbitrary conBt&nts 
introduced by the integration of the equation in u. We can then 
express y in terms of t also by quadratures. We have first 

rfyt* - " = (^ (() tte = (t)f (t) dt, 
whence we derive y*~". Continuing in thia way, we calculate suc- 
cessively y**"'*, ■ ■ ■ , y' up to y. 

2) The equation does not contain the independerti variable. Given 
an equation of the form 

we can reduce it to the preceding form by taking y for the independ- 
ent variable and x for the unknown function. Then the new equa- 
tion does not contain x, and, taking dx/dy for the new unknown, we 
are led to an equation of order n — 1. But we can carry out these 
two transformations simultaneously by taking y for the independent 
variable and^ = dy/dx for the dependent variable. This gives 

d'y _ d£^ _ d^ dy dg 

dx* dx dy dx dy 



(f|)-i(^f)''--^(|)"+'''|?' 



and so on. In general, d'y/dxf can be expressed in terms of p and 
of its first r — 1 derivatives with respect to y. The resulting difEer- 
ential equation is of order n — 1. 

Let us suppose that we have integrated this auxiliary equation of 
order n — 1, and for the sake of generality let us suppose that y and 
p are expressed in terms of a variable parameter t, which may be one 
of the variables themselves. Then we shall have y=f(t),p = <f>(Ot 
where the functions / and ^ depend also on arbitrary constants. 
From the relation dy =pdx we derive /'(() dt = ^ (() dx, so that x in 
turn is obtained by a quadrature, 



-I- 






This method is especially useful for the equation of the second order, 

F(y,p',t/")=<>> 

which is thus reduced to an equation of the first order, 
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Let ^ = ^(y, C) be the general integral of this equation of the first 
order. From the relation dyjdx = ^ {y, C) we obtain a; by a quadrature, 



—-f^^. 



If the general integral of the equation in p is solved for y and 
appears in the form j/=f(p, C), we have, in the same way, 



The coordinates of a point of an integral curve are thus expressed 
in terms of an auxiliary variable p which represents the slope of the 
tangent to the curve. 

3) The equation is homogeneous in y, y', y", ■■ ■, y*"'. If the degree 
of homogeneity is m, the equation is of the form 

and we see that, if y, is a particular integral, \y^ is also an integral 
for any value of the constant X. The order of this equation is 
lowered by unity by putting 

This substitution gives 

y- = uef''^, y" = (u' + u^e^"^, ■■., 

&ad, in general, y"* is equal to the product of «■' ' and a polynomial 
in u, m', m", • ■ -, m""'*. Substituting these values in the given equa- 
tion, we obtain an equation of order n — 1. 

4) The equation is hojtiogeneous in x, y, dx, dy, d'y, ■ ■ ■, d'y. In 
this case the equation is not changed by substituting Cx for x, and 
Cy for y, where C is any constant. Let us now take a new dependent 
variable u = yjx and a new independent variable ( = Loga!, The 
new differential equation does not change if we replace ( by ( + Log C, 
leaving u unchanged ; hence it does not contain explicitly the vari- 
able t. This is readily verified, for it is easy to see that the given 
equation must be of the form 



' y , «y 



'.ar'y'", . . ., a;— V"' ) = <>. 
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If we put y = ux, we have, as a general expression, 

and the quantities y', xt/", 3?y"' , ■ ■ ■ are expressible in terms of «, xu', 
3^u", ■ ■ •, afu'''', so that the transformed equation takes the form 
*(i/, xu', 3^u", ■ ■ •, »;'«">) = 0- 
If we now put x = e', we have auccessively for the products xit', 
a^it", ■ ■ ■ certain functions of du/dt, d^u/dt*, ■ ■ ■, and we are led to 
an equation which does not contain the variable (,* 

2fote. In the various cases of reduction which precede, it may 

- happen that we can obtain certain integrals of the auxiliary equation 

without being able to determine the general integral. The preced. 

ing methods are still applicable and enable us to obtain by quadra. 

tures integrals of the given equation containing less than n arbitrary 



SO. AfplicKtioaa. 1) Equations of the form y" =f{y) come under the preced- 
ing types. We can integrate them directly without any traiisf onoBition, for if we 
multiply the two sides by 2 y", we deduce from the result, by & first integration, 

V^ = C +f'2f{v)dy = F(3,) + C, 

and we have next, by a quadrature, 

x^f , ""^ +C. 

•' VF(y) + G 

Let UB consider, for example, the equation 

V" - lo!/" + «! V" + Osff + ■>», 
wbere one at least of the coefficients o^, a, is not zero. Multiplying the two 
sides by 2 If' and integrating, we find 

IT^ = ^ !/* + ^ Ot I/' + Ojl/' + 2 a,p + C. 

The general inU^ral of tbis new equation is an elliptic function (§ 11), which 
may in special eases reduce to simply periodic functions, or even rational func- 
tions, if the constant C has been so chosen that tbe polynomial on the right has 
a factor in common with Ita derivative. 

i' foe the VMiables. Tbia 



a diffeiential equation of order {n - 1) In 
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2) It may happen that we can apply Huccegdvely several of the methods of 
reduction to the same equation. Let ub take, lor example, tha equation of the 
fourth order 5 y'"' — 3 y"y^'' = 0. If we first put y" = m, we derive from it an 
equation of the second order, 5 u*^ — 3 uu" = 0, which ia homogeneoua in u, u', u". 
Let us put |. 

the equation becomes 3 e' = 2 c*, or r'/n* = 2/3, from which we obtain 



where a la au arbitrary constant. Hence we liave 

y'=-2b(x + a)-i + e, 
V =- 46(3! + o)l + M + d, 
where 6, e, d are three new constants. We Arid, therefore, that the general 
integral representa a system of parabolas (S 1). 

8) Let it be required to determine the plane curves whose radii of curvature 
are proportional to the portion of the normal included between the foot M and 
the point of intersection N of that normal with a fixed straight line. Tahing 
the fixed straight line for the z-axis, the differential equation of the problem is 

(88) 1 + i^ + Wi/" = 0, 

where the coefBcient n is equal to the ratio of the radius of curvature to the 
length MN, preceded with the sign + or — , according as the direction from M 
to the center of curvature coincides with the direction Jlf^ or with the opposite 
direction. In order to integrate this differential equation (88), let us put 
y' = Pi it becomes , 

dy 
which can be written in the form 

dy p. 2in^ _^ 

y 21 + 11* ' 
from which we derive, by a first integration, 

!/ = C(l +})")"», 
where C is an arbitraiy constant. The relation dy = ydx gives us next 

- ^Cp{\ + pi)" a"'(Ip =i)ir, 

I = z„- ,.cj(l +p")" " "'dp. 

Let us put p = tan a ; all the curves obtained by varying C and Zg result 
from a translation and an expansion a1x>ut the origin of the curve F represented 

by the equations 

(r) x=—iiC coH-adfl, y = cosi'a. 

It is easy to get an Idea of the form of the curve from these equations, what^ 
ever may be the value of /i. If /i is an integer, we can carry out the integration. 
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If /I Ih a positive integer, the carve has do infinite branches, but it ma; hare 
two forms that are very different in appearance, according to the character of /i. 
If ft is an ndd integer, z is a periodic function (Part I, | 16), and the curre 
r is an algebraic closed convex curve. If ;i is even, x increases b; a constant 
quantity different from zero when a increases by 2n'; y is always poaitive. 
We have a periodic curve with an infinite number of cusps on the x-axie. The 
appearance of the curve is that of a cycloid ; it is a cycloid for n = 2. 

Note. In the examples which we have just studied we always try to reduce 
the integration of a differential equation to the integration of an equation of 
lower order. However singular it may appear at first sight, the reverse prooesB 
may sometimes succeed. Given, for example, an equation of the first order 
/(x, y, y^ = 0, by combining with it a second equation obtained from it by 
dlSerentiation, we obtain an infinite number of equations of the second order 
which are satisfied by all the integrals of the original equation. Suppose that 
we can find thus an equation of the second order which is integrable, and let 
y — <p(x, C, C) be the general integral. Aii the integrals of the original equa- 
tlon of the first order are included in this expression, but since they depend 
upon only a single arbitrary constant, there must be a relation between the 
constants C, C In order to obtain it, It sufGces to write the condition that the 
function <p{z, C, C) satisfies the original equation of the flrat order; we are 
thus led t« a certain number of relations between the constants C, C, and these 
relations should reduce to a single one. 

A moat interesting example of this device is due to Monge, who made use of 
It to find the lines of curvature of an elllpaold. Lei 2a, 2b, 2c be the three 
axes ; the projections of the lines of curvature on the plane of the major axia 
and the intermediate axia are determined by the differential equation 

{Axyy-^ + (z* - Jj« - ^y- -xy = <S. 
6"(a«-c»)' o^-c' 

Differentiating the equation (89), and then eliminating the ezpres^on 
I* _ ^^a _ B, 
we obtain the differential equation of the second order, 

V" V X 
whence we derive first yy = Cx, then j/' = Cz* + C, 

The gener&I integral of the equation (89) will be obtained by establishing 
between C and C the relation ACC -^C ■\- BC=0, as is seen by replacing v* 
by Cx' + C on the right-hand side." 

• The equation (89) can also be eawly integrated by the classio processes. It snffloes. 
In tact, to put ^ = X,y*— Y, after having multiplied all the terms by z^iix", in order 
to traustormlt Into the Clairaut form, 

lAgrange and Darboux have employed similar devices to Id tegrate Euler's equation 
(see J. Bbbtband, Traite de Caleul inligral, pp. 669-472). We can also regard a cer- 
tain theorem of Appell's as an lUostratlon ol the same procedure (Comptet rendut, 
Nov. 12, 1B88). 
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1. Find the differential equation of all conies by starting from the general 
nnsotved equation and eliminating the coefficienta between it and the rela- 
tions obtained by five Huccessive differentiations, 

2. Integrate the differential equations 

(j^ - !,)" = i,(i/^ + y)\ W(l + 2y^ + ay" = 0, 

(1 + y^) V'V'" = {31^^- 1) V"^, (i" + V') V"~-vy^ + xv'* + xy'-y = 0, 

!C"V'' + 2z[f (i/ - 2 a) y' - 2 i^{i/ - 2 a) = 0, xyy- + 3^'^ - V)/' = 0, 

y-s + ayt + yi-i-O. 

3. Apply the general methods of depression to the integration of the differ- 
ential equation of conies. 

4. Find the integrals of the equation y" = 2^(^ — 1) which are rational 
functions or simply periodic functions of the variable. 

[Licence, Paris, 18»».] 

5. Given a triangle ABC and a curve F in iU plane, let a, b, c be the points 
of intersection of the aides of the triangle with the tangent at m to the curve 1'. 
Find the curves r for which the anharmonic ratio of tbe four points m, a, t>, c 
Is constant when the point m moves on one of them. 

The anharmonic ratio of the tangent atm and the straight lines tn.4, mB, mC 

6. Given & point and a straight line D, find a curve such that the portion 
of the tangent MN included between the point of contact M and the point of 
Intersection N of the tangent and the line D subtends a constant angle at O. 

[Licence, Besanpjn, 1883.] 

7. Find the projections on tlie ly-plane of the curves lying on the paraboloid 
2az = mx^ + y', whose tangents make a given constant angle y with the aicis Oz. 

[Licence, Paris, 1879.] 

8. Find the orthogonal trajectories of eaeh of the families of curves repre- 
sented by one of the following equations : 

i/'(2a-i) = z», z/*-Hni»-2ai = 0, 

(i2 + s^)2 = a^xy, *« + !," = o* log (^ , 
where a is the variable parameter. 

9. In order that the equation S(x, y) = C shall represent a family of parallel 
curves, it is necessary and sufficient that we have 



©■-©■-«• 



where ^{6) is any function of $. 

[Write the condition that the orthogonal trajectories are straight lines.] 
10. Find the necessary and sufficient condition that the Integral curves of 

the equation y" =f{x, y) form a family of parallel curves, and show that the 

Integration can be carried out by a quadrature. 

[Licence, Paris, 18B8.] 
II". Form the general equation of tlie conies which cut a given conic C 

orthogonally at the four common points. These conies form, in general, several 
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distinct families, Find the orthogonal trajectories of each of these families. 
Hence derive all the orthogonal systems of which the two families are made up 
of conies. [If / = 0, = are the equations of two conies cutting each other 
orthogonally at each of their four common points, wtj have an identity of the 

dx dx dy S3/'~ 
wbere \ and >i are two constant coefGcienta.] 

12. Find the condition that the integral ourres of the differential equation 
y' =f{x, y) form a fapilj of isothermal curves, and show that an integrating 
factor can be found. 

[SOPHUB Lib.] 

13. Let ^,, y^ he two particular Integrals of Biccati's equation (26) (§ 7). 
Show that the substitution {y — y,)/iy — y*) = * reduces the equation to the 
linear equation 

14. Find a plane curve C such that the triangle formed by any point M of 
the curve, the corresponding center of curvature, and the foot of the ordinate 
of the point M, has a constant area. Show that one of the coordinates can he 
expressed as a function of the other by a quadrature, and that we can obtain a 
knowledge of the form of the curve without having the definite equation. [The 
axes of coordinates are supposed to be rectangular.] 

[Licence, Paris, 1877.] 

15. Given a plane curve C, let M he any point of Uiat curve, P the center of 
curvature of the curve at the point, and MT the tangent. Through the point 
T where the tangent outs the axis of x, draw a straight line parallel to the aiis 
of y, meeting the normal MP in a point N. Determine the curve C so that the 
raUo of MP to MN is constant. 

[Licence, Toulouse, 1884.] 

16. Determine the surfaces of revolution such that in each of their points 
the radii of curvature of the principal sections are directed in the same sense 
and have a constant sum a. Sket«h a figure of a meridian of the surface. 

[Licence, Toulouse, 1878.] 
17*. Show that the general integral of Euler's equation can he written in 
the form 

where X — a^ + a,z* + Qji' + Oji + a, and where Y has an analogous 
meaning, . 

[Lagranoe-J 

[It suffices to solve the equation (68) (§ 14) with respect t< 
Aft«r a few transformations we obtain Lagrange's form.] 

IS. The asymptotic lines of the surface represented by the equations 
i=^(u-.)-(.-.)-. 
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are obtained by the Integration of Euler'a equation wliea we liave m = n or 
m -]- n — 1. Deduce from tliis result tbe asymptotic lines of tbe tetrahedral 



©•^r-(if-- 



19. How can we determiiie whether a differential equation 

bas an integrating factor of ttte form XT, where X dependa only upon x, and 
Y depends only upon j/, and find this intt^^ating factor wben it exists ? 

[Licence, Paris, October, 1902.] 

20*. Given a plane curve C, the middle point tn !a taken of the cord MM' . 
which joins an; two points JIf, M' of that curve. The point M remaining fixed, 
if the point M' describes the curve C, ttie point m describes a elmilar curve c. 
Prove that the curves c satisfy a differential equation of the first order, which is 
integrated, like Clairaut's equation, by replacing ]/' in it by an arbitrary con- 
stant. (BiiUeUn de la Sodm mathimalAque, Vol. XXni, p. 88.) 

21. Integrate the differential equation 



F{y-', 



y'-xt/",y-xy' + ^y"\: 



We observe that y'" appears a« a factor In the derivative of the left-hand 
side. There ezist equations of an analogous form and of any order (see Dixon, 
Philoiophkal rrOTWoction*, Vol. CLXXXVI, Part I ; Raffv, BaOetin de la 
SocUli maMmaiique, Vol. XXV, p. 71 ; Bounitzkt, BMelin dea Science* 
mathiimiaiqxtea. Vol. XXXI, 2d series, p. 2S0). 
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CHAPTER II 

EXISTENCE THEOREMS 

The first rigorous inYestlgations to establish the existence of the 
integrals of a s}^tem of ordinary differential equations or of partial 
differential equations are due to Caucby. That illustrious mathe- 
matician gave for analytic equations. a type of demonstration based 
on a method of comparison to which he gave the name of " calculus 
of limits" (caleul de» limitea). We owe to him also another method 
which does not assimie the functions to be analytic, and which we 
shall discuss later. 

I. CALCULUS OP LIMITS 

21. Introduction. The fundamental idea of the calculus of limits 
consists in the use of dominant functions. The reasoning is quite 
analogous to that which has already been used to establish the 
existence of implicit functions (I, § 193, 2d ed. ; § 187, 1st ed.). 
Since evety analytic function has an infinite number of dominant 
functions, we see that the method can be varied in a great many 
ways. The simplicity of the demonstrations depends largely on the 
choice of the dominant functions. Since the work of Caucby, his 
proofs have been perfected and extended to more general cases by 
Briot and Bouquet, Weierstrass, Darboux, M^ray, Eiquier, Madame 
Kovalevsky, and many othera. Even to-day we make use of this 
same method constantly to treat analogous questions relative to par- 
tial differential equations with various initial conditions. 

22. Existence of the integrals of a system of differential equations. 
Let us consider first a single equation, 



(1) if -/("'. rt 



the right-hand side of which, f{x, y), is an analytic function in the 

neighborhood of a system of values x^, y^. We propose to prove that 
this equation has an integral y (x) analytic in the, neighdorhood of the 
point x^ and reducing to y^for x = x^^. 
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Let us suppose for the sake of brevity that x^ = i/^ = 0, which 
amounts simply to writing x and y in place of x — x^ and y — y^. 
If the given equation has an integral which is analytic in the neigh- 
borhood of the point a; = 0, and which vanishes with x, and if we 
can calculate the values of all the successive derivatives of that 
integral for « = 0, we can write the development of that integral in 

The equation (1) gives us first of ail {dy/dx\=f(0, 0). On the 
other hand, the equations which we derive from it by repeated dif- 
ferentiations enable us to calculate the value of a derivative of any 
order in terms of x, y and of derivatives of lower order, 

d3^ OX dy dx 

d-!i_s'/ I „ ay <iy , sv(df\' ^ i/d-y^ 

da^ da? dxdy dx dy^ \dxj By dx* 



1 these relations a; = y = 0, we calculate step by step tht 
initial values (d^y/dx^^^, (d^y/dx*)^, ■ ■ -, (d'y/dx")^, ... of the succes- 
sive derivatives of the desired integral in terms of the coefftcienta 
of the development of f(x, y) in a power series in x and y. Until 
Cauchy's work appeared, mathematicians had assumed without proof 
that the power series thus obtained, 

was convergent for values of x near zero. 

To establish rigorously this essential point, let us observe that the 
operations by which we calculate the coefficients of the series (3) 
reduce precisely to additions and multiplications alone, so that the 
value obtained for {d^y/dx')^ can be written in the form 

w (a- "■"--.• •—■'•■->■ 

where P„ ia a polynomial with positive integral coefficients, and where 
(i(j is the coefficient of a;V in t'ls development of f{x, y). If, then, we 
replace the function f(x, y) by a dominant function ^(x, Y), and if 
we seek to determine an analytic integral of the auxiliary equation 

vanishing with x, the coefficients of the series obtained for the devel- 
opment of Y will be positive numbers greater than the absolute value 
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qf the corresponding eoefBcients of the same rank in the series (3). 
If the series obtained for Y is convergent in a certain neighborhood, 
the same must be true a fortiori of the aeries (3). Now the series 
obtained for Y will certainly be convergent if the auxiliary equation 
has an analytic integral vanishing for x =: 0. 

Let us suppose that the function /(x, y) is analytic when the varia- 
bles X and y remain in the circles C, C of radii a and ft described in 
the planes of the two variables about the two origins as centers, and 
that it is continuous on the circumferences, and let M be the upper 
limit of \f{x, y)\ in this neighborhood. We can take for the domi- 
nant function 

and, multiplying the two sides by (1 — Y/b), we may write' the 
auxiliary equation (5) in the form 



(») (-1)^ 



We can show directly that this equation has an analytic integral 
which vanishes for re = 0. In fact, separating the variables, we obtain 
the integral of that equation in the form 

(7) r_|!,_..„i„g(l_|). 

The constant which must be added to the rightr-hand side to 
express the general integral of the equation (6) is here zero if we 
adopt for the determination of the logarithm the one which is zero 
for ar = 0. Solving equation (7) for Y, we get 



(8) y_S-i^l + 2o^Log(l-^)- 

If we take for the radical the determination which reduces to 1 
for X = 0, the result (8) represents precisely an integral of the 
equation (6) which is zero for a; = 0. This function Y is also ana- 
lytic in the neighborhood of the origin, for the function under 
the radical is analytic in the interior of the circle C of radius a, 
and is zero for 

(9) « = p = a(l-ri^). 

When the variable x remains in the interior of the circle C^ of 
radius p described about the origin as center, the absolute value 
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of (2aM/d)Log(l — z/a) remains less than unity,* and the radical 
is an analytic function of x in this circle. The series obtained tat 
the development of I" is therefore convergent in the circle of radius p, 
and the same is true a fortiori of the series (3) first obtained. 

It is easily seen from the formula (8) that all the coefficients of 
the development of Y are real and positive, a &ct which is evident 
also a priori. ' If we give to x any value whose absolute value is less 
than p, the absolute value of Y will be less than the value obtained 
by replacing x by p. We have, then, for every point in the circle 
Cp, |i^|<fi, and therefore |y|<i. If we replace y mflx, y) by the 
sum of the series (3), the result of the substitution is therefore an 
analytic function 4(^) in the circle of radius p. Prom the manner 
in which we have obtained the coefficients of the series (3), the two 
functions *(«) and dy/dx ai-e equal, aa well as all their successive 
derivatives for le = 0. Hence they are identical, and the analytic 
function y satisfies all the given conditions. 

In order to calculate the coefBcients of the senes (3), we can substi- 
tute directly for y in the equation (1) a power series y = C^x-\-C^3?+ ■ • ■ 
and write the conditions that the two sides are identical. The coeffi- 
cient of x"' in dy/dx is nC„ while the coefficient of a;""' on the right 
depends evidently only on C„ C^, ■ • ■, C,_, and the coefficients Ha- 
lt is easily seen that the coefficients C, are calculated in this way 
by the use of the operations of addition and multiplication alone. 

The method can be extended without difficulty to a system of any 
number of differential equations of the first order. Let 

(10) '^~M<',ypy.,--;y.) (i = i,2,...,») 

be a system of differential equations in which the functions fi are 
analytic in the neighborhood of the values x^, (y^^, ■ ■ ■, (y^)^ These 
eqvationa have a system of integrals analytic in the neighhorhood of 
the point x^ and taking on the values (yi\, (y^^t ■ • ■, (y,)^ respectively 
fir I = I,. 

The proof of this theorem can be made to depend on the fact 
that the system of auxiliary equations 

dV, dYj dY, M 






■""(-3(-^)-(-f) 



*Id fact, all the coefficients of the development of that function in powers of x 
are real and negatlTe. The absolute value of the preceding expression tor |z|</> ia 
therefore lees than ita absolute value nben z = p, that 1b, leaa than unlt7. 
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has a system of integrals which are analytic in the neighborhood 
of the origin, and which vanish for a; = 0. The functions f^ are sup- 
posed to be analytic as long as we have |a; — x^'^a, |j/i — (y,)^| = &, 
and M denotes again the maximum absolute value of the functions 
/j in this neighborhood. These integrals, having their derivatives 
equal and all vanishing for x = 0, must be Identical, and it suffices 
to consider the single equation 

rfy jtf 

"^(— :)(-!)•■ 

in which we can again separate the variables. This equation has 

the integral 

which is analytic in the circle with the radius 

and which is zero for a; = 0. Hence the system (10) has a system 
of integrals that are analytic in the same circle. 
A single equation of the nth order, 



(1^) 0=4-'-S- 



can be replaced by an equivalent system formed of n equations of 
the first order, 



dx ''''^" dx 



' = H'^>y>Vv--->y<.-i)f 



by introducing as auxiliary dependent functions the successive 
derivatives of y up to the (n — l)th order. We deduce from the 
general theorem, then, the proposition that the equation (12) ftas an 
analytic Integra} in the neighborhood of the point x^ and such that 
that function and its first w — 1 derivatives take on for x=- x^ the 
values y^, ^, ■ ■ ■, yj""^' given in advance, provided that the function 
F is analytic in the neighborhood of the system of values x^, y^, y'^, 

■■■,'ji-"- 

From the demonstration it results that there cannot be more than 
one analytic integral of the equation (1) taking on for ;« = x^ the 
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value y^. But nothing enables us to say up to this point that there 
do not exist non-analytic functions satisfying the same conditions.* 
This is a point which will be rigorously established farther on 
(§26). 

23. Systems of linear eqnatioaB. We shall find farther on, by another 

method, a larger, value for a lower bound of tlie radius of convergence 
of the series which represents the integrals (§ 29). If the functions 
fi have special forms, we can sometimes employ more advantageous 
dominant functions, still making use of the method of the calculus 
of limits. 

In particular, this is what happens in the very important case of 
linear equations. Let 

(14) ^ = a„y, + a,,y, + . . . + «,,y, + 6, (i = 1, 2, • • ., n) 

be a system of linear equations in which the functions a^y and b^ are 
functions of the single variable x, analytic in the circle C of radius R 
about the point x^ as center, These equations have a system of inte- 
grals analytic £re the circle C and reducing respectively to (y,)^, (j/Jo, 
••■,(!f.\forx = x^._ 

We may suppose in the proof that 

w.-w. — =&.).=». 

for if we change y^ into (y^^ + y,-, the system (14) does not change 
in form, and the new coeflBcients are again analytic in the circle C. 
Let M be the maximum value of the absolute values of all the 



■ The lollowiug is Uie reasoning used by Briot and Bouquet to treat this ma 
Let ^1 be an analytic integml of the equation (t) taking on the value y^ (or x 
Pnttlng ^ - l/i + 2, the equation (1) t&kes the form 



where •I' {x, z) is aoalytic for x^x^, z-0. Let us suppose that this equation has an 
integral, other than z = 0, approaching zero when the variable x describes a curve C 
ending in the point i„. Let r, , x, be two points of this curve to which correspond the 
two values z^ and Zj of z. We obtain from the equation {!') 



^--ii. f^n^..-,!.. 



If Xi ai^roaches x^, z, approaches zero, and the absolute value of the left-hand side of 
Uiis equality becomes iuflolte, while the absolute value of the right-hand side remains 
finite; there cannot be, then, an Integral approaching zero different from z-0. But 
the reasoning supposes that the point x approaches Xq along a curve C of finite length. 
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functions a^t, bf in a circle C with the center x^ and the radius r<B. 
The function 



1- 



-(i+yj+rj+.-. + O 



is a dominant function for all the functions ajij/, + . - . + a.^^ + J^, 
and we are led to consider the auxiliary system 



Since the functions Y^, Y^, • ■ •, K, are required to be zero for 
X = x^, and since their derivatives are equal, they are identical, and 
the system (15) can be replaced by the single equation 



which can be integrated by separating the variables. The integral 
which is zero for x = x has the form 



-^[(-^r-4 



and it is analytic in the circle C. The same thing is therefore true 
of the integrals of the syst«m (14), and, since the number )■ may 
be taken as near R as we wish, it follows that these integrals are 
analytic in the circle C. 

24. Total difleientisi equtiona. Let z,, x,, • ", 2. be a syetem of n independ- 
ent variables, letz be an unknown function of these variables, and let/|,/j, 
" ', /, be n given functions of x^, z,, ■ ■ -, z., z. A tutal differential equation is 
a relation of the forta 

(17) dz=/i(Ii, +/j(i2j+ ... +f,dx.; 

it is really equivalent to n distinct equationa : 

(16) |i=/„ if=/„ ..,• |i=/.. 

I#et us suppose that there exists a function z of j,, ij, ■ ■■, Xn satisfying 
these n relations. We can calculate the second derivative i*z/Siiiixi{i ^ fe) in 
two different ways. Writing the results obtained as identical, we obtain thus 
ii(n — l)/2 ! relations of the fonn 

<"' S + S'/'-s+t^' ('■' = ■.'.•..,.) 

ox^ 5z 6Xi ez 
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and the function t can onlj be taken from among tbo«e functions which satisfy 
these relations. We are going to consider only tbe very important caae, in 
whicb these relations are satisfied {denticaUy. The equation (IT) or the equiva- 
lent system (IS) is then said to be complete^ irdegriMe. 

Given a complelely ititegrable tottU H^eradiai eqwiHon in which thefiautions ft 
are analytic in the ndghbor/iood of the tytUm (if twlues (Z|)o, (z,)g, ' ■ -, {Zh)^! 'at 
IM* equation hat an ajialiftic integral in the neigtibwhood of the tj/atem <tf value* 
{z,)j, ■ ■ ■, iXt)i„ which reduces to z^ "^^ ^i = ('^ilo* •■•t^ = (!^a- 

The equations (18) and those which are derived from them by succeaaive 
differentiations enable us to express all the partial derivatives of the unknown 
function z in terms of z, a;,, z,, ■■■,«, ; hence we can obtain the values of the 
coefficients of the development of the analytic integral, if it exists. But, while 
it is evident that we can calculate such derivatives as ii''z/St\ in only one way, 
it requires a. little more care to assure ourselves iJiat we shall always obtain the 
same expression for a derivative of any order, such as Bi' -*- izfirz''. b^\, which can 
be calculated in several different ways. This will be the case for the deriva- 
Ijves of the second order, if the conditions (19) are identically satisfied. In 
order to show that the same property is true in general, it suffices to show that, 
if it is true up to the partial derivatives of order p, It will also be trae for the 
partial derivatives of order ji + 1. We shall base the proof on the following 
fact; Let Vi^, z,, ■• ', z^, e) be any function of z,, Xj, •", z., %, and let us put 

dii ~ az( ■*■ Bi ■^'' dz,(tat~dz,l.(te(/' *' ~ ' '■■■'"' 

From the conditions (19) It follows immediately that we have for any function U 
the relation 

i*V _ d*U 
dXidck ditdxi 
Let now u and o be two partial derivatives of the pth order differing only in 
the fact that a diflerentiation with respect to Zf in one baa been replaced by a 
differentiation with respect to xt in the other. The proof depends on showing 
that we have 

or that da/dXf = dv/dxt. But u and b have been obtained by taking the partial 
derivatives of a partial derivative lo of order p — \ with respect to the variables 
Xt and xi respectively. We have therefore u = dio/dZi, v = dto/dit, and the 
equality to be established reduces to (Pa/diidxt = d^w/dxtdii, an equality which 
has already been proved. 

To prove the convergence of the series thus obtained, we can therefore replace 
the functions /j by dominant functions ^i, provided that we choose these func- 
tions ^i BO that the resulting auxiliary total differential equation shall itself be com- 
pletely Integrabie. For simplicity let us put (z,)^ = (*,)„= ... ={«.)„ = «,, = 0; 
we can take for the dominant function of all the functions /< an expression of 
the form 
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and the finxiliarr equatioa 

(20) az=. Jflfe + tet-.-tfe^^ 



- '■"-r-'K '-f) 



is completely integrable fTom the BTUimetr; of the right-hand side relative to 
the n Tariabtes %. In order to obtain an analytic integral that vanishee with 
theae variables, we need only seek on integral which is a function of the single 
variable X = x^^ + x^ + ■• ■ + x^. This leads to an ordinary differential equation 
•f the form (6) 



i'-D- 



Since the Integrt^ of this equation is represented by a development In a con- 
vergent series the coefficient of any term x^' ■■• x^' of which is real and positive, 
the development obtained for ! is a fortiori convergent in the same neighborhood. 
The theorem can be extended without difBcuIty to systems of total differential 
equations in n independent variables 2„ z,, ••■, st„ and m dependent variables 

(21) di;»=/i.ttc,+ ---+/«dzi+..-+A*dx,. (f'llj!")™) 



The system (21) is said to be completely integrable If theee conditions (22) are 
satisfied identically, and we have the following theorem which is demonstrated 
like the preceding : 

Svery compldely integrable aytUm in vihich tKe fimdiona fi are analytia in (Ac 
neighborhood of a gygtem, of valueii (Zj),,, (i,)oi ■ ■ ■> (z,),,, («i)o. ■ • 'i (*ii>)o Ao* * 
rj/^em<if integri^ analytic mlkeiieigM>or}iood qf Ike point (x,),^ — , (z.)g and tal^ 
tnff on respectieeJy tltevaiuea {z^ff^, (i!,)^, ■ ■-, (Xmio'^hen x^ = (ij)j, ■■■,x,~ {x,)^. 

25. Application of the method of the calculus of limits to partial differ- 
ential eqoatlona. The calculus of limits enables us also to prove the 
existence of integrals of a system of partial differential equations. 
Let us consider first an equation of the first order, 

(23, £^„4„.„..,..,,|l,^,..,|i), 

in which the right-hand side does not contain the derivative dz/dx^ 
This equation and those ohtained from it by successive differentiar 
tion enahte ua to express all the partial derivatives of z in terms of 
Xp x^, •■•,»!., «, and of the partial derivatives of « taken with respect 
to the variables x^, x^, ■ ■ ■, ir, alone. This property is evident for the 
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derivatives of the form d't*'--*'"*h/dx^83^t ■ ■ ■ (ht^', as ia seen by 
differentiating tte two sidea of the equation (23) a^ times with 
respect to Xj, ■ ■ -jand thenar, times with respect to a-,. If we differen- 
tiate the two sides of the equation (23) once with respect to x^^, and 
any number of timea with respect to the other variables x^, x^, ■ ■ ■, a;,, 
and if we then replace in the right-hand side of the result the par- 
tial derivatives which involve just one differentiation with respect 
to the variable x^ by the expressions already obtained, we shall obtain 
also the derivatives 0'">+"'*''" + 'e/0j;J2»:J« ■■• ^a^ expressed in the 
manner stated above, and it is clear that we can continue to apply 
the same process indefinitely. 

Let us now suppose that the function f is analytic in the neigh- 
borhood of a system of values (x^\, ■ ■ ■, (x^^, «„, (p^,^, ■ ■ ■, (p^X, 
and let <t>(x^, x^, ■ ■ ■, a:,) be a function of the (n — 1) variables 
Xj, x^, •■■, X, analytic in the neighborhood of the point* (a;^)^, 
(^»)i)' ' ' ■' (^")o ^^^ such that we have for these particular values 



»v =(*■-).- 



<«. = ., (^} = (.... g) = W. (g); 

If these conditions are satisfied, the equation (23) has an integral 
■which is regular in the neighborhood ofthepotnt (x^^, ■ • •, (x^X o,nd 
which reduces to ^(a^j, x^, ■ ■ ■, x^for x^ ^("^1)0- 

By hypothesis, the function ^(x^, x^, ■ ■ •, x^ can be developed in 
a series of positive powera of the variables Xj — (ar,),,, and the coeffi- 
cients are, except for certain numerical factors, the values of the 
partial derivatives of that function at the point {x^^, {x^^, ■ ■ -, (a;,)„. 
Since the function a, the existence of which we wish to prove, must 
reduce to <lt(x^, x^, ■ ■ -, a:,) for x^ =(^,)oi ^^ know from that fact 
alone the values at the point (x^^, (x^^, ■ ■ ■, (x,\ of all the partial 
derivatives of the function s which involve no differentiation with 
respect to the variable x^. We have just seen how all the other partial 
derivatives of z can be expressed in terms of these. We can there- 
fore calculate, step by step, all the coefficients of the development of « 
according to powers of x^ —(Xi\ in terms of the coefficients of the 
two developments of the function / and of the function ^, and the 
calculation involves the operations of addition and multiplication 
alone. We can therefore employ again dominant functions to prove 
convergence : if the series obtained by replacing, in the preceding 
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calculation, / by a dominant function F, and ^ by another dominant 
function 4", ia convergent, the same thing must necesaarily be true of 
the series obtained for s. 

We can, first of all, replace the given initial conditions by other 
simpler conditions by means of a succession of easy transformations. 
We may suppose {x)^—{x^^ = . . . =(x^^ = 0, for that amounts to 
writing x; in place of Xi —(Xj)^. If we also put 

»=*(»i„ »'„■•■. «.)+«■ 

the new unknown function m must reduce to zero for ar, = 0. We 
may suppose also that after these transformations the right-hand 
side of the equation, when developed, does not contain a constant 
term, for if the development commenced with a constant term a 
different from zero, it would suffice to put u = ax^ + v in order to 
make it disappear. Having made these transformations, if we now 
replace the right-hand side by a suitable dominant function, the 
demonstration of the theorem reduces to showing that the equation 



W ST- 



(i- '-+''-+;-+'-+- Ui- 

where Af, r, p are determined positive numbers, has an integral which 
is analytic in the neighborhood of the origin and which reduces to 
zero for x^ = 0. If we replace x, on the right-hand side by x,/a, 
where a is a positive number less than unity, we increase the coeffi- 
cients, and the theorem will be established a fortiori if we prove 
the proposition for the new equation 

Indeed, it is sufficient to show that this equation has a regular 
integral, represented by a power series whose coefficients are all real 
and positive ; for the coefficients of this third development are at 
least equal to those of the series obtained by supposing that Z van- 
ishes when x^ — 0, since the coefficients are all obtained by means 
of additions and multiplications of the coefficients of the terms inde- 
pendent of Xj. In order to establish this last point, let us try to 
satisfy the equation (25) by taking for Z a function of the single 
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variable X =, x^/a + x^ + ■ ■ ■ +x,. We are thus led to the differen- 
tial equation of tlie first order, 

r 

Let US suppose that a has been chosen so small tiiat the coef&cient 
of dZ/dX on the left is positive. For X = Z = the equation (26) 
has two distinct roots, one o£ which is equal to zero. That equation 
has therefore an analytic integral in the neighborhood of the origin, 
which, together with its first derivative, is zero for X = 0. It is easy 
to show directly that all the coefficients of the development of this 
integral are positive; for the equation (2^ may be written in the 
form 

g = .(g)-H.*(.,.,, 

where A is positive and where 9(X, Z) denotes a series whose coeffi- 
(Hents are all positive. After a first differentiation we find 

rf^^ dZd^Z d^ d^dZ 
dX" ~ dX dX^ dx'^ dZ dX 

For X — 0,Z and dZJdX are zero; hence d^ZfdX} is positive. The 
verification for the following derivatives is similar. 

The series obtained for the development of the desired integral n 
is therefore convergent as long as the absolute values of the differ- 
ences X( —(«,)„ remain less than a positive number t. The value of 
that series is an analytic function in the neighborhood of the point 
(«,)„, («j)o, — 1 (iei.)o aid reduces to ^(x,, x,, ■ ■ ■, x^ for x^ =(x^^. 
That function satisfies the given equation ; for if we replace in / the 
variables a, dn/dx^, • ■ -, dz/dx, by the preceding function and by its 
partial derivatives, the result is a function >l'(x^, x^, ■ ■ ■, a:,) which 
is regular in the neighborhood of the point (x^^, (a!j)„, ■ ■ ■, (a:,\, 
and, from the maimer in which we have obtained the coefficients 
of the series z, the two functions ^ and dx/dx^ are equal, aa well as 
all their partial derivatives, at the point ix^^, (x^^, ■ ■ -, (x^„. They 
are therefore identieaL 

The proof is the same for a simultaneous system of equations of 
the first order, 

(27) ^ =/„ ^ -/,, - - ., -f _/„ 



lovGooi^lc 



11,5 26] CALCULUS OF LIMITS 67 

whose right-hand sides contain only the variables x^, x^, • ■ ■, «,, the 
functions z^, z^, - - -, z^, and the partial derivatives of the first order 
except those with respect to x^. Supposing the right-band sides ana- 
lytic in the neighborhood of a system of particular values (x,\, (ei\, 
(p*\, assigned to all the variables which appear in the function /, 
these equations have a system of iiUegraU which are ajtaliftie in the 
neighborhood of the point (x^\, ■ ■ ■, (x,\ and which reduce for 
a;, =(arjj to f given functions ^|>^, ip^, • ■ ■, 0, of the (n — 1) variables 
^3> ^v ' ' '> *"' '"^'"^ "'■^ analytic in the neighborhood of the point 
(*i)ot (*^s)o> ■ ' 'i (^ii)o "''"^ "■''"^ such that the values of ^^ w'w' of S^j./3a:, 
at that point are precisely («t)j and (J>^\ (ft = 1, 2, ■ ■ ■, p; i= 2, 
3, ■■■,»)■ 

26. The geaeral Integral of a system of difierential equations. The 
preceding theorem enables us to complete the theory of differential 

equations on several important points. Thus, the existence of an 
infinite number of integrating factors for an expression of the form 
P(x, y)dx + Q{x, y)dy is an immediate consequence of it if P and 
Q are analytic functions of the variables x and y (§ 12). 

Let us consider again the equation of the first order y' =f(x, y), 
and let(3;u, yj be a pair of values for which the function /(a, y) 
is regular. The analytic integral the existence of which has been 
established, which takes on the value y„ for x = x^, may be con- 
sidered as a function of three independent variables x, x^, y, ; it is 
from this point of view that we are going to study it. For definite- 
ness let us suppose that the function f(x, y) is regular in the 
neighborhood of a point (a; = a, y = p). We can evidently consider 
the given equation as a partial differential equation, 

(28) If-A"^.!/), 

which defines a function y of the three variables x, x^, y^, and we 
propose to determine an integral of that equation which Is analytic 
in the neighborhood of the point x = a, x^ = a, y„ = j3 and which 
reduces to y^ for x = x^. This last condition ia not in the same 
form as that of the preceding j^ragraph, but it suffices, in order 
to overcome the difficulty, to take instead of x and of x^ two 
new independent variables w = « + x^ and v =x — x^. Then the 
equation (28) becomes 



(2%-\ ^4.^-f(l±l, 
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and we are led to seek an integral of this new eqnation vhich is 
analytic in the neighborhood of the values m = 2 a, v = 0, y^ = fi 
and which reduces to y^ for tf = 0. By the general theorem, there 
exists an analytic integral, and only one, which satisfies these 
conditions; we shall denote it by ^(x, x^, y^, supposing that we 
have replaced u and v by their values in terms of x and y. Let D 
be a region defined by the conditions |3! — «[ — *■! I^o"**! — *"• 
■ \ff^ — p\Sp, in which the function il>{x, a;^, y^ is regular. The 
function ^ has the following properties in this region. In the first 
place, from the very way in which we have obtained it, if x^^ and y^ 
are constants, it represents the integral of the differential equation 
y' =f(x, y), which takes on the value y^ for x = x^. This integral 
is surely analytic whenever |a: — a| is less than r, iai any point 
(a:,, y^ in the region D. 

The development of ^(x, x^, yj is of the form 

y = % + ('^-«.)^(i^-^o. ^o)- 
where P also denotes a regular function. By the general theory 
of implicit functions, we can solve the above relation, obtaining 
y* = ^(*i ^0' y)' ^"^ which the right-hand aide is also a power series. 
The function <^(x, x^, y) is identical with ^(»„, x, y). In fact, let x^ 
and x^ be two values of x in the region D ; then the integral which 
is equal to y^ for x = x^ takes on at the point x^ a certain value y,, 
and we have y^ = ^{x^> a^m J/o)- ^'^* '*■ ^ evident that the relation 
between the two pairs of values (x^, y^, (a;,, y^) is a reciprocal one; 
hence we iiave also y, = •i>(x^, x^, y,). 

Let x'^ be any value of x such that we have [irj — a|< r. Every 
analytic integral of the equation (28), passing through any point 
(x^ ^o) ^^ ^^^ region D, satisfies a relation of the form 

(30) i>(x'^,x,y) = C. 

Por, let us consider the analytic integral equal to y^ for x = x^. 
That integral takes on a value yl when x has the value x'^, and we 
have, from the definition of the function 0, ^ {x^, x^, y^ = y'„. Let x 
be another value of the variable in the same region and y the corre- 
sponding value of the integral. We have also ^(a^o, x, y)= y^, and 
therefore the analytic integral considered does satisfy a relation of 
the form (30). By differentiating it with respect to x and replac- 
ing y' by its value f(x y) we find that the function "^(xj, x, y) 
3 the relation 



(31) 
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This relation reduces necessarily to an identity, for it must be true 
for x = x^, y = y^, and the point (x^, y^ is any point of the region D. 

This enables us to answer a question left undecided in § 22, 
In the plane of the variable x let any curve T approach the point x^ 
a« a limit. We shall say that a function y of the variable x which 
can be continued analytically along the whole length of r approaches 
y^aa X approaches x^ on r if for every positive number « we can find 
a correaponding jjoaitive uumber jj such that |y — y^jl remains leas 
than < for all the values of x lying on V in the interior of a circle 
with a radiua ij and with the center x^. 

The reasoning of Briot and Bouquet does not prove that there do 
not exist other integrals than the analytic integral, approaching y^ 
as X approaches 3^^ in the manner which has just been defined. This, 
however, is the fact. For let us consider a definite point (x^, y^ 
of the region D, and let us take for the new dependent variable in 
the equation (28) the function Y= "^(^ui x, y) defined above. Then 

dx dx dy dx 

and, by the relation (31), the given differential equation reduces to 
d Y/dx = 0. If, now, y approaches y^ when x approaches x^, the same 
thing is true of Kjandtheonly integral of the new equation tiy/(£c = 
which satisfies this condition is evidently Y= y^. The integral sought 
must therefore satisfy the relation 

or 

(32) y, = y + {^-x^P{x,y,x^), 

and, by the theorem on implicit functions (I, g 193, 2d ed, ; § 187, 
Isfc ed.), there is only one root of the equation (32) approacliing y^ 
as X approaches x^, and that root is an analytic function.* 

It follows that every integral of the equation (28) which passes 
through a point of the region D satisfies a relation of the form (30), 
On that account we say that that equation represents the general 
integral of the differential equation in this region. The number C 
is the constant of integration which remains arbitrary at least be- 
tween certain limits. We have seen that we could also put the 
equation (30) in the equivalent form y = ^(a;, x'^, y^, where the 
constant of integration is y^- 

lalyse. Vol. II, pp. 310-317. Painlbvb, Lei;om de Sloekhohn, 
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All tbese properties can be extended to a system of differential 
equations of tlie form 

(33) ^i- =/.(.,..,.„.. .,..), '-t=U -. S-/.- 

Let us suppose that the right-hand sides are analytic in the neigh- 
borhood of the system x = a, y^=: ^^, ■ ■ -, y^ = ^- We may a^in 
regard the preceding equations as a system of partial differential 
equations involving the n dependent variables y^, y^,---, y, and 
the n + 2 independent variables x, x^, (y^^ (j/^ot ■ ■ ■> (y.Xi *^^ ^^ 
may seek the integrals of this system which are regular in the 
neighborhood of tlie values x = a,x^ = a, (yj„ = ft, ■ ■ ■, (y,),, = fi. 
and which reduce to (y,)^, (yg)^, ■ ■ ■, (yj)„ respectively for x = x^. 

Let 

be the n functions thus defined, which we suppose to be analytic 

in the region D defined by the conditions \x—a\^r, [a;,,— a|Sr, 
\0/')ii^fii\ — P- From the equations (34) we derive, conversely, 

(35) (yj)o = *i(^«.*.yi. ■■■.?.). ■■-. (y.)o = *-K.«.y3. ■•■.?.)> 

and each of these functions ^ satisfies, for any vaJue of x^, the 
relation 



We prove this just as before by observing that the analytic 
integrals which take the values (yj^,, ■■■, (yj^ for x = x^ satisfy 
the relations (35), and therefore the relations (36), which we deduce 
from them by differentiating with respect to the independent 
variable x ajid by replacing the derivative dyt/dx by /;. These 
relations (36) must reduce to identities ; for if x^ is supposed fixed, 
we can show as above that we can choose (y,),,, ■ ■ ■ , (y,)^ in such a 
way that the integral curve * passes through any given point of the 
region D. The left-hand side of the equation (36) must therefore 
be zero for the eoftrdinates of any point whatever of this region. 

If in the equations (33) we take for new dependent variables 
the n functions Y(=^^i{x^, x, y^, ■ • ■, y,), where x^ is constant, these 

■As a generalization we shall My that ever; B;at«m of integnls ot the eqaattona 
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equations become, by the conditions (36), 

(37, ^„0, ^-0. .., ^ = 0. 

' dx dx dx 

It follows that all the integrals of the system (33) satisfy relations 
of the form (35), where {y^^, • ■ -, (i/,)„ are constants — at least all 
of those integrals which have a point in the interior of the region 
D where the functions ^ are regiilar. We shall say, then, that the 
equations (36) represent the general integral of the system (33) in 
this region. 

From these equations it follows also that there are no other 
systems of integrals than the analytic integrals which approach 
(i'i)oJ ■ ' ■> (%)o '^^'^'^ ^ approaches x^. We have, in fact, 

*£ = ?( + (»'- x^) P((x„, X, y„ . . ., y,), 
and the Jacobian D{^^, <^^, ■ ■ ■, <I>^)/D(y^, y^, ■ ■ ■, y^ reduces to 
unity for x = x^. According to the general theory of implicit func- 
tions, the equations (35) have only a single system of solutions for 
^it y-n ■ • -J t/nt which approach (^j)„, • ■ -, (y,\ when x approaches x^, 
and these solutions are analytic. 

To sum up, through every point of the region D there passes an 
integral curve, and only one, represented by n equations y, = ^((a;), 
where the functions, ipi are analytic so long as |« — als*". 

II. THE METHOD OF SUCCESSIVE APPROXIMATIONS. THE 
CAUCHY-LIPSCHITZ METHOD 

ST. Saccewivs •pprozlnutknii. The method of Buccessive approximations has 
been applied with Buccess by E. Picard to ordinal? diSerential equations and 
to a great number o( cases of partial differential equations. We shall apply it 
to the treatment of differential equations with an important addition due to 
Emst LindelOf . 

Let v(z) be an Integral of the differential equation dy/dx =/(x, y) taking 
on the value j/o ^'^^ ^ — ^o' '^^ function y{z) satisfies the relation 

(38) )/(*) = ffo + ^V[*,»(t)]<«, 

aud conversely. The equation (38) is an wtegral equation which is equivalent 
to the two conditions y'(ic) =/[!,(/ (i)],y(/„) ^^^ and which lends itself readily 
to the metliod of successive approximations. We shall develop the method on 
a system of two equations of the first order 
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supposing first that the Tariables are real. We ahall aanime tb&t the two func- 
tions / and # are continaouH wben z varieB from Xg t« Zq + a and when y and z 
vary reapectively between the limits (vo — 6, Vo + &) *'"^ ('o — <^i 'o + '^) • ^^^ 
the absolute value ol each of these functions / and # remains less than a poai- 
tive number M when the variables x, y, t remain within the preceding limlta; 
and, finally, that there exist two positive numbera A and B aneh that we have 



(40) 



(\f(x,y,t)-f(x,V,2r)\<A\v-y'\-\-B\z-z'\, 



for any positions of the points (x, y, t) and (x, ^, 2^ in the preceding region. 
Let us suppose, for ease in the reasoning, o>0, and let h be the smallest of 
the three positive numbers a, b/M, c/M. We shall prove that the eqaatioia (30) 
have a tystem of itil^rais loAuA are continuous in (Ae vaLeToaX (£„, Xg + A) and 
loAitiA tojfce on tAe tio^es p, and Zg/or z = x^. For this purpose we shall write the 
equations (30) Id the form of Integral equations : 

(41) !'(x) = i'o + ^V[(,I'(t),«(t)]<a, 

and we shaU solve these equations b; successive approximations in the same way 
as for a system of simultaneous equations (1, g 34, 2d ed. ; S 26 ftn,, 1st ed.), 
taking for the first approximation values the initial values Vg and Zg themselves. 
We are thus led to vrrite 



'(■)- 






■(")]« 



And, in general, 
(43) 



z,(x) = io+jr%[(,y,(i), *,(')]* 

w(x) = yo + _£V[t, i/,_,(l), *._,((>]d:(, 
^™(=:) = «« + £%[', if— 1((), «—!(*)]'«■ 



Let us prove first that this process of approximaljon can be continued indefi- 
nitely if X is contained in the interval (x^, x, + A). We have, in the first place. 
If X is within that interval, 

|Vi-l/o|<Jfft<6, 

and, Mmilarly, \z^ — z^\<c. If we replace y andz by y, and z, in the functions 
/and 0, the functions of x thus obtained are therefore continuous between x„ 
and Zg + A, and their absolute values remain less than M. For the same reason 
as before, y^ and z^ are continuous functions of x in the interval (x^, x^ + A), 
and we have in this interval \y^ — ya\<% kj — ^ol"^"- '^''^ reasoning can be 
continued indefinitely ; all the functions y, and z, are continuous between z, and 
Xj -I- A, and we always have in this interval \y» — ^^ I < ^i \^ — ^^<'^- 
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In order to prove that y^ and z, approach limits when n becomea infiDite, let 
lu notice that, we derive first, from the first of the relations (42), 

<44) |i/,(j)-I'.l<if(J-a:,), |2,(i)-^J< Jf(a-^„), 

where a; isanyvaJue whatever except Sjtn the interval (a^,i(+ A). We have next 

ViW - »iW = /" {/[t, »,(t). ',(()] -/((, 1/,, ^o)} -fi, 

and, b; taking account of the first of the Inequalities (40), 

|V.(*)- P,(2)i< f ^k,W- 1/01*+ /"b|«,(()_ fjdt; 

and therefore, by the inequalities (44), 

We have an analogous result for |z,(x) — z,(x)|, and, continuing in this way, 
we see that we have in general 

|y.(^)- ».-!(*) |< -Jf (-4 + g)-' '"^^^" . 

|«,(X) - «._,(!) I < Jlf (J + B)-i ^'~'°'" - 



(45) 
Tbeti 



(4m f 1/0 + (fi- I'd) + (!'■- 1*1)+ ■■■+(l'--l'— !)+■■■. 

' ' \«o+('i-*o) + («.-*i) + --- + (*.-«-i)+"-, 

whose terms are all continuous functions of x in the interval (Zg, x^ + A), are 
therefore uniforml; convergent in that interval. The values of these two aeries, 
Y{x) and Z (x), are consequently continuous functions of x between aj^and «„ + A. 
As the number n becomes infinite, the relations (43) become, at the limit, 

Y(x) = y^ + f'f[t,T(Vt,Z(t)-\dl, Z(i) = z„+J%[(, r((),Z(()]d(. 

For we have just seen that the differences 7 {x) - y^-i{x), Z(z)-i,_i(x) 
approach zero uniformly in the interval (z^, x^ + A), and therefore, by virtne of 
the relations (40), the integrals 

('{fit, F((), z(t)]-/[(. ».-,((), i-iWlf-e, 
J|^''{#[t, r((), z(()i- *p, !/,_,{(), z,-.i(()i}d( 

approach zero when n becomes infinite. The tuncUons Y(x) and Z (x) therefore 
satisfy all the given conditions. 

The preceding method is evidently applicable, whatever may be the number 
of the equations in the system. The inequalities (40), which play an essential 
part in the demonstration, are certainly satisfied for suitable values of A and B 
whenever the functions/ and ^ have continuous partial derivatives with respect 
to y and z within the limits indicated for the variables ; this is an easy conse- 
qnence of the taw of the mean (I, § 20, 2d ed.; §11, Isted.). Let us also notice 
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that U the functions / and <fi remain conUnuous wben x varies between Zg — a 
and Xg + a, and the variables v and x between the same limits as above, theeame 
reasoning proves the existence of a Byslem of integrals, ¥{1) and Z (a), which 
take on the values ^gandzoforx = 3;g and are continuous in the interval (Xg— h, 
Zq 4- k), where h has the same meaniag as before. 

There are lui other syatems ofintegratt tlum T(x) and Z(x) taJcina on the oalues 
Vg aitd z^/or X = x^. The reasoning being always the same, let us take for sim- 
plicity a ^ngle equation dy/dx ~/(x, y), and let us put, as before, 

»! = Vo + f V((, yo)<i(, ■ ■ ■, y. = y^+ rf[t, j/._,{()]<U. 

Let F,(x)bean integral of that equation which takes on the value ygforz = Zo 
and which is continuous in the interval (a,,, Xg + a"), where a' is less than the 
smaller of the numbers a and b/if and such that we have { l',(z) — y„\<b in this 
Interval. Since F, aatisflea the given equation, we can writ« 

and, consequently, 

T,(x) - !/.(*) = ['{/[t, r,(()] -/[(, ff,,i(r)](<a. 

Let us put successively in that relation n = I, 2, 3, • ■ • ; we have first 
^^^ iT,{x)-y,{x)\<Ab(x-x,), 

]Y^{x)~ y,(x)\<A£'Ab(t- x„)dl = A^b^^^^. 
and, in general. 

The right-hand dde of that Inequality approaches zero when n becomes 
infinite ; the integral F, is therefore identical with the limit of y^i that is, 
with r». 

S$. Tli«CMeof tinear sqnatlont. Thegeneral reasoningprovesthattheintegrals 
are certainly continuous in the interval {Xg, Zg + h) defined above; bat in quite 
a number of cases we can state the existence of a. more extended Interval 
In which the integrals are continuous. If, in fact, we go over the proof again, 
we see that the conditions A < b/M, h < c/M are needed only to make sure that 
the intermediate functions j/j, z„ y^, Zj, ■ - ■ do not get out of the intervals 
{Vo — 61 I'd + '')' («o — "' *o + '^)' ^ t''*' tiie functions f{x, yt, *,), (^, yt, n) 
shall be continuous functions of x between x^ and z^ + A. If the functions 
/{x, y, z), ip (x, y, z) remain continuous when x varies from a^ to z,) + a, and 
when y and z vary from — ro to + «, it is unnecessary to make these require- 
ments. All the functions yt and Zj are continuous in the interval («„, *„ + a). 

*RegaTdiDg questions coDcernlng the approxhnate integration of differential 
equations, the reader is referred to the articles of E. Cotton (Aeta malhemadca, 
Vol. XXXI ; Bulletin de la SocUte mathimatiqae de France, Vols. XXXVI, XXXVn, 
and XXXVIII; Annalet de F UniverHti de Orenoftie, Vol. XXI). 
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Again, in order to prove the convergence of the two series (46) it it 
that there exist two positive numbers A and B sucb that the two inequalities (40) 
are satisfied lor any values of y, y', z,€ \tx remains in the interval (x^ z, + a). 
We recognize, in fact, on going over the calculations made above, that the in- 
equalities (46) Btill hold, provided that we indicate bj JIf an upper bound of 
)/(«, I/o' «o)l and o' !*(*■ J/o- ^o)l '" the interval (a^,, x^ + a). 

These conditions are satisfied, according to the law of the mean, if the 
funotJons /{i, y, i), ^{x, y, *) have partial derivatives with respect to the 
variables y and t which remain finite for all values of y and t when z varies 
from Xg to Zg + a. Such, for example, is the case for the equation 

dz 

the right-band side is a continuous function, whatever z and y may be, and 
the partial derivative ^/iy is at most equal to unit; in absolute value. 
All the integrals of that equation are therefore continuous functione when x 
varies from — oo to + <o.» 

The preceding conclusions apply in particular to systems of linear equations 

(47) ^ = any, + oaVi + ■ ■ • + <i^y» + 6(, (i = 1, 2, . . ., ») 

where the coefficients Oi^, ht are functions of z. If all these functions are 
continuous In an interval (Iq, Xj), all the integrals of this system are likewise 
continuous in this interval ; if the coefficients are polynomials, all the integrals 
are then continuous when x varies from — oo to + no. 

Limiting ourselves to real variables, we see that the integrals of iinear equa- 
tions can have no other singular points than those of the coefficients. This very 
Important property cannot be extended to many other equations, even though 
they are apparently just as dmple — for example, to the equation j/' = y'^. 

Note. We often have occasion to study systems of linear equations whose 
coefficients are analytic functions of certain parameters. Let us suppose, for 
deflnitenes^ that the coefBcienta an and b^ of the equations (47) are continuous 
functions of z in an interval (a, b), and that they depend also upon a parameter X 
of which they are analytic functions in a region D. 

The integrals of this system which tabe on ^ven initial VEilues for a value Zg 
of z included between a and 6 are represented in the whole Interval (a, b) by 
uniformly convergent series, and from the very manner in which we obtain 
them it is clear that all the tenna of this series are analytic functions of the 

■We can deduce an analogona theorem from the calculus of limits. I.et /(x, y) lie 
a lunctlon which la real lot every system ot real values of x and y and analytic in 
their neighborhood. Snppose. besides, that \/{x, y)\ remains less than a fixed num- 
ber M when we have respectively | B (x/i) | ^ o and \'R(y/i)\Sb. If Xj, y^area pair 
of any r«al values of x and y,tbe fanctioa/(z, y) is analytic in the region defined by 
the InequaiiUes Ix-xgl^a, \y-y(,\^b, and its absolute value is less than St. 
Then, by the calculus ot limits, the integral ot the equation y'—/{x, y), which Is 
equal to Vo 'or x = Zo, is surely analytic in a circle (7 whose radius r is indq>endenl 
ot Xn, yir We Can follow the analytic extension of that integral along the real axis 
by means of circles ot radius r, and we see that It is analytic in the Interior of the 
strip bounded by two parallels to tbe real axis at a distance r from it. 



i3,Gooi^Ic 



66 EXISTENCE THEOREMS [n, $ 28 

parameter X in D. Tli£ae iniegraia are therefore tAemtdcet aw^ifiie fimcUona 0/ \ 
in the region D (Fart I, S 30). 

MoBt frequently tbe coefBcientB an and bt are integral fUDctlonn of the 
parameter \; the intiegralH are ttierefore themselves intejiral fimctiona of X. 
We can obtain directly the developmenta, according to powers of X, ot the 
integrals which take on given initial values, b; first sabaiJtuUng in the two 
sides of the equations (47) developments of the form 

J'* = «io + «iiX+--- + «*W'+ ■•-, (t = l, 2, ..., n) 

where the variables ua are functions of x, and by then equating coefBcients. 
The functions Uio must take on the given initial values for x = Xg, while the 
other functions u^, where A ^ 1, muBt be zero for x = Xg. 

Proceeding in this way, we find, step by step, systems of linear diBerential 
equations for determining these coefBcienta. We shall return to this subject 

29, Ezteniion to asalytjc fanctloiia. The method can be extended to complex 
variables. To do so it suffices to observe that we have for analytic functions 

of one or several variables inequalities analogous to the inequalities (40). First, 
let/(x) be an analytic function of a complex variable x, in a region bounded 
by a convex curve G and also on the boundary, and let A be the maximum 
value of \f{x)\ in this region. The difference /(ij) —/(a,), where x^ and *, are 
any two points of that region, is equal to the definite integral J/'{x) dx taken 
along the straight line joining these two points. We have, therefore, 
\fix,)-nx,)\^A\x^-x,\. 
Similarly, let /(a, y) be an analytic function of the two variables x and y 
when these variables remain respectively in two regions CI and Of bounded by 
two closed convex curves C and C, and let A and B be the maximum values 
of 1,^ I and of \/^\ in this region. If z^ and z, are any two values of e in O, and 
y, and Vt ^"7 ^'^'^ values of y in ff, we can write 

/(ij. Vi) -/(^i. yi) = [/(«„ ffs) -/(^i. »i)] + [/(Si. V,)-/(«„ f,)], 
and, consequently, from what we have just shown, we have 

|/(x„y,)-/(^„I/i)|<^|*,-«,| + B|y,-y,|. 
The proof is the same whatever the number of the independent variables. 

Having seen this, let us limit ourselves, for simplicity, to the case of a single 
equation, 

(«) g =/(.,,), 

the right-hand side of which we shall suppose te be analytic in the region defined 
by the inequalities \x — x^]^ a, \y — y^l^b. Let M be the maximum valne 
of \f{x, y)\ in this region, and h the smaller of the two numbers a and b/M. 
In the plane of the variable x let ua describe a circle C* of radius ft about the 
point Z|, as center, and let us put, as above, 

Vi = yo+ rV((,y(,)(tt, Vi = Va+ rf[t,v,m^ ••■. 
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where the upper limit z is a point within Ci,. We prove first, Btep by step, th&t 
we have 

I I'l - Vo ! < ''- \V3-Vo\<^y ■■; 1 Vn - yo ! < 6, 
All the functions j,, j/^, ■■ ■, j/n, ■■■ are therefore analytic functions of x (n the 
circle Cii, and the process can be continued indefinitely. Moreover, we have 

(40) Vn(^)-V.-ii^)=£'{/[t,S.-im-f[t,yn-z{t)]}dt, 

where the integral is taken along the straight line joining the two points x'g, x. 
Let ^ be the maximum value of|P//0j/| in the region |x — Zo|^A, \ll — Vgl^b; 
then, according to the observations made just above, we have always 

!/[(,!/,_,(()] -/[i,y.-,(()]l< J[v.-i<0-i/-»(OI- 
In order to prove that we have an Inequality analogous to the inequalities (46), 
let us suppose that we have 

(—1)1 ' 

which is evidently the case for n = 2. Let a; = x,, + r^; the change of variable 
t — x^ = pe^ reduces the integral (49) to an integral taken along the real axis 
from to r, and we have (Part I, § 44) 



!l/,-i(()-I'.-s(()l<M^"- 



y.-i{x)l<rirA'-^-^^dp = 

''o (" - 1) ' 



The proof can be completed as before. The series vfhose general term is 
Hs — IIk-i is uniformly convergent in the circle C^, and, since all the terms 
are analytic functions, the sum of that series is an analytic function in the 
same circle (Part I, g 39), which satisfles the equation (48) and which takes 
on the value y^ tor x = x^,. The development in power series of this integral 
is necessarily identical with that furnished by the calculus of limits, but the 
limit obtaJned for the radius of convergence is greater than that given by the 
first method. 

The remark relative to linear equations applies also to analytjc functions. 
Let na suppose that the coefficients Oa and bi of the equations (47) are analytic 
functions of the complex variable x. Let ue mark In the plane the singular 
points of these functions, and let ua suppose that from each of these singular 
points a ray is drawn following the prolongation of the segments from x,, to the 
singular point. The set of points of the plane which are not situated upon any 
of the preceding lines is called the star corresponding to the system of singular 
points. The straight line which joins the point Zg to a point z of tlie star does 
not pass through any of the singular points, and the method of § 28 proves 
that all the integrals of the system (47) are analytic functions along that straight 
line. The point x being any point of the star, it follows that all the integrals of 
the linear system (47) are analytic functions in the whole star — a result which 
will be established later in another manner (§ 87). 

The method of successive approximations finabtes ns also to obtain for the 
integrals developments in series converging in the whole star. Let A he a. region 
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of the plane bounded by a closed curve C lying entirely in the star ; the Beries 
famiihed by the method of BUcceBslve approzlmations are uniformlf/ convergenl 
In A. The remaning details of the proof are left U> the reader, since they do 
not differ eaaeatially from the details of the proof given before, 

SO. Th* CBDchy-LipMhlti method. The fiist proof given by Cauchy of the 
existence of integrals of a syHtem of differential equations has been preserved 
in the lectures by Moigno published In 1844. It was considerably simplified by 
Lipschitz, who mode clear just what hypotheses were necessary for the validity 
of the proof. 

In order to gtun a clear grasp of tlie whole process, let us tAke the simple 

g=/,.,. 

We have shown (I, J 78, 2d ed. ; £ 78, Ist ed.) that the integral of this equa- 
tion which takes on the value Vo ^'*^ x = Zg is the limit of the sum 

(60) v,+/(a!o)(^-2o)+/(^i)(«.~^i)+---+/(^-i)(i-a^-i). 
where z,, j;,, ■■■, x^-i are n— I points of the interval (*„, x), aa the numbern 
becomes infinite in such a way that all the intervals (i,— !t(„i) approach zero. 
It is this process, suitably generalized, which leads to Cauchy's first method. 
In order to simplify the exposition, we shall take the case of a single equation, 

dx 

Wo shall suppose that the function /(z,p) of the real variables z, ^ is conUnuoits 
when z varies from z^ to z, + a and when y varies from Va— f> ^ Vo + ^j ^°^ 
that there exists a positive number K such that 

(62) \f(x,v^-f{x,y)\<K\y-y\, 

where V and y* are any two numbers included between y^ — b and y^ + b, and 
where X lies between z, and Xg + a. 

This condition, the importance of which was brought out by Lipsohllz, will 
be called, for brevity, the Lipichilz condUion. It has already been used in the 
method of successive approximations (S 27; andI,§S4,2ded.; §26ftn., Isted.). 

Let Af be the upper limit of {/(;£, v)[ in the preceding region, and ft the smaller 
of the two numbers a and b/M {we suppose a>0, b>0). Inorder to prove that 
the equation (51) has an integral which takes on the value Vo for x = x^ and 
which is continuous in the interval (z„ z^ + h), we shall imitate so far as pos- 
sible the procedure followed in establishing the existence of a primitive function 
for/(z). Let z be a valuBof the variable belongingtothelnterval. Letustake 
between z, and x a certain number of intermediate values, z,, «,,-■•, /<-i, Xj, 
■ ■.,z._j, proceeding in increacang order from Zg to X. We shall put succesmvely 

(58) ?, = Vo + /(X(„j^^(z,-z^, !^» = j',+/(»„!/,)(z,-x,), ■-., 
and, in general, 

(54) !'i = V(-i+/(xi-,,V(-i)(«.-ai-i). (t = l,2,---,n-l) 

The sum 

''*' 1 +/(x._,,v,-i)(^-x,_i) 
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presents fui evident analogy with the sum (60), to wbicb it reduces when the 
funclJon/(z, y) does not depend upon v. We are thus led to investigate wttether 
OF not that sum approaches a limit when the number n becomes infinite. We 
shall generalize the question hj defining first tno siuna analogous to th6 quan- 
Utles S and > (I, § 72, 2d ed. ; § 71, 1st ed.). 

I/et UB con^der the triangle ABC formed by the straight lines defined by 
the equaUons 

J = Zo + ft, r=!,„ + JK(X-j;„), Yz.y„-lHX-x^. 

From the nay in which we have defined A, the functjon /(z, j/) is continuous 
when the point (z, j/) remains in the interior or on the sidei of this triangle, 
and its absolute value is at most equal to M. 

The parallels to the y-aiis, ^=x,, X = Zj, ■■■, X= i, divide the triangle 
ABC into a certain number of isOHoelea trapezoids of which the first reduces 




Tia. 1 

to a triangle. Let 3f( and m, denote respectively the mazimnm and mini- 
mum values affix, y) In the triangle Ab^c^ ; then we have — Jfgtn,<3f,^Jtf. 
Through the point A let us draw the straight lines with elopes equal to 2f , and m^, 
meeting the stn^ght line X = x,^ in two points, P, and p,, whose ordinates are 
respectively y^ = jf„ + Jtf,(Zi — z^) and v^ = y^ + m^(x^ — x^. The letter y, no 
longer denotes the same thing as in the expressions (63) to (66). These points, 
P, and jij, are evidently in the interior o£ the triangle ABC or on its sides, and 
we have Y^ > y^. Through the point P, let us draw the straight line with the 
slope Jif up to Its intersection with the strt^ght line \c^ in Q^, and through p^ 
let us draw, similarly, the straight line with slope — Jf up to Its intersection 9, 
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with the same straight line 6, c,. Iiet^, and m, be the mBiEiinum and minimuni 
values o£/(!t, y) in the trapezoid P, Q^q^p, ; the straight line with the slope 3/, 
drawn throogh P, meets the straight line 6,c, in a point P, whose ordinate is 

and the straight line with the slope m, drawn through p, meets b^e^ in a point 
J), with the ordinate V, = Vi + "ij (x, — i|)- We ha'e evidently F, > y, and 
Yj — ^jSi'i — i/n the equality holding only if the function /(z, j/) is constant 
lu the trapezoid PiQ^Q^Pi- This process can be continued. Having obl^ned two 
points, Pi-i and ji(_], on the straight linee(_i6(_i, let us draw through P( _i a 
parallel to AB, and through Pi-i a parallel to AC. We thus form an isosceles 
trapezoid Pi-iQiqiPi-i. Let Jtf; he the maximum value of /(x, j/) in this trape- 
zoid, and m,- the minimum value; the straight line with the slope Mi drawn 
through Pi^i meets the straight line Cibt in a point Pt, and the straight line 
with the slope nu drawn through jt,-_i meets Cibt in a point pi. We thus form 
two broken lines starting from the point A, namely, AP^P^ ■ ■ ■ P,-_iPj ■ . ■ P,, 
or L, and ApiP^--- pi^i ?[■■■ Pn, or ', ending in the two points P, andj), of 
the straight line X = x. From the manner in whlcli these two lines were con- 
structed it is evident that they both lie in the triangle ABC, that the line L is 
never below I, and that t)ie distance between these two lines, measured on a 
parallel to the asisOj/, cannot diminish when the abscissa increases from a,, to*. 
The ordinates F. and y^ of the two extreme points are entirely analogous to the 
sums S and s (I, g 72, 2d ed. ; § 71, Ist ed.). We shall put S = F,„ s = j/,. 

To each method of subdivision of the interval (Xg, x) corresponds a sum 5 
and a snm s. If we subdivide each of the partial intervals (Xj-i, Zi) into eUll 
smaller intervals in an arbitrary manner, the preceding geometric construction 
shows immediately that the line L' corresponding to this new division is never 
above L, and the line f is never below 1. We have, therefore, S' S S, a* ^ », 
where the accented letters denote the sums relative to the second division. We 
conclude from this (as in § 72, 2d ed. ; § 71, 1st ed.) that it S, s, S„ Sj represent 
respectively the sums relative to any two methods of divieion whatever of the 
interval {Xq, z), we have a ^ S,, «, S S. Indicating by I the lower limit of the 
sums S, and by I' the upper limit of the sums s, we have, therefore, I' S I. 

In order that the sums 5 and a shall have a common limit when the maximum 
length of the partial intervals approaches zero, it is necessary and sufficient that 
S — * approach zero. In fact, we may vrrite 

S~B = S~I + I~r+r-s, 
and the difference S — a cannot be less than a number t unless each of the num- 
bers S — I, I— r, r — a (no one of which can be negative) is itself less than t. 
Since « is an arbitrary positive number, this cannot happen unless we have 
r = I, and it is, moreover, necessary that iS and s shall have the same limit I. 
In order to prove that S — a has zero for its limit, it is not sufficient to suppose 
that the function /(x, y) is continuous, and it is here that the Lipschitz condition 
plays a part. 

Let F( and vi be the ordinates of the points Pi and pt, and Si the differ- 
ence Ff ~ V<. Since the function /(x, y) is continuous in the triangle ABC, 
corresponding to every posltlva number \ we can find another positive number 
a such that , . , 

|/(x,rt-/(x',)0|<X, 
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than the ordinates of the corresposding poinU p ; uid since tbe distance Fp 
approaches zero, It follows that the points P and p approach a nngle limit point t 
l7ing on the line conmdered. Tbe locos of these points, ir, is evidently a curve C 
lying between the two bniken lines L and I and passing through the point A. 
The ordinate of a point of that curve with the abscissa x is equal to the func- 
tion F(x) just defined, for in order to obtain tbe position of the point w on the 
line J = X, we make use of only the portions of the broken lines which are on 
the left of that line. Let us suppose the two broken lines L and 1 produced up 
to the side BC, all the partial intervals being less than the smsJler of the two 
numbeisr, X/(22f£'), and let P(x) and Q{x) be two continuous functions which 
represent the ordinates of a point of the line L and of tbe line I in tbe interval 
(x„, «o + h). The difference P (i) - Q (i) is less than 2 X (e» - l)/fi", and each 
of the functions P(i), Q(i) differs from F(x) by a still smaller quantity. Since \ 
can be made as small as we wish, we see that we can construct a uniformly 
convergent series of continuous functions in the interval (i^ x^ + h) which has 
F{x) for its sum; this function is therefore itself continuous (see Vol.1, £31, 
2ded. i S1T3, 1st ed.). 

Every broken line included between L and I has evidently the same curve C 
for its limit. Such would be the broken line A, whose successive vertices have 
the coordinates obtained by tbe recurrent formula 

z, = a-, +/(xt-u ^-i)('i - Xi^i), 

the first vertex being the point (Xg, y„). Thus we find again tbe expressions (64) 
which served as our starting point. Let us notice also that if we apply the 
construction starting with a point M'{x', y') on the curve C, we obtain two 
broken lines L' and V lying between L and I, which also approach more and 
more the portion of G Included between M' and the straight line BC. Let now 
li'(x', v^ and M"{x", y") be two neighboring points of C{_x" > x"). The slope 
of ijie str^gbt line M'M" lies between the maximum and minimum values of 
/(z, y) when the point (x, y) moves over tbe triangle formed by tbe straight lines 

X=ie", Y-V = M(X-^, Y-V = -M(X-3f); 
If the difference x" — z* is lees than a suitably chosen positive number, these 
two values of /(a, y) will differ from /(*', y^ and from f(z", y") by as little as 
we wish. If one of the two points, M" for example, approaches the first one as 
a limit, the slope of Jf'lf" will therefore have for its limit /(x*, y^. The func- 
tion F(x) consequently satisfies the given differenUal equation (61). It is, more- 
over, evident that the curve C passes through the point A, that is, that we have 

The curve C is the only solution of the problem. If there existed a second 
solution C, this curve C could not be at the same time below all the lines L 
and above all the lines I, since these lines approach the curve C. We can there- 
fore find aline — for example, £ — which will becut by this curve C. Since C 
is below tbe line L In the neighborhood of the point A, let us suppose tbat it 
passes above £, crossing that line in a point rtj of tbe BideP,_iP(, and let nit-i 
be the point of C with the abscissa Z{_i. The slope of the chord mj..] nils equal, 
by the law of the mean, to the value of the function /(x, y) at a point of the arc 
mt-i Hi ; hence this slope cannot be greater than the slope of the tide Pj_i Ft, 
since the arc m,-in( is in the trapezoid Ff-jQjQiPi-i. But the figure shows 
that the slope of the chord must be the greater. 
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Cauchy's first methixl and that of the auccessive approziiciat[ons give, att 
we eee, the e&me limit for theintervE^ in wliicb the Integral surely exists. But 
from a theoretical point of Tiew Cauchy's method !b imquestionably auperior : 
wa shall show, in fact, that this method enables us to find the integral in every 
finite interval in which the integral is continuous. More precisely, let us sup- 
pose that the equation (61) has an integral y = F{x) continuous in the interval 
(^1 *o + ^' '''"'• ^^ function/{z, y) is itself continuous in the region (E) of the 
xv-^lane bounded by the two straight lines z = Zg, z = z^ + 1 and by (he two 
curves F— f (z)±i), where q is a positive number taken at pleasure, and. that 
f(x, y) satisfies the condition (62) In this region. Let us suppose that we divide 
the interval (i,,, z,) + i) into smaller partial intervals and that we construct 
the broken line A hy the method which has just been explained, relative to 
this manner of division and sl&rting from the point (Xg, j/g). If all the partial 
itdervalg are less than a suitable posaive raanber a, this broken line will lie entirdi/ 
(r the region (£), and the differenrx of the ordinatea of two points hamng IM same 
abscissa, taken ontheiTitegralcune C and on tlie line A, wOl he lets than any positive 
number t given in advance. 

Let z„, Zj, Zj, .. ■, Z(-i, Zi- ■■, z»_i, »„+ ibe the abscissas of the points of 
divi^on, let ]/g, ]/„ .. ■, Fbe the corresponding ordinates of the curve C, and let 
Vo> "v Zj, ■ ' -, Zi, ■ ■ •, Zn be the ordinates of the vertices of the line A. Let us 
first suppose that all the vertices to the left of the vertes (Xi, «,) are in the 
region (£), and let us consider the problem of calculating an upper bound 
for the difference dj = (s, — j/(\. 

We have, on the one hand, from the very definition of A, 

n = ZI--1 +/(n_i, zj_i)(Zi~ iri_i). 

On the other hand, from the law of the mean, we have also 

Vi = Vi-i + f(xi, y'ii (3V - an-i). 

where (zj, (^ are the coordinates of a point of C, and where ij lies between 
Xi-\ and Zj. We derive from these equations 

(67) *j-i/i = *j_i-W-i + (xi~z,_i)[/(xi-i,*(-,)-/<i;, y;)]; 

and the coefficient of (nt — xi-i) can be written in the form 

[/(z,_,, *(.,i)~/(zi_i, Vi-,)] + [/(Zi-i, v,-0 -/{*;. V*")]- 

The absolute value of the first difference is, by the condition (52), less than . 
Kdi^i. On the other hand, since the functIon/(;e, y) is continuous in the region 
(£), it is a continuous function of x along C7, and we can find a positive nnmber 9 
so small that |/(x, y) —f(x', y')\ is less than a given positive number 2 X for any 
two points of the curve C, provided that | z — z' [ is less than <r. Having chosen 
the number «■ in this way, we have 

(58) di<di-i + (Xi- xt-i) (2 X + Kdi-i), 

a relation which Is very umllar to the relation (66), and from which we obttun, 
as before, the inequality 

4<^[e«'^-V-ll. 
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Let us suppose that the number X Is bo small that we have 2 X (e*' — 1) < Kii. 
We maj then establish, step bj step, that each of thedlSerencesd,, d,, ■■', d. is 
less thaJiif. All the vertices of the broken line A are therefore In the region (£). 
Let P{x) be the ordinate of a point of the line A ; rimilarlj, let Q(x) be the 
ordinate of a point of the auxiliary broken line A' obtained by joining the 
points of C having the absoissaa »o, i,, x,, ■ ■ -, i^b-i, ^e + '■ Then we have 
F(z)-F(x)^P(x)-Q{x)+Q{x)~F{x). 

If the oscillation of the function F{x) in each of the partial intervals is lees 
than(/2, we have always |Q(3!>- F(i)|<./2 (see Vol. I, §206, 2d ed.; §1»9, 
Ist ed.). If also the numherij is less than e/2, we have |P(i)— Q(x)|<(/a, and 
therefore \P{x) — F{x)\ <t. Then the continuous function P{x) represents the 
function F{x) with an error leas than t in the wfiole interval (i^, x^ + I). 

The Caucby-Lipschitz method can be extended to systems of differenUal 
equations without any other difficulty than some complications in the formula. 
It appUes also to complex variables. The investigations of E. Picard and of 
Painlevti have shown that the method leads to developments of the integrals in 
convergent series in the whole region of their existence if the right-hand sides 
of the given equations remain analytic in this region. 
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31, First IntegralB. Given a system of n — 1 analytic differential 
equations of the first order, we shall write these eqtiations in the 
symmetric form 

^^^> ^, " ^a :v, ' 

where the denominators X^, X, ■ • ■, X, are functions of the n variables 
aTj, x^, • ■ ■, »,. This form of the equations does not involve a choice 
of the independent variable, which may be any one of the variables 
or may be chosen arbitrarily. We have seen above that, under 
certain conditions which have been defined, all the integrals of this 
system which pass through any point of a region D are represented 
1^ a system of equations of the form 

(») {!'"'^--''KX^!'^^s^cT''' ■■■' 

where /„ /j, ■ ■ ■ , /,_i are (n — 1) functions analytic in D, and where 
C^,C^, •■ ; C,_i are constants which may be arbitrarily chosen, at least 
within certain limits (§ 26). The formulse (60) represent the general 
integral of the system (59) in the region D ; but there may be other 
values of the variables also, for which (60) represents the solution. 
It may happen that we obtain several different systems of formulte 
nepresenting the general integral in different regions. It is also cleax 
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functions of the original variables x^, x^, ■ ■ ■, x^. Then the equatio 
X(f') = ia replaced by an equation of the same form 



■ + •-.^ = 0. 



which must have the (n — 1) particular integrals 

f=yi, ■•■> f=y.-i- 
We have, therefore, 

rj = r,= ■-■ = r,_, = 0, 

and the equation (62) reduces to df/dy^ = 0. The general integral is 
therefore an arbitrary function of y^, y^, — , y,„i.* 

The integration of the partial differential equation X{f) = is 
therefore reduced to the integration of the proposed system of dif- 
ferential equations (69), Conversely, let us suppose that we have 
obtained an integral / of the equation XiJ) = in any manner 
whatever. If we replace x^, x^, • ■ -yX^ in that function by the coor- 
dinates of a point of an integral curve, supposed to be expressed aa 
functions of a variable parameter which may be one of the coordi- 
nates themselves, the result obtained reduces to a constant. In fact, if 
■ye suppose that x^, x^, ■ ■ -, a;, are functions of a variable parameter 
satisfying the relations (59), the total differential <^/of the preced- 
ing function reduces to KX(f), where K denotes the common value 
of the ratios dx^fXi. The equation /= C ia therefore a consequence 
of the given system of difEerential equations. For this reason we say 
that the function / is a first itUeyral of that system.t 

If we know n — 1 independent first integrals, we can write im- 
mediately the general integral of the system (59) ; if we know only 
p independent first integrals (p <n— 1), we can reduce the integra- 
tion of the given system to the integration of a system oi n^p ■—! 
differential equations. For, let/^, /j, ■ ■ -j^ be these p first integrals. 
From the p relations 

fi = ^i> A=(^2> ■■■. /p = f^P 

* The two modes of leasoning do not require that the fnnctlon/ should be analytic. 
The only necessary conditions are those which are required in order that we may 
apply the tomiulce [or change of variables, that is, the existence and the continuity of 
the partial derivatives of the desired (unction/. 

t The reasoning would no longer apply If the (actor K were Infinite for all the 
points of the Integral curve, which would be the case if the coiirdinates o( an the 
points of that carve were to make the n functions Xi vanish. It is also necessary 
to make an exception oF the integrals which are such that at least one of the tnootions 
^ii ^2i ■■; Xk U not anslytic in the neighborhood o( any point o( that curve. This 
case arises when there are singular integrals. 



,,Goo<^lc 



U,S31] FIRST INTEGRALS. MULTIPLIERS 77 

we can obtain p of the variables a;,, x^, ■ • ■, a;,, for example, x^ a;^, 
■ ■ -, Xj,, as functions of the remaining » —p variables 3!^+,, ■ ■ ■, 
X, and they arbitrary constants C,, C,, ■ ■■, C^. It will suffice, then, 
to determine a^.^.,, 3!j,4.j, ■ - ■, a;, as functions of a single independent 
variable. If we denote by J^p^i, -^p+i, • ■ ■, A', the new fanctions 
resulting from Xp^.^, X^^.,, ■ ■ ■, X, after we have replaced x^, x^, ■ • -, 
Xp in them by their expressions, it will suftce, therefore, to integrate 
the new system, 

Xj,+, x,+, ^ ' 

in which the new denominators depend upon p arbitrary conatanta. 
We can also reason in another way. If we take a new system of 
independent variables, y^, y^, ■ ■ ■, y„ where the p variables y^, y^, ■ ■ ., 
jFp are identical with the p known first integrals /„ /^, — , f^, the 
equation X(f)= is replaced by an equation of the same form, 
F(/)= 0, which must have for integrals /= y,, ■ ■ ■, /= y^. That 
equation is therefore of the form 



.■^ + - 



-r-t-'"- 



and ita integration reduces to that of a system of » — ji — 1 difEer- 
ential equations of the first order. 

We see from this the importance of looking for first integrals. 
In each particular caae the discovery of a new first integral con- 
stitutes a step farther toward the complete solution. It would not 
be possible to give a very definite rule of procedure for this purpose. 
Let na merely notice that tbe problem amounts to forming an inte- 
ffrable eomMnation of the equations (59), that is, to determining n 
factors, ^j, /tj, ■ ■ ., /t„ so that 

>t,X, + fi^X^ + •■• + /*.-V, = 0, 
and that 

/i^dx^ 4- ft^dx^ + ■ ■ ■ + f;dx^ 

is an exact differential dijt. For it is clear that we can deduce from 
the equationa (59) a new ratio equal to the first 
dxf _ ftidx, -f- ■ ■ ■ + n^dx^ 

hence the relation 

rf^ = fi^dx^ H 1- /*.rfx, = ■ 
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is a consequence of the equations (59) if 

^J,+ ■•■+/*. J, = 0. 
It follows that we can find a first integral by quadiatnres if we 
know the factors /*(. This is the case in particnlar whenever we 
can find n factors, /i,, /i^, ■ ■ ■, /i„ such that the factor /t, depends 
only upon the variable z,, and such that 
Sfi^Xt = 0. 

Let OS also observe that, if we have obtained p first integrals of 
the system (59), it may happen that the new system (63) can be 
integrated completely for particular numerical values of the con- 
stants Cj, C,, — , Cy, while the actual integration is impossible for 
arbitrary values of these constants. 

Exampk 1. Let it be required to integrate the Bjatem 



(64) 



dx ' dx ^ dx 



We eaBllf see two integrable combinations udu = cdn = wdvi. We have, there- 
fore, two first integrals, u* — ifl = Cj^,u* — vfl = C^. Hence, putting the vaiues 
ol n and of to obtained from these relations in the first of the equations (64), 
we have for the determination of t* the differential equation 

(66) g - V(«'-CJ(u>-C,), 

the general iategial of which is bji elliptic function {% 11), reducing in special 
cases to a simply periodic function or even to a rational function. Since the 
given system is symmetric in u, «, to, we conclude that e and to are also elliptic 
functiona. 

Exampie 2. Let us consider the system 

.-„ du dv dv! 

(66) -— = ro — mu, — = j)u) — ru, — - = gu — pn, 

ffic dx dz 

wherej), 9, rare given functions of z. We have again an integrable combination, 
wdu + tido + ledio = 0, from which we derive the first integral, u* + e* + to* = C. 
Discarding the case where C is zero, we may suppose C = 1, for the system (06) 
is not changed by multiplying ti, n, to by the same constant factor. Instead of 
solving the relation t<' + o' + lo* = I for one of the unbnowns, we can proceed ■ 
in a more symmetric manner b; considering u, d, to as the coordinates of a 
point of a sphere of radius wiity and expressing them as functions of two varia- 
ble parameters — for example, in terms of the parameters which determine the 
rectilinear generators' of the sphere. Let us put for that purpose 
u + ip_l + to_ „ + in _ 1 - to _ 
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Subatituting these Talues of u, n, w in the syatein (66), we find after some 
eu7 calculations that X and ^ must satisfy the same Riccati equation, 

(67) ££ = _i„ + ill^ + i + ^,». 

' dx 2 2 

Hence the integration of the given system is reduced to the integration of a 
Riccati equation." 

Sxarr^le 8. Let us consider the equation integrated by Liouvllle, 

Patdng v* = x, we may replace the given equation by the ^stem 
dx_dy__ — dz 

from which we derive the integcable combination dz/z + ^{x)dx +f(p)dy = 0. 
The given equation of the second order has therefore the first integral. 



^^/^'4(->rf.J^% 



which we could also have obt^ned directly by dividing all the terms of the 
equation of the second order by ]/'. The preceding equation of the first order 
is of the form y'= CXY; hence, by separating the variables, the integration 
may l>e completed by two quadratures. 

Note 1. We sometimes replace the system (6S) by the system 

where t is an auxiliary variable which is introduced in many cases only for the 
sake of greater symmetry in the reasoning. If the original system (50) has 
been integrated, we can obtain ( by a quadrature,' for if we replace x^, x^, ■ • ■, 
Xn, for example, by their expressions in terms of x^ and of the constants C„ 
C„ ■ . -, C._i in X,, we are led to a relation, 

dt = F^x^, C„ Ci,--., C,_i)4ij, 

from which we can find ( by a quadrature. It follows from this that the gen- 
eral integral of the new system (68) will be represented by the n equations of 
the form 



m 



fi = C^, ■■■, /.-i=C,.- 

/.{lll,ll,---,!C,)=f~fo, 



where f■^, /,, .--, /,_i are (n— 1) independent integrals of X(/) = 0, and 
where !„ is a new arbitrary constant. 

Conversely, in order to obtain the integral curve of the system (50) that 
passes through the ^ven point xj, z\, — , z°, we can loch for the integrals of 

■ See D&BBOUX, Theorie dea ivr/aces. Vol. I, chap. it. 
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the BTBtem (08), where ( ie considered as the independent variable, which far 
t = take on the vaiueHa^, j^, '■■, x^ respectivel;. Let 



(70) 






be these integraJe ; it is clear that the preceding expressions repcesent the inte- 
gral curve Bought. We should have to make an exception only if all the fnnc- 
Uons Xi were zero for the initial values z^ and analytic in the neighborhood. 
In this case the eipressions (TO) should reduce to z,- = z°. But, since the ratios 
dsTi/dZj, — , dx^dXf appear in an indeterminate form, nothing justifies us so 
far in saying that there is no Integral curve passing through the given point. 
This is a case which will be examined later (J 75). 

Note 2. The relation which exists between the system of differential eqna- 
tione (59) and the linear equation (61) proves that X{/) ie a coeariajrf of the 
Bystero (59). The meaning of this statement is as follows; Let us suppose that 
we take a new system of independent variables, j/j, y^, • ■ ■, y^, connected with 
the variables x^, z^, • ' ■, x. by the relations 

(") X, = ^(i/„ y^, ■ . ., y,). (i = 1, 2, ■ ■ -, n> 

By the formulae for change of variables, Iff/tm is a linear homogeneous ftmc- 
tion of the derivatives Sf/^i, and X{f) changes into an expression of the 






where Fj, F,, ■-■, TI, are functions of y,, ^,, ■ ■-, y,. This being true, we may 
now assert that the same change of variables applied to the system (59) leads 
to the new system of differential equations, 



(78) 



dy,_dj/i _ _dy. 

We could establish this by a direct calculation, but it results also from the 
preceding properties. In fact, let 

ni\ ^^dy^_ _dy. 

Z^ Z^ '" Z, 

be the system to which we are led by applying to the original system (611) the 
change of variables (71) ; it suffices to show that Z^, Z^,- •-, Z, are proportional 
to ¥j, Y^, ■ ■ ., r,. Now let /(z,, Zj, ■ ■ -, x,) be a first integral of the system 
(59) and 

the function derived from /(ij, Ij, ■ ■ ■, «■) by the change of variables. Since 
we have X(/) = 0, we have also T{F) = 0. Besides, P(j',, y^, ■ • ■, i/,) ie evi- 
dently a'first integral of the new system (74), that is, an integral of the linear 
equation 

Z(F) = z^i£ + ...+Z,^ = 0. 

Syi ty^ 

Since the linear equations T{S') = 0, Z{F) = f> have the same integrals, their 
coeffidents are proportional, which proves the theorem. 
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This laet point in tlie proof results from the fact that a linear equation 
X(/) = is completely determined, except for a factor, when we know {n — 1) 
indepetuJenf integrals, /,, /,, ■ ■ ., /,_i, of it. In fact, the (n — 1) equations, 
X(fi) = 0, linear and homogeneous InX,, X,, ■• ', X., determine the ratios of 
these co«fficientB as unknowns, for the determinants of order (n — 1) formed 
from the paiUal derlTatives of the functions /f cannot all be zero at the same 
time (I, S 65, 2d ed. ; } 28, 1st ed.). It maj be noticed that the most general 
linear equation having the (n — 1) integrals /< can be written in the f onn 






■,/.-i)_ 



where n(z,, z,, .-., x,) la an arbitrary function. 

82, Mnltiplieci, The theory of integrating factors has been extended by 
Jacobi to simultaneous differentiiU equations. Let/,,/,, ■■ ■,/,_! be independ- 
ent first integrals of the system (60). The equation X(/) = is, as we have 
already remarked, identical with the equation 



„P(/./i./!.---./— i). 



0. 



Writing the condition that the coefficients of the derivatives !tf/SXi in the two 
equations are proportional, we are led to n relations which may be written in 
the form 

(75) Ai = JfXi, (i = l, 2,...,n) 

where A,- denotes the coefficient of ^/SXf in the determinant i. This factor JIf 
is called a muUiplier. 

Whatever the first integrals/,,/,, ■- ■,/■,_! may be, this function 3f satisfies 
the linear partial differential equation 

™ mSll+mI^^....^'JSi^o. 

Substituting for each of the prodncts JtfXj = A, its equivalent expression as 
a determinant of order n— 1, and carrying out the indicated differentiations, 
each term of the left-hand side is, in fact, the product of a derivative of the 
second order, such as SV)k/S''>'''^i:{i ^ ^)< and (n— 2) partial derivatives of the 
fliBt order. To prove that the result Is zero, it suffices to show that it does not 
contain any derivatives of the second order. Let us take, for example, the 
derivative e*/[/0Z[0i,. This derivative appears in two tenns i in one it is mul- 
tiplied by J)(/,,/„ ■ ■■,/,_i)/D{i,, I,, •■-, ie»), and in the other by the same 
coefficient but with the opporite sign. The sum of these two terms is therefore 
zero, and similarly for all the others. 

If Jf, is a particular Integral of the equation (76), the substitution M-= W,(t 
reduces that equation to the form X(/i) = 0. If we know a multiplier M of the 
system (59), the general integral of the equation (76) is accordingly Jlfn(/„/j, 
...,/,_i), where n is an arbitrary function. Every function of this form is 
also a multiplier ; in other words, there exist (n — 1) first integrals Fj, ■ .., F,_i, 
Euoh that 3ni{/i, /„-•-, /n-i) can be deduced from F^, F,, ■■■, F„i in the 
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same way that M was deduced from /,, /,, ' ■ •, A-i. For this purpose i1 
sufficient that we have, Bupposlng Xj ^ 0, 

1 Jjf., J',.--.r.-i) _ 1 J(r,.F,.-...F,_,> i)(/j,/„-..,/,.i> _ 
J, D{x,^,x^,---, X.) -T, D(/„/„--,A-i) D(i„ ■■■,*.) 






n(/t,/„-. ■,/,_.). 



This condition c&u be aatisfled in an infinite number of ways. Indeed, n— 2 
of the first integrals Fi ma; be assigned arbitrarily in advance. 
Let us consider the system 

with the auxiliary Tariable t. This system can tie reduced to the umple form 

(78) dj/, = ifyj= ■-. =dv,_i = 0, dji, = (M 

by taking for the variables the n — 1 first integrals/,, /,,■■•, A-i and the 
function /., which appears in the preceding formulae (69). It is easy to obtain 
the general expression (or the mnltipliere In terms ol the variables y;, for 
every multiplier is of the form 

.f_ 1 Ptl/i.tfr ■•■■i/.-O n 
On the other hand, we have 



^n(ir„I/„. ..,»._,). 



" Si/, dt ~^ ' " ~^ Sy, dl ' 



' dt 3u. (tt "^ ■ " "*" 0u. ( 



From the relations j/, =/,, -■•,v>, =/„, which define Che change of tlie variables, 
we derive, by differentiating vtith respect to y^ and solving, 

^i .. f ,■,.., -Pfe. '^.■■■. ^) 
D(a!„z„...,a^.) 
and the general expression for the multiplier can be written in the form 

where 4 is an arbitrary function of ^,, Vi, ■ ■ '< Vn-x- 

Let us suppose, now, that after carrying out any change of variables affecting 
only the Zf'e without changing the variable f, we have reduced the eyatem (77) 
to the form 

1=1= 



("» ir= n. :■,''..:■,: *<».■» »— >• 



=11, 



where the XJ'a are functions ofthenewvariablee*,- independent oft, Ifif'is 
a multipiier of this new system, ne lisve 

<"> g= ^£::t:::g *"" '■■-■'->■ 
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Taking the same fnncUon 4 in the two ezpreBsions, we derive from them, by 
dividing their correeponding sides, the celation 

Hence, if we know a muttiplier M for the system (77), we can derive from it a 
ntuUipIier M' for the Iran^ormed sy^em. 

Tbie property explains the practical Importance of multipliers. Let ns sup- 
pose that we know n — 3 first integrals of the system (59), and also a multiplier. 
We can then reduce this system to the form 



by a change of variables, and we can then find a multiplier M' for this new 
system, that ia, a solution of the equation 

It follows that M' is sji integrating factor for ^dj:^_, — Jr;_,(tE^, and the 
integration can be finished by quadratures. 

A particular case whicii presents itself frequently in mechanics is the one 
for which we have SdXi/Sxi = 0. The equation (76) reduces then to X(Jf ) = 0, 
and we know at once a multiplier Jf = 1. 

This remark applies also to the equation of the second order, y" =/(ic, y), the 
int^gratjon of which leads to that of the system 
dx _dy _ dy 



If we know a first integral of it, ^(i, y, y') = C, we can, from what precedes, 
finish the integration by quadratures. This is easily verified ob follows : Let us 
suppose that the equation f (i, y, y") = C has been solved for y' : 



Sinceall the integrals of this equation of the first order must satisfy the equation 
y"=/(i, y), whatever may be the constant C, we must have l^/dio + {d^/dy)^ =f. 
Hence, since /does not contain C, 

dCdx''' dCdy''"*' By dC ' 
which states that i<t>/SC Is an integrating factor for ily — ^idx. 

3S. Invariant integrals. The invariant property of the multipliers relative to 
every change of variables can be brought into relation with the general theory 
of invariant inUyrats, due to Poincard," and about which we shall say a few 

•ie» m^thodee nouvellei de la ificanigue dleile. Vol. Ill, chap, zzil, and the 
following chapters. See also Ooursat, Sur la invarianti irdtgravx, in Jbumol 
d« MathematiqueB, Otb series. Vol. IV. 
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words. Iiet OB condder in particular a Bystem of three differentiaJ equations, 
Jim dx dy dz 

where X, T, Z aie fimctioiu of x, y, z. In order to Amplify the statements, we 
aball regud these equations as defining the inoTement of a particle in apace, 
where the variable t repreeenta the time. The particle which, at the time 1 = 0, 
is at a point M^(x^, y^, Zg) has arrived at the time t at a point ^i whose co5rdl- 
Datea are (z, y, z). If the point Jfg deecribes a cerU^n region I)^ of space, the 
point Mt deacribes a correspoDding region Di. Now let Jf (z, v, <) be a function 
of the variablee x,y,z; we sliall say that the triple integral 

I = j'JJjiHx,y,z)dxdydz 

is an invariant integrai of the system (BS) if the value of that triple integral, 

fffM{x,V,z)dxdydz, 

extended over the region Di, is independent of t and equal to the same inta- 
gral extended over the region Dg. For example, if the equations (63) define 
the movement of an incompreasibk fluid, the volume of the region D, is constant 
and the integral /// dxdydz is an invariant integral. 

Invariant line and aurfaoe Integrals ore defined in a similar way. If the 
point M^ describes a curve Lg or a surface Soi the point Mi describes a carve 
X( or a surface Si. A line integral 

jadx + fidy + tdz 

Is an invariant int«gral if the value of that Integral along the curve L, is inde- 
pendent of ( and equal to the same line integral taken along L^. Similarly, a 
aorface Integral 

CPdydz + Qdzdx + Rdxdy 

is an invariant integral if the value of that integral extended over the surface 2i 
is independent of (. 

Theae notions can be extended without difficulty to the most general systems 
of differential equations of the form (08) . For such a system there are n clasaes 
of invariant integrals, of the lat order, of the 2d order, - . ■ , of the nth order, 
according to the order of multiplicity of the integral considered. The conditions 
that a multiple integral of order p shall be an invariant integral are easily ob- 
tained by means of the f ormulx f or the change of variables in multiple integrals. 
We shall develop the calculations for a multiple integral of order n. Let 

Iit)=ff---f^iHx„x„--.,x.)dx,dx^...dx. 

be a multiple integral of order n extended over the region D, which corresponds 
to a definite region Dg in the manner just exjJained. This integral will be au 
invariant integral if it Is independent of t ; that is, if we have I' (t) = 0. In order 



ff" 
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to calculate that derivative, we shall ghe to t an increment A, and we shall cal- 
culate the coefficient of A In the development of I(t + A>. Let !»'( be the value to 
wUch Xi changes when we change Itol + h; we have 

where the new integral is extended over the roglon !/„ which oorreeponde point 
for point to D,. Then we may write 



j{< + 6)=/J...j^3f(*;,. 



On the other hand, omitting the terms in A of degree higher than the first, 
we have 

x; = Xi+AXi+ ■-■, 



!)(»;, jcj... •,».-) 



iJ(*i,«„---,^" 



ex. 



='*'(^ 



-if(i;, ^, ■ 



,..+x.i 



+ »['(§--©- 
The derivative dl/dt has therefore the valae 

In order that J be an Invariant integral, it is necessar; and snfBcIent that dl/dt 
be identicallj zero, whatever may be the region D, and therefore that we have 



This condition in identical with the equation (76), and v 
theorem ; In order thai the multiple integral 



obtain Poincar^'s 



fJ-jMi^-a.. 



»ha& be an invariant integrai, it is neeetaary and m^leient that Mbe a multiplier. 
It fotlowH that if we make any change of variables, 
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in the equationa (77), we obtain a new ^atom, 

and it Mia i multiplier of the system (77), tlie n-fold int^ral 



III'- 



is an Invariiuit integral of that system, and tlie n-fold integral vrhicb is obtained 
from it bj the same transformation. 



//.■/M,..,...,.,| 



ieevidenUyalso an invariant integral of the transformed Bystem (77')- Therefore 
the expression ^ 

■"(ifi.i/j, ■■-,!*.) 

is a multiplier of the new equations (77'), as we liave demonstrated directly. 

Example. In order tliat the volume shall be an invariant integral of the 
, M= 1 must be a multiplier, which requires tliat we liave 

dx cy di 
H the condition for the vacampTeigiSAlHy of a fluid for which the equa- 
83) define a stationary flow. 



IV. INFINITESIMAL TRANSFORMATIONS 

34. One-paiametergioupB.* Every set of an infinite nnmber of transformations, 
of any nature whatever, affecting the n variables x^, a^, ■ ■ ■, *,•> form a grou'p if 
the transformation obtained by carrying out any two transformations of this set 
in succession t>e1ongB to the set. For definitenesa let us consider two variables 
X, y, and let T be the transformation defined by the equations 

(86) x-=fix,y;a), y = ^{x,y; a), 

where a denotes an arbitrary parameter. If we regard x and y as the cofirdi- 
nates of a point K in a plane, and x' and y' as the coordinates of another point M', 
the preceding equations define a point transformation. To each value of the 
parameter a corresponds thus a definite transformation. Varying this param- 
eter, we obtain an infinite number of different transformatjons. Let us suppose 
that we carry out in succession two different transformations of this set, corre- 
sponding to any two values a and 6 of the parameter. The first transformation 
will carry the pair of values (z, y) over into the pair of values {x', y") given 
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hf tba equations (86). The second tranBformation will then carry the p^r of 
values (iB', p') over into a third pair {x", y") such that we have 

(87) x"=f{x',v-;b), y" = 4'¥>V';f>Y 

Let iiB replace x.' and y' In these last two equatjona by their values (86). The 
reeultiug equations, 

(88) x" = F(x,y;a,b), /■ = *(!, j/; a, 6), 

again define a point transformation depending upon the two parameters a and 6, 
We shall say that the set of transformations (84}) form a conlinuota one-paramela' 
group if the new transformation (88) belongs to this set. It 1» necessary and 
HufEcient for this that the equations (88) be of the form 

(89) x''^f(x,v; c), V = 'P{^,V\ c). 

where c is a value of the parameter depending only upon a and upon b ; that is, 
e = ^ (a, 6). The preceding deDnition evidently applies whatever may be the 
Dumber of variables, in particular if there is only a single variable. 
The relation x' = z + a, or, any one of the pairs of relations 

^ = x-k-a, y' = y + ia; 

i' = zcosa— ^sina, y' = ZBina + i/coBa; 

(t=<aL, y'^a^v 

represents aone-parameter group. On the contrary, the tranBformatLODsz'=x-f a, 
y" = y + a* do not form a group, for the transformation resulting from two suc- 
ceHsivetran9f(>rinations,z" = x + o4-6,^" = y + o^ + ii^,donot belong to theset. 
If in tiie equations (86), which define a group of transformations, we put 
a = n(a), where o: is a new parameter, it is clear that the relations obtained 
again define a group. The same thing is true also if we make a change of vari- 
ables, aa we easily convince ouiselvea a priori. In fact, if a set of point trans- 
formations in a plane is such that the transformation resulting from two 
succesBive transformations belongs to the set, it is clear that this property is 
independent of the choice of the coordinates by means of which we fix the 
position of a point in the plane. It is easy to verify this directly. Let us 
suppose that we put x = II(u, o), y = n,(u, v), and let the inverse relations 
be u = II-'(i, v), V — Ilf '(x, y), so that we have identically 

X = n[n->(*, y), n,-'(i, y)], y = njn-i(i, v). n,-'(»!- »)]■ 

By hypothesis, the transformations considered form a group, and the equa- 
tions (89), where c = f{a, b), are a consequence of the equations (86) and (87), 
1*1 (u, o), (u', V), (u", o") be the pairs of values of the new variables which 
correspond respectively to the pairs (x, y), (x", y^, (z", y"). We have 

C«' = n-V,vO = n-'(/[n(u,r),ni(u,r); «],*[n(u,»),ni(«,o); a]) 

(90) J , =J^K'';«J. 

^ ' W = nr'(x',vO=nr'{/[n(",=),n.(u,i.);a],0[n(«,o),n,(«,i,);a]) 

[ =*(«,t,;«); 



g that the equations (90) also define a group 
e have, for example, u" = F(u', e' ; 6), or 

= n-'(/[n(u-. If), n,(«', »-); 6], *[n(u', »-), n^{u', v'); 6]}. 
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Since the eqnatfons (86) define a group, tbia v&lue of u" is equal to 

a-i[/{x',V; 6), *(x', y-; 6)] =n-'[/(i. y; c), *(i, »; c)]; 
that IB, to 

n-'(/[n<u, V), n,(u, v); c], ♦[ok t.), n,(«, «); e]} = F(u, »; c). 

Similarly, we should find that o" = ^(u, e; c). Two groups of traDsformatioua 
which are carried over one into the other by a change of variables are said to 
be simitar. For example, tlie two groups i' = m, k' = u + 6 are similar, for we 
pasB from one to the other by putting u = logx, b = log a. 

We shall now determine all possible one-parameter groups, supposing that 
the functions/and^ are analytic, and eupposingalsotbatthe group contains the 
identical transformation, that is, that for a particular value a^ of the parameter 
we havB/(x, 1/; a„) — x, 4i{x,y; a,) = y, whatever x and y may be. 

In the equations of condition 

(91) /(^, V'i b) =f{x, v; c), i.{xr, V; b) = *{«, y; c) 

we can consider x, y, a, c as independent variables, and b a« a function of a 
and e defined by the relation c = <f'{a, b); se' and y" are functions of z, j/, 
and a defined by the equations (86). Taking derivatives with respect to a, we 
derive from the relations (91) 

(92) M.^ + M.^ + ^^ = o i*^ + ^^ + ^^ = o 
&c' da W ^ Sb da ' dx' da dy" Sa Sb da 

But Bb/Sa is given by the relation 0^/00 + (3^/66) {B6/3a) = 0, and therefore 
depends only upon a and b. Solving the preceding equations (02) for Bx'/da, 
dj/'/Sa, we obtain, therefore, relations of the form 

g = X(o, 6) i(x', y-, 6), g = \(a, b) „(*', y", 6). 

Now x' and y* do not depend upon b ; the same thing is therefore true of X, f, ij 
If they have been properly chosen. Therefore x' and y' are integraJs of the 
system of differential equations, 

(98) -^^= ^'^ =M<')da, 

which for a = ag talce on respectively the values z and y. Conversely, whatever 
the f unctions J(z,^),i)(x,y) may tie, the equations x" =/(i, y, «), y' = *(*, y, a), 
which represent the integrals of the preceding system which reduce respectively 
toxand to^foraparticularvalueooof the parameter, define a continuous group 
of transformations. In the first place, it will be simpler to introduce a new 
parameter, 

which enables us to write the difierential equations (93) in the abridged form 
(M) ^^ = _*^ = a/. 
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The genera] integral of this system can be written, as we have seen above (S 31), 
in tbe form 

0,(1', J/') = c„ a,{x',y) = t+c^, 

where (1, and Qj are definite fonodons of x', y', and where Cj, C, are two arbi- 
tra:7 constants. Tbe solutions which take on the values z and y for t = are 
given by the eysteni of equations 

(95) 0,(1-, y) = Q,(i, t,), (1, (I', I,') = ll,(z, y) + (. 

The preceding expreesioiis, Indeed, define a continuous group, for if we carry 
ont in BDCcesaion the two transformationB which correspond to the values l^ 
and <, of the parameter, the reaulting transformation corresponds to the value 
t] + ^ of the parameter. The two transformations which correspond to the 
valnes t and — t are tbe inverses of each other. If we have 

we may write also 

x=f{af,y; _(), v = ^(^,V;-t). 

If we take for tbe new variables • 

u = n,(*, V), o = 0,(2, V), 

the equations (96) become 

(96) u' = u, v" = v + t\ 

and we say that the gronp is transformed to the reduced form. Every, con- 
tinuous <yae-paramd£r group it thertfore timilar to a group t>f txa-asiationa. 

Let us take, for example, tbe group x' = a^c, ^ = a*y. ^Applying the general 
method, we have 

S^= =?! ^- 
aa o' 00 ~ 



7. ay 
Tbe differential equations (93) are in this case 



dr' dj/' do J, 

where t = log a. The finite equations of the group can be written in tbe form 

^ = ^, log:6' = loga + i, 

and they will be brought to tbe reduced form by taking for the new variables 
logz and v/z'. 

81. Appllcatian to differential equtlDns. Let us conwder a given differential 

equation 



(97) F/;c,y,^,^....,^Uo, 



and a lattnm one-parameter group of transformations of the form (86). Let us 
suppose that tbe equation (07) is Identical with the eqnation obtained by carry- 
lug out on it the cbai^e of its variables x and y defined by the relations (86), 
wtiatever may be the numerical value of the parameter a. If this is the case, 
we shall say that the dIOerential equation (97) oAmiU the group of transforma- 
Uons (86). We can make use of this property to Amplify the Integmtion. In 
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fact, let UB suppose that we can? out a. change of -rariables lucb that tbe equa- 
tions which define tbe group in question are brought to the eimple form u' ^ u, 
c' = e -f a. Tbe same change of variables, applied t« the proposed differential 
equaUon, leads to a new differential equation of tbe nth order, 
do d>o 

which does )K>t change if we replace in it a by e 4- a, whatever ma; be the 
nnmericnl value of the constant a. This can happen only if the left-band cdde 
4 does not contain the variable v. If the equation is of the first order, we obtain 
the general integral by a quadrature. If n > 1, we can lower the order of the 
equation hj unity by taking dv/du tor tbe new unknown dependent variable. 
Let us consider, for example, the homogeneous equation of the first order, 



*(u, I 



du'/ 



i"iS)- 



This equation does not change if we replace x and v by ax and ay respectively, 
whatever may be the constant a. Now the formnlie x' = ox, y' = ay define a 
group of transformations, which can also be written in the form 

- = -. logy-= iogy + t. 

Hence if we pnt y/x = u, log y = e, we are led to an equation that is integrable 
by a quadrature (see § 3). 

Let us now consider linear equations of the first order, and first of ^1 the 
homogeneous equation dy/dx + Py = 0, Since this equation does not change 
when we replace in it y by ay, whatever may be the constant a, we say that 
it admits the group of transformations x' = x, y' = ay. Hence it will be inte- 
grable by a quadrature if we take log y for the dependent variable. 

Next, let 

m ^ + Py+Q=0 

be the general linear equation of the first order, and let y, be a particular 
Integn^, not zero, of the equation d^/dz + Fy = 0. It is easily verified that 
tbe equation (90) does not change if we replace y by y + ay^. Hence it admits 
tbe group of transformations defined by the equations 



Taking for tbe new dependent variable y/y,, the equation must reduce to an 
equation integrable by a quadrature. We are led to precisely the calculations 
of § 4, and itiseasy tosee in a similarmanner that the different cases of reduction 
of the order of the equation which have been indicated in § 10, for equations of 
higher order, are essentially only particular cases of the preceding method. 

These difierent methods, which appear at first sight as so many different 
devices for solution, having no relation one to another, can thus be considered 
from a common point of view by means of the theory of groups of transforma- 
tions. To every continuous one-parameter group of transformations on t^e 



lovGooi^lc 



II, 5 36] INFINITESIMAL TRANSFORMATIONS 91 

two variables x and y we can make correspond in this wa; an inlinite numbei 
of equations of the first order ■which can be integrated by a. quadrature, and 
equations of higher order whose order can be depressed by unity. 

This fact may be of practical importance in the setting up of the equations 
in certain problemE. Suppose that it is a question of finding the pla,ne curves 
which possess a certain property, and that we know a priori a one-parameter 
group (G) of transformations such that, if we apply any transformation of (G) 
to a curve having the given property, the new curve also has the same prop- 
erty. It is clear that the difierential equation of these curves will admit the 
given group of transformations. If, then, we choose a system of coordinates 
(u, v) such that the equations of the group (O) shall become u' = u, ti" = n + o, 
the diSerential equation of the curves sought in this system of coordinates will 
contain only w, dti/du, ^v/du^ — . For example, suppose that we wish to obtain 
the projections on the z^-plane of the asymptotic lines or the lines of curvature 
of a helicoid, the axis Oz being the axis of helicoidal movement in the Bitding 
of the surface upon itself. It is clear that if a curve C of the xj/-p1ane is a 
solution of the problem, then all the curves which we obtain by making C turn 
through any angle about the origin are also solutions. The differential equation 
of these curves admits, then, the group formed by the rotations about the origin ; 
the equatjons of this group in polar cojirdinates are p' =' p, w' t^ w + a. With 
the system of variables p, u, the differential equation will contain, therefore, 
only p and du/dp (see I, g 243, 3d ed. ; g 242, 1st ed.). 

So far we have supposed the group Q known. We are now led to examine 
the following problem : A differential equatvm being given, to recognise tekether 
or not tl admitt one or more one-parameter coidinuoiu groups of tTWa^ormaiiirBx, 
and to determine these groups. This is a very important question, which cannot 
be developed here In detail. We shall limit ourselves to a few particulars. 

S6. iDfloitMinul traufomutiinia. Given a system of transformations on n vari- 
ables, defined by the equations 

(100) i; =Mx„ z,, . . ., X. ; a), (i = 1, 2, ■ . ■, n), 

where the functions /< depend upon an arbitrary parameter o, we say again that 
these transformations form a group if the transformation resulting from any 
two transformations of the system carried out in succession itself belongs to 
the system. As atiove, a group is said to contain the identical transformation 
if, for some value a^ of the parameter, we have 

/((*„ II,, ■ ■ ■> iiM i o„) = Xi, (i = 1, 2, ■ ■ -, n), 

for all values of Xj, x,, ■ ■ ■, x,. It may be shown, aa above, that such a group Is 
obtained by integrating a system of differential equations 



be the integrals of this system which reduce to x,, x,, •■•, x, respectively 
for t = 0. The relations (102) define a continuous one-parameter group, the 
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Tariable t playing tbe part of the parameter. Indeed, we have seen (9 31) 
that the general integral of this system can be written Id the form 

where (1,, ll,, ' ■-, n. are n functions of tbe variables z^, irhlch we have deflned 
exactly. The integrals which for t = take on tbe values x,, x,, ■■•, x„ are 
furnished, therefore, by the equations 

(1081 /"*'*'' ■ ■ ■' ^-' " "**'" ■ ■ ■• '^'' (I = 1, 2, - . ., n - 1), 

^ ' \ft,(i;,...,<) = ft,(i„...,x,) + i, 

which are equivalent to tbe relations (102). In tills new form we see immediately 
that these transformations form a group. 

Let F(Z], Zj, • ■ ', x„) be a function of the n variaUes Z{ ; if we replace the 
variables X| in it by the functions z^ given by the relations (102), the result 
F{zJ, 3^, ■ ■ ■, x^) Is a function of x,, Zj, . . ., z,, (, which for t = reduces to 
F{x^, Zj, .••, z„). Let us consider the problem of developing this function 
according to increa«ng powers of t. We shall denote b; F' tbe result of 
replacing xi by z^ in F(z,, z^, - • >, z.), and we shall put 

-r{/) = t,(*i.*i.---.A)^+--- + {.(z„z„..-,z,)^, 

where /Is any function of x^, Zj, ■• ■, z.. Similarly, replacing tbe variables Zj 
by Zj. we shall put 

With these preliminary deDnitions, we have, by tbe differential equations (101), 

i:=i,«.-..;)^'+-+i.«.-.<)^'=x.(f'). 

Likewise we have 

5: = J[X(F-)] = jr-ix-(i-),, 



and in general 



dw 



where ^'<p> (P') denotes the result of the operation X' carried out p times In 
succesBJon, Since, for ( = 0, zJ, i^, ■ ■ ■, i^ reduce to Z[, ij, ■■■,*„, it follows 
that {di'Ff/dtP),^o is equal to Z<i'>(r), and the development of F' is given 1^ 
tbe formula 

p'(zj, . . ., x;) = p(z„ ...,«,) + tr(P) 

+ ^X<«)(F)+ ... + -^^J'(p)(F) + •■-. 

If we assume that tbe function F is regular In the neighborhood of the values 
Z], Zj, • . -, x„ the aeries on the right is convergent as long as [({ is sufficiently 
small. We have, in particular, 

(106) .; = ., + ^ J, + I* X(£,) + I" X« ({,) + .... 
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Let us give to f an infinitesimal value *(. Putting ta, = ij — z*, and neglect- 
ing infinitesimals of higher order than the first with respect to it, the preceding 
formulie can be written in the form 

(106) tai = t,fl(, te, = |jM, -.-, te, = {,«. 

We say that these relations define an ij^tiUeaimal transformation and that Z (/), 
or S& (^/ft'V), Is the symbol o( this infinitesimal tranHformation. To every one- 
parameter group corresponds an infinitesimal transformation, and conversely. 
If we choose at pleasure n functions, {,, f^, ■ ■ •, {„, of Zj, x,, ■ ' ', z,, the result- 
ing espreMlon X(/) fa the symbol of an infinitesimal transformation tliat 
defines a continuous group whose finite equations would be obtained by inte- 
grating the system of differential equations (101). 

The introduction of infinitesimal transformations has made it possible to 
apply the methods of the differential calculus to the theory of groups. Besides, 
in many qaestions concerning groups it Is the intinitesimal transformation 
which is concerned, as we shall see from a few examples. 

Let us consider ij, Zg,---, x„ as the coordinates of a point in space of 
n dimensions, and t as an independent variable which denotes the time. If ( 
varies, the point with the coordinates x{, z^, • ■ ■, x^ describes in a space of 
n dimensions a curve, or trajecfari/, sCartingfrom the point (z„ z„ ■■', x,). The 
space of n dimensions, or at least a region of that space, is thus decomposed 
into an infinite number of one-dimensioQal manifolds, and each point of the 
given region belongs to a single one-dimensional manifold. We say that a 
function F(z„>--, x.) is an tnnortant of the group considered if we have 

r(x;....,ir.') = F(i„...,ij, 

whatever may be the value of t. It is easy to obtain all the Invariants of a 
group. In fact, dividing the two sides of the equation (104) by i, and supposing 
F' = F, we obtain the relation 

X{F) + ^JC<^(F)+ ... + ^I^XiPHF)+ ...=0. 

Since this equality must hold wliatever ( may be, it is necessary in particular 
that we hareX(F) = 0. We say, in this esse, that the function F admits the 
infinlteslma) transformation of the group. This condition is, moreover, suffi- 
cient ; for if we have X{F) = 0, we also have .a:[X(J'')] - 0, - ■ -, and therefore 
X<''>(F) = 0, wliatever J) may be. TheoTUyinwtrianlsKtftheon^-paramelergmiqi 
are therfftyre the ivtegrah of the equatwn X {f) =^ 0. 

Iiet us notice that if two groups have for infinitesimal transformations X{f) 
and nX(/) respectively, where n(a;,, ij, - ■ -, z,) is any function whatever, 
these two groups have the same invariants, even though they are not identical. 
If we apply to the same point the transformations of the two gwoups, this point 
will indeed describe the same path, but with different velocities. Conversely, 
if two groups have the same invariants, the two infinitesimal transformations 
X{f) and y(f) can differ only by a factor n (*„ z,, ■ - ■, z,) which depends 
MilyuponiEj.iCj, ...,!,, for the two equations X(/) = 0, r{/) = must have 
the same integrals. 

We shall now introduce another important concept. Let 

(107) *i=/(ir.y;a), j/, = * (z, y ; a) 
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be a continuous group in two variables. If we apply a transformation of this 
group to all the points of a plane curve C, we obtain another plane curve C,. 
Let y', y", ■ ■ ■, y''> be the Buccesaive derivfttivea of y with respect to x and 
Vii vi'.'-'.Vi'' the successive derivatives of y^ with reapect to a;,; we have seen 
(1, 1 61, Sd ed. ; § 86, Ist ed.) how to calculate these last succes^ve derivatives 
in terms of x, v, y', ■ • • , ^'t . These circulations lead to f ormule of the form 

= ^i(*. I'-l''; "). 
= ft{^ V, V, V" ; a). 



.si"' = V'^ (^^1 v,y',---,v"'>; «)■ 

The relations (107) and (108) define also a group of transformations in n + 2 
variables, x, y, y',- • -, y'"\ which is called the extended group of the first. We 
shall assume this fact, the proof of which presents no other difficulties than the 
writing of rather long eipressions. We shall merely show how the infinitesimal 
transformation of the extended group can be obt^ned. Let 

i(.,,)S+,(.,.)| 

be the inflniteeimal tranaformation of tbe given group. We can write the 
equations of this group in the form 

and from them we derive 



The coefficient of t on the right, after expansion in a single power series, Is the 
only thing we need to know. It is obt^ned by a divirion and is equal to 



8x \dy Sx) da \iy! \ixl ' 



The symbol of the Infinitesimal transformation of the extended group is, there- 
fore, for n = 1, ' 

^ '"'ac ' 'ay Las Vey at/ iy iiv 

The method is a general one. If the coefficient of ( in the development of vj""*' 
is Tr(,x, y,y',-- -, y"-^^), we have for y'^> 
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and the coefBcient of t on the right-hand mde is 



Vac 0i/ / 



Hence we can calculate step by step, to any desired Tatne of n, the intlDiteslmal 
tiansfonna,tionsof the extended groupsnhich are obtained from the given group. 
We say that a eystfini of differential equations 

(110) & = &=...=!?! 

admiti the one-parameter group of tranHformatlons G defined b; the equations 
(100) if it changes into a system of the same form, 

(HI) ^; = ^'.....^, 

when tie take for new variables Zj, x^, ■■•, x^ instead of x^, x^, ■ • ■, z,, and if 
this is true whatever the value of the parameter a ma; be. Here and below, 
the symbol X,' denotes the same function of the variables x'^ that Xi is of the 
variables Xi. In order that this be true, it follows from the relation which has 
been eslabllshed between the system (110) and the partial difierential equation 

(112) x(/) = jr,^ + Xj^+ ... +Jt„^ = l) 

dx^ d^ &x^ 

that it is necessary and sufQcient that every transformation of the group G shall 
carry the equation ^ 

OTer into a linear equation equivalent to X{f) = for every value of the 
parameter o. If/(ii, x^, ■ ■-, a,) is an Integral of X {/) = 0, /'{x^, ir^, ■ ■■, z,') 
is also an integral of X'(/') = 0; hence, if we replace zj, - '. -, x^ by their values 
given by the expressions (100), /'(z J, — , zj) must also be an integral of X(/) = 0. 
It follows th'at the necessary and sufficient condition that the system of differ- 
ential equations (110) admit the group of transformations G is that every trans- 
formation of that group shall change an integral of the equation X(/) = Into 
an integral of the same equation. 
Let 

(113) T(/) = i,^ + i,M.^... + i„^ 

BX, CXg etc. 

be the infinitesimal transformation of the group G. Replacing the parameter a 
by the parameter ( defined above, we may write 

/(z;, zj,. . ..z;)=/(z„z„...,z„)-(.'-r(/) -I- ^r[r(/)] -)..... 

n /(z„ •■•,»■) is any integral of the equation (112), the same thing must be 
true' of /(zf, ■ - ■, a^, and consequently of 

/(z;,...,j^)-/(j„.. .,«,), 

otdf 
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whatever the yalue of I may be. Id particular, T{/) muat be an integral ot the 
equation (112). This condition is Bufflclent. For, let/^,/,, • ■•,/._i be aaTStem 
of n-1 Independent integraU. If T(/j), T(/,), ..-, T(/,_i) arealaointegntlB, 
tbe «ime thing must be true of T(/), where / is any other integral. For we 
haTe/= n(/j,/„ ■■■,/■-!), and therefore 

r(/) = 1^ r(/,) + . . . + ^ T(/,_.>. 

Since T{f) la an int«gTal, the same thing la true of TlT{f)], and so on ; the 
game is therefore true of /(xf, Xj, •■•, x^). 

Hence, in order that Uie tytUm (110) admit Vu grcvp 6 of Irantformationt, 
U i» necewarv and mffcierd tKat, iff it an integral of X{/) = 0, T{f) »/>aU alto 
be an integrai. We sa; for brevity that the equation X(/) = admits the 
infinitesimal transformation T{f). 

Let us now take a differential equation of the first order, 

<"♦) M- 

In order that the equation X(f) = ASf/ix + BSf/^ = <i admit the infinl- 

tewmal transformation £ W^ + v^/^t ^^ Is necessary tliat we have 



Sx by Sx 



= n(.). 



where w(z, y) denotes an Integral (other than a Gonstant) of X(/) = 0, and 
where Il(u) denotes an undetermined function of w. We derive from these 
relations 

aw_ Bn(«) dw_ An{») 

dx A<^ — Bi' d]/~An — B£' 
whence, 

dm _ BJx — Adv 
n («) ~ Bi — At, 

It follows that 1/(BJ — ^ij) is an integrating factor for Bdx — ildv. Conversely, 
let ^(2, v) be a function such that its total diOerential is 



it = 


Si 


-Alt 

-A, 


X(f)- 


=^a+j,« 


= 0, 


!■(♦) 



Bx 



= 1; 



hence T(tp) is also an integral of the equation X(#)= 0. We can state this 
result as follows : 

In order that the differential equalion (114) admit the group of Iran^orma- 
tiom derived from the ir^tiileaimal traa^ormalion iSf/Sz + T^hf/irn, il is necewary 
and taffi^erA Uiai 1/(B{ — Aij) akatl be an integnding factor for Bdx —Ady. 

This new method requires only the knowledge of the infinitesimal transfor- 
mation at the group. As there exist an infinite number of integrating fac- 
tors, we see that every equalion of the first order admits an infinite number 
of infinitesimal transformations. 
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Let OB return to the general case of the system (110). Let X(/) = be 
the correspond] Dg linear equation and T(f) the ^fmbol of an infinit«diiial 
tieJisformation. Let ua consider the equation 

(115) z</) = x[r(/)] -r[xco] = o, 

wherBX[T(/)T represents the result of the operation X( ) applied to T{f), 
and where T[X(f)] has an analogous meaning; Z(/} Is still a linear homo- 
geneous function in the derlTatives of the 'flrst order gZ/Sxt, and it does not 
contiUn any derivatives of the second order. To show this, it suffices to prove 
that the coefficients of a derivative of the second order are the same in 
XlTif)} and T[X(f)1. Now the coefficient of BV/ai', is XiJ;, and that of 
ffif/dXiSxt is X,ii + Xtii In r[X(/)], and It is obvious that these coeffi- 
cients are the same in ■X[T{f)'], The equation Z(/) = is therefore an 
equation of the same type as the equation X(/) = 0, which can be written 
In a form exhibitJng the coefficients eiplicitly : 

. + [X(&)-r(x,)]^+...=o. 

If now T(/) is an integral of the equation X(f) = 0, whenever / is an Inte- 
gral of the same equation, every Integral of X (/) = evidently BatisQes the 
linear equation Z(/) = ; we must have, therefore (§ 31), 

(117) X[r(/)] - nX(/)} = p{x„ x„ . . ., *.)X(/), 

where p is an undetermined function of z„ x,, • ■ -jX,. Conversely, if we have 
an identity of this form, every Integral of the equation X{f) — satisfies also 
the equation X[T(/)3 = 0, and therefore T(/) is also an integral of the equa- 
tion X{/) = 0. The ■aecewary and sifgicient conditum that the linear equatum 
X(f) = admit tlie ii^nitesimat traiuiformation T{f) u expreaaed by the relaiUm 
(117), tahere p is any fiinclion of x„ x,, — , x„. That relation Is equiv^ent to 
the (n — 1) distinct relatione 

j(t,)-r(.r,) ^ .r(t,)-r(x,) _ ^ x(t.)- r(x.) 

X, Xj X, 

Qiveh a differential equation of the nth order, 

in order to determine whether it admits the group of transformations deduced 
from the InflniteBlmal transformation J(x, y)^/iKC + v(x,v)Zf/By, we need only 
replace the equation (118) by a system of n dlfFerential equations of the first 
order, taking for the auxiliary dependent variables the first (n — 1) deriva- 
tives v', y",---, V^~'), and then determine whether this system admits the 
infinitesimal transformation of the extended group of Q, 

Letusconsider, for example, the equation of the second order y" = ^{z,y,V^, 
which may be replaced by the system 

dx _dy _ dy" . 
or by the linear equation 
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3 delenuine whether this equation admits the Infiniteelmal 
transtormation 

^^'^'dx ^'"'sv Idx^K&v to/ Bu isy' 

On carrying through the caJculations, ne find a. condition which contiuns x, ]/, 
and y', and which must be verified for all values of these variables. The equa- 
tion of the second order being given, il we wish to find the infiniteHimal trans- 
fonnations which it admits, we have at our disposal the unlinown functions 
t(ir, y), 1(1, v), which do not contain j/". Writing the condition that the preced- 
ing relation is independent of y', we may have, according to the given function 
^(z, y, y"), a limited or unlimited number of equations which must be satisfied 
by the functions {(z, y) and ij(z, y). In general these equations will be incom- 
paUble, and we see that an equation of the second order, taken arbitrarily, 
does not admit any Inflnitedmal transformation. The same thing is true of 
equations of higher order, and it is seen from this how Sophns Lie was able to 
classify differential equations according to the number of independent iafiul- 
tesimal transformations which they admit. 



!•• Let Jtffl be the greatest absolute value off(x, v„) when x varies from x^ 
Uix^+ a. Jf the letters a, b, K, Zg, y^ have the same meaning as in S 30, the 
integral of the equation y' = f(x, y) which takes on the value y^ for i = z, ta 
continuous in the interval (Zg, Zg + p), where p is the smaller of the two numbers 
a and log(l + Kb/M^)/K. 

[E. LindelSf, Journal de MaiMmaliqiiet, IBM.] 

[The Ineqiuilities 



\y.-y.-x\<M^K' 



Ax-x^Y 



are established step by step, as in g 27, and y, will remain Ijetween y^—b and 
Vo + b, provided that we have e*")*-',) < 1 + (iff/M,.] 

2. Find two first integrals of the simultaneous systems of diCerential 
equations 

(„) ^+ ^'(z)i,_ f <z)! = 0, g + r{x)y + ^■{x)z = 0, 

. . dy _ dz _ — dz 

V{J! + y)~ (x-y) (2z +2y + z)~x{x + v)' 

3. The expression i/ly — ifiy/x)] is an integrating factor for (ij/—/{y/z)dz. 

4. Tbe general form of the differential equations of the first order which 
admit the infinlteumal transformation y^/Sx — xSf/^ i» 

x + yy' 
Deduce from this an integrating factor. 
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5. Find the general form of the differential equations of the Qtst order which 
admit the lnfinit«8imal transformation df/bi, + 1 ipf/W) ; the iiiflnitesimal trana- 
formation z(g/'/0i)+ av{^/dy). 

6. Find a group of transformations for the differential equation 

I =♦('+"»). 

where a is constant, and deduce from it an integrating factor. 
7 •. The difEerential equations of the elastic space curve, 
y-z"-t'v" = Sx'-iPy, 
z-x" - x-z" = Sy- - i |*(, 
x'y" — y'x" = »z' — a, 
wbere a, ^, i are constants, possess the two first integrals x^ + y'' -f z^ = C, 
P(a" + l/")— i^ = C', We then obtain x and y by the integration of a differ- 
ential equation of the second order. 

[Hbuiitb, 8wr qiif^uei a]ip&«(Uion« deg/oncUont eU^iliguet (p. 93).] 
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CHAPTER III 

LDfEAS DIFFERENTIAL EQUATIONS 

I. GENERAL PROPERTIES. FUNDAMENTAL SYSTEMS 

Linear differential equations hare been studied more thoroughly 
than any other class. They possess a group of characteristic proper- 
ties which distinguish them sharply and at the same time simplify 
their study. Moreover, they appear in a great number of important 
applications of Analysis, and a preliminary study of them is very 
useful before undertaking the study of differential equations of the 
most general form. Except when otherwise expressly stated, we 
shall study here only those equations whose coefficients are analytic 
functions of the independent variable. 

37. Singular pointB of a linear differential equation. A linear differ- 
ential equation of the nth order ia of the form 

a,, a., • ■ ■, o,+] being functions of the single variable x. Its inte- 
gration is equivalent to that of the system 

f %^ + «!?-. + ■ ■ ■ + «.-iy, + «Ky + «-t. = 0, 
[lS-'>" li-"- ■■■' -dT-"-" 

obtained by taking for auxiliary dependent variables the first n — 1 
derivatives of y. Let us suppose that the coefficients a, are analytic 
in a circle C^ with the radius R and with its center at the point x^ 
and let i/jj, i/o, j/^', • ■ ., yt"~" be a system of n arbitrary constants. 
Applying to the equations (2) a general result established above 
(§ 23), we see that the equation (1) Acs an integral analytic in the 
circle C^ taking on the value y^ for x = x^, while its first n — \ 
derivatives take on respectively the values y'a,y'o, ■ ■■,y'^~^^forx = x^. 
We know also, from the general theory, that it is the only integral 
of the equation (1) satisfying these initial conditions ; we shall say 
for brevity that it is defiried by the initial conditions {x^, y^, y'^, yj', 
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- ■ ■, yS""'*). Let US now suppose at first, fc 
coefficients Uf are single-valued functions of 
plane only isolated singular points. Let L 
non-singular points x^ and X, and not passin 
point ; the integral which is defined by the i 
7/a, ■ ■ ■, yS"~*') is represented by a power seri< 
in the circle C^ with the center a^^ and passi 
singiUar point to x^. We can follow, by m 
variation of the integral along the path L a 
not go out of the circle C^. If the path L 1 
point a, let us take a point x, on the path with 
enough to a so that the circle C, with the ce 
the nearest singular point does not lie entirt 
From the series P(x — x^) and from those y 
cessive differentiations, we can derive the va 
of its first re — 1 derivatives at the point Xj. 
these values ; the integral of the equation ( 
the initial conditions (x^, y„ y[, • ■ •, 2/i"~"), is 
aeries P^(x — x,) convergent in the circle C,. 
series P(x — x^) and P,{x — xj are equal in 
two circles C^ and Cj, since they each repre 
equation (1) satisfying the same initial com 
the series P^(x — x^ represents the analytic 
Cj of the analytic function defined in the 
P{x — jTj). If all of the portion of L inclu 
does not lie in the circle C^, we shall take a n 
within Cj, and so on as before. 

At the end of ^finite number of operations ■ 
at a circle containing the point X. In fact, 
the path L and S the lower limit of the diat 
to the singular points. The radii of the sue 
at least equal to S, and we can choose the cer 
such a way that the distance between two succ 
than 8/2. After ^ operations the length of t! 
by joining these successive centers will be 
If we have pB/2 > S, the length of the broi 
than the length of L. Hence, after at most 
shall have arrived at a circle containing all of t 
between the center of that circle and the poij 

Becapitulating, we see that we can contii 
aion of the integral as long as the path def 
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does not pass through any of the singular points of the coefficients O;. 
We know, therefore, a priori, what are the only points which can be 
sii^ular points for the integrals of a linear equation. It niay, how- 
ever, happen that a point a is a singular point for some of the coefB- 
cients a^ without being a singular point for all the integrals. In the 
particular case where the coefficients are all polynomials or integral 
functions, all the integrals are analytic functions in the whole plane ; 
that is, they are integral functioos and they nlay reduce to polynomials. 

Tbe reasoning may be extended also to the case where the coefBcienU a,- have 
any slitgularities whatever, it being poeaible for these functions to be multiple- 
valued. If we Btart from a, point !„, where these coefHcients are analytic, and if 
we cause the variable x to describe a path L, along the whole lengtli of which 
we can continue the analytic extenmon of the coefficients Oi, we can like- 
wise continue the analytic extension of tbe integrals along this path. The power 
series which represent the integrals are convei^ent in the same circles as the 
series which represent the coefficients. 

These results are entirely in accord with those which we have deduced from 
the method of successive approximations (§ 2S). 

38. Fnndamenbd syotema. Let us consider a linear equation which 
is also homogeueouB, that is, not containing a t«rni independent of y, 



'(fee"-' 



(3) nrt = ii + «,i;rf+- + «.-.S+...=o, 



where -f (y) denotes no longer a function of the variable y but the 
result of an operation carried out on a function y of the variable x. 
From the definition of this symbol of operation it is clear that, if 
ffit 3/)! ■ ■ "i y? ^^^ ^"^y P functions of x, and Cj, C^, ■ ■ -, C^, any con- 
stants, we have the relation 
F(C,y, + C,y,-|- ... -I- C,yp)= qF(y,) + C,P(yJ -f- . . . +C^F(_y^). 

If j/j, j/j, ■ ■ -tVp are integrals of the equation (3), then C^y^ + C^y^ + 
■ ■ ■ + Cpi/p is also an integral, whatever the numerical values' of the 
constants C, may be. If we know n jarticular integrals y,, y^' ' ' ''V* 
of the equation, we can therefore deduce from them an integral 
(4) V = C-jy, -I- C,y, -l- . . . -I- C,y„ 

in the expression of which appear n arbitrary constants Cj, C^, ■ ■ -, C,. 
We cannot conclude from this that the expression (4) really rep- 
resents the general integral of the equation (3); we must first assure 
ourselves that we can dispose of the constants C,, C,, . ■ ■, C, in such 
a way that, for a particular value x^ of x, different from a singular 
point, y and its first n — 1 derivatives take on any values given in 
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advance. For the sake of brevity, let us indicate by (yf)o the value 
which thejith derivative of the particular iHtegml y, takes on at the 
point x^. Setting the values of the integral y, and of its first b — 1 
derivatives at the poiut x,, equal to these arbitrary quantities, ve 
obtain a system of n linear equations to determine the constants C,, 
^ji ■ ■ 1 C",. The determinant of the coefficients of these unknowns 
must be different from zero. We shall denote by ^(y^, y„ ■ ■ ■, yj 
the determinant whose elements are the functions y,, y^, • • ■, y„ 
and their derivatives up to those of the (» — l)th order : 



,. yy ■ ■ -. y.) = 



^i 



yi— > y'r 



If this determinant, which is an analytic function of x in the whole 
region in which the coefficients a, are analytic, is not identically 
zero, let us choose for x^ a point where this determinant is not zero. 
We can then determine the constants C, so that y and its first « — 1 
derivatives take on any initial values whatever for x^. Every inte- 
gral of the equation (3) is therefore included in the formula (4). 
We say, for brevity, that this formula represents the gejieral inte- 
gral of the equation (3). The integrals j/j, y^, -■■, y„ such that 
the determinant ^(y,, ^jt ■ ■ -j ^.) is different from zero, form a 
fundamental system.. 

It this determinant is identically zero, some of the integrals y„ y,, 
— , y, can be deduced from the others. We shall say, in general, 
that n functions y,, y,, ■ ■ ■, y. of the variable a; are not linearly 
independent if there exists between these n functions an identity of 
the form 

(6) C^y, + C\y, + ■ ■ ■ + C.y. = 0, 

where C„ C^, — , C, are constants not all of which are zero. In order 
that M /unctions y^, y,, ■ ■ -, y, shall not be linearly independent, it 
it necessary and sufficient that the determinant A(y^ y^t " '' V^i ^ 
identically zero. 

The condition is first necessary. For from the relation (6) we 
obtain the n — 1 relations of the same form, 

(7) C,yS'> + C,ySP) + --- + C.y<.'" = 0, O = 1, 2, • ■ -, n - 1) 

between the derivatives of the first order, of the second order, etc., 
of the functions y,. Since the coefficients C^ are not all zero by 
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hypothesis, the equations (6) and (7) cannot be consistent unless 
the determinant A(y„ y„ ■ ■ ■, y.) U identically zera 

Conversely, suppose that A = 0, and suppose first that all the 
first minors of A relative to the elements of the last rov are not 
identically zero, for example, that the cofactor of ^'~", 



is different from zero. Let X be a region of the plane of the variable x 
where the functions yi are analytic and where this determinant & 
does not vanish. Let us put 

(Vn = t^iVi + ^iVt +■•■ + ^,-iy.-i, 
y: = K^y'i +K^yt +■■■ + fir.-.y:.,, 
yi-*> = K.i^r'^ + ffjyi-*' + ■ . ■ + K.^^;~*K 
These n — \ equations determine K^, K^.- ■, if,_i as analytic func- 
tions of X in the region A, since Ki is the quotient of an analytic 
function divided by the minor Z which is not zero in A. These funo- 
tions K^, ■ ■ ■, K^_i satisfy also the relation 

(9) j^.-'> = Jiriyl"-'> + K^yi'-'> + •■■ + A-._,yl«_-i'>, 
since ACy,, y,, ■ ■ -, y,) is zero at every point of A. Differentiating 
once each of the equations (8), and taking account of these same 
relations and of the relation (9), we find 

K{yj+--+K-iy.-i = 0, 



^lyi""*' -i h JC-iySr-ri"' = 0, 

and consequently K', = K^=: ■■■ = K'^_i = 0. The functions K^, ■ ■ ■, 
K^_i are therefore constants, and we have indeed a relation of the 
form (6) between the n functions y^, y^, • ■ ., i/,, where all the coeffi- 
cients are constants and the coefficient C, is different from zero. 
Since this relation has been established in the region A, it follows, 
by analytic extension, that it holds in any region in which the func- 
tions y„ y^,---,y„ exist and aie analytic. 

It will be noticed that the minor 8 is precisely equal to 

^(y,. ^a. ■•-.J'.-i)- 
If this minor S is identically zero without i(yj, y^,-'-, y.-t) being 
also zero, a similar argument would show that the functions y,, y^ 
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■ ■ ■ , i/,_i satisfy a relation of the form (6), where C, = 0, C,., ^ 0. 
GontiQuiDg in this way, we shaJl therefore surely arrive at a relation 
of the form (6), in which some of the coefficients may be zero. If, 
therefore, we know n integrals of the equation (3) such that ^ (y^, y^, 

■ ■ • > y«) — 0) one at least of these integrals is a linear combination 
with constant coefficients of the other integrals. It may also happen 
that these n integrals reduce in reality to p independent integrals 
[p < n — 1]. In order that this may be the ca,se, it is necessary and 
sufficient that all the determinants analogous to A which can be 
formed with p + 1 oi these integrals shall be zero, one at least of 
the determinants formed with p integrals being different from zero. 

The same lemma enables us also to prove that the general integral 
of the equation (3) is represented by an expression of the form (4). 
For, let (y„ y^, ■ ■ ■, y,) be a fundamental system of integrals, and y 
any other integral. From the (n + 1) equations 

J'(y) = 0, F(s,^ = 0, ..., F(y.) = 

we derive, by elimination of the coefficients a^, a^, • ■ •, a,, an equation 
of condition which is no other than 
(10) A(y,y„i/„---,y.) = 0. 

We have, therefore, between these n + 1 integrals, a relatitai of the 

***™ Cy + C^y^ + ■ ■ ■ + C.y. = 0, 

where C, C^, C^, • ■ ■, C. are constants not all of which are zero. 
Finally, C, the coefficient of y, is certainly different from zero, since 
the integrals y^ y^, — , y, are linearly independent. 

Every linear equation ol the ntb order bas an infinite number ot fundfi- 
mental STStems of integrals. In order to obtain such a system, ne need onlj 
take R integrals such that the determinant formed from the initial valuee of 
these n integrals and tbeir first n — 1 derivatives for a non-aingular point 
Zg is not zero. If (if,, v„ • ■ ', ]/„) is a flnit fimdamental system, tbe n integrals 
r,, Fj, ■ ■ ■, r„ given by the equaUona 

Ti = CrtV, + Ciajij + ■ ■ ■ + Ci.y„. (i = 1, 2, . . ., n) 

where the coefficients c^t are constants, form a fundamental system, provided 
that the determinant D formed by the n* coefficients Ca Is difierent from zero. 
We have, in fact, by tbe rule for the multiplication of determinants, 

i(r„ r„ . . ., r.) = D . Aft,,, y^, ■ ■ ■, j,.). 

It follows from this relation that tbe quotient [dA(v,, ■ ■ ■, D^)/dx]/\ is tbe 
same whatever may be the fundamental system. We shall verify this by cal- 
culating this quotient. For this purpose let us observe that the derivative of a 
function F(ir!) is equal to tbe coefficient of A in the development of F{x + A) in 
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poirerB of A. If we give lo z an increment A, and if we replace each element 
of the determiaant A bj its deveiopment, retaining only the terms of the first 
d^ree in A, we obtain the detenninant 



' y'l + M' 






„;— i) + A^,-) i,^— » + ft/,-> 






i/ir-» + /wir> 



The coefGcient of h is tlie sum of n determinants which are obt^ned by tak- 
ing the coefficients of h in any row and the terms independent of ft in the other 
rows i n — 1 of these determinants, having two rows identical, are zero, and 



dA(y., i 



■•■,Vn) _ 



Vx 



vf yf^ 



Vn 



This resuit is true, whatever the functions ]/„ ■ ■-, y, may be ; if these func- 
tions are integrals of the equation (3), we can replace ^,°' in the last row by 
— OiJ/i""^' — - ■ ■ — a,y^, and similarly tor the others. There remains, after 
developing with respect to tbe elements of the last row and taking account 
of the determinants which have two rows identical, 



(11) 



dA 



-a,i, 



The quotient which we wish to calculate is therefore equal to — a^, and we 
derive also from the preceding result tbe value of the determinant 

4 = Aoe"4 '■''', 

where A„ denotes the value of A for x = Xg, Tills expression for A shows that 
this determinant is different from zero at every non-singular point, if it is not 
identically zero — a result which we could also have obtained from the preceding 
properties. 

It should be noticed that every linear equation of which a fundamental 
system of integrals is (y,, !/j, ■■•, Vn) can be written in the form (10) 

^(y, Vi> yji ■■•,vn)^o, 
the coefficients containing only the integrals y,- and their derivatives. This 
shows that any n linearly independent functions y,, y^, ■ ■ -, y» can always be 
regarded as forming a fundamental system of integrals of a linear equation. 



39. Tlie general linear equAtion. Au 

1 be written in the form 



(12) nv) 



_■'"!', 



i-hoiiiogeiieou3 linear equation 



where the term independent of y has been isolated on the right-hand 
side. We shall also consider the equation formed by replacing /(x) 
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b; zero ; the resulting equation, F{y) = 0, is called the corresponding 
homogeneous equation. If we know a particular int^ral ¥ of the 
equation (12), the substitution y = Y+z reduces the integration 
of that equation to that of the homogeneous equation P(ji)= by 
the identity F{Y+ z)= F{Y) + F{z). The general integral of the 
non-homogeneous equation is therefore represented by the expression 

(13) y=Y-ir C\y, + C,y, + ■ • • + C.y„ 

where y^, y^, ■■■,»/, are a fundamental system of n particular inte- 
grals of the homogeneous equation, and where C^, C^, ■ ■ •, C, are 
n arbitrary constants. It often happens in practice that we can 
easily obtain a. particular integral of a linear non-homogeneous equa^ 
tion, and in this case we are led to the integration of the homt^neous 
equation. The search for a particular integral is facilitated by the 
following remark, which we need only state : If /{x) is the sum of 
p functions /|(3-),/j(3'), ■ ■ ■,fj,(x), such that we know how to find a 
particular integral of each of the equations 

''w-z.w, -F&)-/,«, •••■ nv) =/,(')■ 

the sum Y^+ ¥^+ ■ ■ ■ + i'^, of these p particular integrals is an 
integral of the equation F{y)=f(x). 

In general, if we know the general integral of the homogeneova 
equation, we can always obtain by quadratures the general integral 
of the non-homogeneous equation (supposing, of course, that the 
left-hand side is the same for the two equations). 

The following process, due to Lagrange, is called the method 
of the variation of constants. Let {y^, i/,, ■ ■ -, y.) be a fundamental 
system of integrals of the equation -F(y) = 0. Imitating as much 
as possible the process employed for a linear equation of the first 
order, we shall seek to satisfy the equation (12) by taking for y an 
expression of the form 

(14) y = C^y^ +c^y^ + ... + C.y„ 

where C^, C^, ■ • ■, C, denote n functions of x. We can evidently 
establish between these n functions n — 1 relations chosen at pleas- 
ure, provided that they are not inconsistent with the equation (12). 
If we put 

fy,ci + y,c-; + --- + y,c;=o, 

I y{C[ + y;c;+--- + y'^C; = 0, 



(15) 



y'r'^C', + y<J-'>C'^ +■■■ + ;/."-'>c; = 0, 
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the Buccessive derivatives of y up to the (n — l)th derivative have 
the values ^ - , ^ - , , ^ - 

f ff = C'iVi + c,y» -i — + c.y;, 

(16) J ^ " " '^^^' + *^*J'» + ■ ■ ■ + '^'.y-' 

The first of the relations (15) has heeu chosen in such a way that 
the first derivative y' has the same expression as if C^, C^, - ■ -, C, 
were constants, and similarly for those that follow. The derivative 
of the nth order has a less simple form : 

y") = C,yS-' + C,y<"> + ■ . ■ + C,yl"> 

+ ^-"c; + i/t-'^c; + ... + yi-'ic;. 

Substituting the preceding values of y, y', y", ■ • ■, y*"' in the left-hand 
side of the equation (12), the coefficients of C„ C,, ■ ■ ■, C, are re- 
spectively F(j/^y, F(t/^, • • ', ^(y.)i ^nd we are led to the new rektion 

(IB-) yi-'>c; + y<-»c; + ■ ■ ■ + ^:-'>c: =/(x), 

which, together with the relations (15), enables us to determine 
^11 ■ ■ ■> ^n- ^^ <'3Ji therefore find Cj, C„ ■ ■ ■, C, by quadratures. 

We can also make use of the following method, due to Cauchy. 

1^ (Vit Vji " -1 Vn) be a fundamenUl system of integrals of the equation 
F{]l) = 0. Let us determine the coDBtanW C„ C„ ■ ■ - , C„ so that the integral 
C,v, -f - ' ' + CaVii and ita first n — 2 derivatives all vanish, while the (n — l)th 
derivative reduces to unity for a value aotx. The integral #(z, a) thus obtained 
depends, of course, upon the variable x and also upon the Initial value a, and 
satisfies the n conditions 

(17) *{a,a) = 0, *'(a:,a) = 0, *"(«,«) = 0, ..., *(— »(a,a) = l, 
where ^('■>((T, a) denotes the pth derivative of ^(z, a) with respect to x for Ibe 
value x = a. If we replace a by x in the preceding relations, which amounts 
to a ^mple change of notation, they can also be written in the form 

(170 ^{x, X) = 0, <p'(x,x) = 0, . ■ ., *<"-»(i,a:) = 0, «(«-i>(«, x) = 1, 
where ^'■'(z, x) denotes now thepth derivative of ^(z, a) with respect to x. In 
which we have replaced ir by i after the differentiation. With this under- 
standing let us consider the function represented by the definite int^^ 

(18) T=rt{x,a)f(a)Aa 

with an arbitrarily fixed lower limit z,. Applying the general formula for 
differentiation, and taking account of the conditions (IT'), we find snccessively 

g=^V(.,»)/(.)d», .... 'tir=jrv.-.,,^„)/,.,^, 
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SubeUtutitig tbem nloea of T, Y', ■ ■ ■, T^'> In F{Y), we find 
F(r)=/(x) + J^V-M«,«) + ai*<-"(«, ")+•■■ + «.♦(*, a)]/(a><ta. 

The f miction onder the int^nl atgn on the right ia idenUull; ten), dnce ^ (z, a) 
is tm int^nl of corrtepondiDg honit^neouB equation, whatever may be the 
valae of the pat&meter a. From this it follows th&t the fanction T represented 
bj tlie definite int^^ (18) is a particular integral of tl>e non-homogeneotiB 
linear equation. It will l>e noticed that this integral, as well as its first (n — 1) 
deriTatives, ia zero for the lower limit Xg, which is supposed different from a 
tingular point.* 

The application of this method to the equation i^y/dx'=f(x) leads to 
precisely the result obtained above ($ 18). 

40. Depreuion of the order of a linear equation. If we know a certain 
number of particular integrals of a linear equation, we can make use 
of them to diminiali the order of the equation. Let us consider first a 
homogeneous equation of the nth order, and let y„ y„ ■ ■ ■ , y^, (p < n) 
be linearly independent integrals of that equation. The substitution 
y = y^«, where a indicates the new dependent variable, reduces the 
proposed equation F(t/) = to a new equation of the same type in 
a, for the expression for any one of the derivatives d'y/dsf is itself 
linear with respect to * and to ite deriTativea. If y^ is an integral 
of the equation F{i/) = 0, the new equation in z must have x = l 
for a solution, which requires ^that the coefficient of « shall be zero ; 
this fact is verified at once by calculation, for the coefficient of « ia 
precisely F(yJ. The equation in « is therefore of the form 

■It is easy to verify that the method of the variation of conBtanCs and Canchy's 
method lead to the wme calculations- In fact, the Innctlon # (x, a) of Cauchy is of 

**'''"° *(i,a) = #,(a)i,,(i)4#,(<i:)i^,(i)+--- + *.(a)y,{i), 

where the functions ^ (a) are deteFmiued by the condlUouB 

(♦iWViW 4.-. + *.(a)i„(a:) -0, 
*i ("Jwl"""!") + ■■■ + *■ Wi'ir"*'W-o. 
*i('»)<""(i)4'.+*,<a)v;,''-'>(a)-l, 
and the particular integral (18) has the value 

But If we compare the conditions (.A) with the relations (13) and (ISO which deter- 
mine the Ci In the method of the variation of constants, we see at once that we have 
Cj («)- *i (a;)/(i). and therefore the first method gives us a particular integral by 
the Mme qnadiatntes. 
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where b^, b^, ■ • ■, £,_, are functions of x. This equation reduces to 
a linear equation of order n — 1, 

by putting m = dsi/die. If y^, y^, ■ ■ -, y,, are p integrals of the equa- 
tion from which we started, the equation (19) has the p — 1 integraJs 
Vt/Vv ' ' ■' yr/Vv ^^^ therefore the equation (20) has the integrals 

±(yi\ ... ±(y^\ 

dx\!/J' ' dx\yj 

These p —1 integrals are linearly independent ; otherwise there 
would exist a relation of the form 



* <i'^ \yj 



^'-TSt'"' 



where C^, C,, - ■ -, C^, are constants not all of which are zero, and we 
could conclude from it, hy integration, the existence of a relation of 
the same form, C^y^ + \- C^y^ + C^y^ = 0, where C, is a new con- 
stant. If ^ > 1, the application of the same process leads from the 
equation (20) to a new linear equation of order n — 2, and so on. 
The integration of a linear homogeneous equation of which p inde- 
pendent particular integrals are known reduces, therefore, to the inte- 
gration of a linear homogeneous equation of order n — p, followed by 
quadratures. When p = n — l, the last equation will also be int«- 
grable by a quadrature. 

Similarly, if we know p integrals, y^, y„ — , y^, of a non-homoge- 
neous equation, such that the^ — 1 functions 

are linearly independent, the substitution y = y, -|- s leads to a homo- 
geneous equation having the ^ — 1 integrals y^ — y,, — , Vp — y^ 
It is therefore possible to reduce this equation to a linear homogene- 
ous equation of order n —p + 1. 

Consider, tor example, the linear equation of the second order, 

(21) ^(,) = g+,g + „ = o, 

and let yj be a particular integral of this equation. If we put y = y,«, 
we find 

dx ''dn^ dx dx' '^di? da dx^ d^ 
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and, substituting In the equation (21), we find, since the coefficient 
of s is zero. 

Putting dz/dx = u, this equation can be written in the form 

whence, by integration, 

pdjs-^- Log y[ = Log C, 



Log It + I p 
J", 



_c_ -S^pdx 



A second quadrature will give z and consequently y. We see that 
the equation (21) has the integral i/^ given by the expression 



(23) »,=».jr'f« 



which is independent of y^. The general integral of a linear homo- 
geneous equation of the second order is therefore obtained by two quad- 
ratures when we know a particular integral.* 

This property is a marl^ of similarity between the linear equation 
of the second order and Rlccati's equation (§ 7). There exists, in 
fact, a very close relation between these two kinds of differential 
equations. If we depress the order of the homogeneous equation (21) 
by the process of § 19, by substituting 

y = eJ , 
we are led to a Riccati equation, 

(24) x' + z' +pz + 9 = 0. 

* yie can derive from these results a very simple proof of an Important theorem 
of Stnnn. Let us suppose that the coellicienta p and q are continuous real functlonH 
of the real variable z in the interval (o, 6), and let lo, Xi be two consecutive zeros of 
a particular Integral y\{x) In the Interval (a, b). If ^i(x) is another particular inte- 
gral Independent of ^i(x), the formula wbich gives u can be written 

dxKtiil yt 
which shows that the qaotient yi/gi varies always In the same sense when x increases 
from I'gtor,. Nowthisquotientisinflniteforx-Xoand forx^Xj; hence it constantly 
Increases from -« to +x or decreases trom +oc to -oo. The eqjiation Vi(z)-0 Aiu 
Ihertfore one and only one mot in the interval {xo, xi). 
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Conversely, any Biocati equation 

(25) u' + aw' + bu + e = 0, 

where a, b, e are fanctions of x(a ^ 0), may be reduced to the 
foTm (24) by putting u — »fa, which transforms (25) to an equation 
of the form (24), 

«' + «'+(j-^)* + oc = 0. 

It follows that the general integral of the equation (25) is 

ram ^ i g.yj + c.y; 

where y^ and y^ are two independent integrals of the linear equation 

y" + \b — — )y' + (wy = 0. 

This expression really contains only a single arbitrary constant, that 
is, the quotient CjC^, which appears in it to the first degree," 

Example. Legendre's polynomial X. (I, | 00, 2d ed. ; | 86, Ist ed.) satififies 
tbe difierentiaJ equation 

(27) ,l-,,?^_S,i? + »|. + l), = 0. 



* It wonld wem that a quadrature might be necessary to derive the general 
integral of the linear eqnatlon (21) from the general integral ot Riccatl's equatioD 
(24). Id reality this Is not the case, or, rather, the quadrature reduces to the calcula- 
tion al fpdx. In gcneml, let t = ^{x, C) be the general lDt«gntl of a differential 
equation of the first order, dz/dz— /(x, z). From the relation 

we derive, by differentiating with respect to the constant C, 

From the last eqaation we find/(0//d#)(Jx-Log(S^/dC}, where, of course, the 
same value ot the coustant C is 1« be uoderatood in the two sides of the equation. 
Applying this to Riccati's equation (24), it z-^(x, C) is the general integral of that 
equation, we conclude that 



2 fzdz* ip dx + Log (■ 



I, z, are three integrals ot the eqaation (24), on carrying out the calculation 
re find that the general integral ot the linear equatjon (Zl) has tbe form 

V(i,-*,)(i,-i,)(i.-i,) 
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To prove this it mffices to notice that, b; putting u = (z' — !)■, we have the 
relation (x' — l)u' = 2nzu, and by taking the (n + l)th derivative of the two 
sldea we have an equation which is identical with the equation (37) when we 
replace d'u/dx* in it by y. In order to obtain a second particular integral of 
the equation (27), we shall apply the general formula (28) with p equal to 
2 x/(7fl - 1) = l/(x + 1) + 1/(35 - 1) i this gives 



"j(z»-i). 



ItmightseemnecesBary to know the nrootajCtijaj,' ■-,«« of the polynomial 
X^ in order to calculate this integral, but this is not the case. For, let ub write 
the integrand in a form which exhibits the simple fractions which come from 
the roots + 1 and — 1 of the denominator ,■ 
1 



-AU L.\ + f=, 

- 2, the quotient obtained by dividtng 

This last integral is a rational function, for if it contained a logarithmic term 
Buch as Log(x^ Ui), the point a,- would be a singular point for Vj, and the inte- 
grals of the equation (27) can have no other singular points than i = ± 1 (g 37), 
We can therefore calculate this integral by rational operations (I, g 104, 2d ed. ; 
% 109, let ed.). Since the integral must be of the form Q,_,/J'„ where Q,_i 
may be taken as a polynomial of degree not greater than n — 1, w^ can deter- 
mine the coefficients of this polynomial, for example, by the condition 

Having once obtained the polynomial Q«_i, we may write the general integral 
of the equation (27) in the form 



.,[q._. + !x.lo,(|^)]. 



41. Analogies with algebraic eqostlons. The preceding properties establish an 
evident analogy between the theory of linear differential equations and the 
theory of algebraic equations. This analogy persists In a large number of 
questions. As an example of this we shall show how we can extend to linear 
equations the theory of the greatest common divisor. In general, let 



''« = ''"^+'.s=ri+--- +».-i^ + »,. 



be a symbolic polynomial where a^, a,, • ■ ., a, are given functions of x. If Oj 
is not zero, we shall say for brevity that F(y) is of the nth order. If Q {y) is a 
symbolic polynomial of the same nature and of the pth order, it is clear that 
G \F(yy\ is a^n a symbolic polynomial of the same kind and of the (h + p}th 
order. Let now 

l-,W = ».^ + i,,§^+. ..+»._,!» + .., 
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be another poljnomiiil of order m (m S n) . We can find a third polynomial G (j/) 
of order n — m such that F{i/) — O [F, (v)] is at most of order m — 1 (a poly- 
nomial oi order zero is of the form a^, where a is a function of x). Let us put 






■ + K-mV- 



The coefQcient of ^]//iLe» in G[F,{y)] is X„6^ and if we take \ = a^„, the 
difference f(v)-Xad"-"[f,(y)]/(to«-"' will be atmost of ordern-l. Letoi 
be the coefficient of d*-^y/dx*-^ in this difierence. It we take X, = a'l/b^, the 
difference 

will be at most of order n — 2. Continuing in this way, we see that we can 
determine, step by tnep, the coefficients \, \, — , \n-» '» such a way as to 
otttain an identity of the form 

(28) F(v)-0[F,(v)i = FM, 

where Fj(j/) is almost of order m— 1. This operation is entirety analogous to 
the division of one algebraic polynomial by another. 

Now- suppose that we wish to obtain the integrals common to two linear 
equations 

(29) F{tf) = 0, F^{v) = 0. 

The identity (28) shows that these integrals are the same as the Integrals 
common to the two equations F,<{() = 0,Fj(i/) = 0. If F, (y) is not identically 
zero, the same operations can be repeated on F,(^) and F^{y), and so on 
until we arrive at two consecutive polynomiais, Ft_i(v) and Ft(y), such that 
Fi_i(y) = Gt_i[Ft(i/)], This last symbolic polynomial Fjt{ff) is the analogue 
of the algebraic greatest common divisor : ail the integraU common to the two 
equations (SO) satiny the linear e^ualton Ft{y) = 0, and convergety. If Fi:{y) U 
of the degree zero, the two equations have no other common integral than the 
trivial solution ^ — 0. 

If in the relation (28) F,(j/) is identically zero, the equation F(y) = has 
all the integrals of F, (y) = 0. Conversely, in Brdcr that F(y) = shall have all 
the integrals of F,(y) = 0, it is necessary that F^ {y) be identically zero, for a 
linear equation of order not greater than m — 1 cannot have all the integrals 
of a linear equation of the mth order. Hence in this case we have identically 
F{v)=0\F^{v)}. 

and if we put F,(v) = z, the integration of F(y) = is reduced to the successive 
Integration of the two linear equatJons 

G(z) = % F,(y) = i, 

of orders n — m and nt, of which only the second is non-homogeneous. 

We can deduce from this observation another solution of a problem already 
treated. Suppose ttiat we know p independent integrals j/,, y,, ■■', yp{p<n) 
of F{y) = 0. We can form a linear equation of the pth order having these p 
Integrals {§ 38). Let Fj(i/) = be this equation of the pth order; then we have 
identically F(y) = G[F,(v)], and if the equation G(*) := of order n — p has 
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been integrated, we c&a integrate F^{J/) = * by qoadratures alone, siDce we 
hnow the general integral of F,(v) = 0. The reduction is the same aa hf the 
QrBt method, but the new procees is more symmetric. 

Appel, L^uerre, Halpben, £. picard, and many others after them liave ex- 
tended to linear equations the theory of symmetric functions of the roots, the 
theory of inTarlanta, and the very fundamental worh of Galois relative to 
the group of an algebraic equation. The theory of invariants 1b founded on the 
easily verified fact that a linear homogeneous equation la changed Into a new 
equation of the same kind by every transformation of the type 

!=/((), s = z^(t), 

where t is the new independent variable and z the new dependent variable, 
wliatever the functions /(t) and ^ (t) may be. 

We can sometimes make use of this transformation to simplify a linear equa- 
tion. For example, If we wish to make the coefficient of the derivative of 
order n — 1 disappear, we find that it suffices to put 

retaining the variable m. Since we have two arbitrary functions /and ^ at our 
disposal, it would seem that we could take advantage of them to nuke two 
coefficients disappear ; but this reduction, although theoretically possible, is 
illusory in most cases. For example, we can always choose the functions/ and 
# BO as to reduce any linear equation of the second order to the ^mple form 
z" = 0, but the actual determination of these functions presents the same diffi- 
culties as the problem of Integrating the original equation. 

42. Tha adjoint eqnctioa. Lagrange extended the theory of Integrating factors 
to linear equations in the following way. Let F(j/) be a linear function of y 
and of itB first n derivatives, 

Fiv) = aoi/<"i + a^yC-ii + • ■ ■ + a.-iv' + a.if, 

where a^, a,,---,a„ are any functions of z, and where /, y", ■ ■ ., v*"' denote 
the successive derivatives of y. Let us try to find a function 2 of z such that 
the product zFiy) shall be the derivative with respect to z of another function 
linear in y and in its dertvaUves up to thoee of order n — 1. The general for- 
mula for integration by parta (I, % 87, 2d ed,; S 85, 1st ed.), applied to each of 
the terms of the product iF[y), gives us 
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If we denote by ♦ (y, z) the expresdOD which Appears on the right-hand side 
of the equation (80) which Is bilinear with respect to j/ and z and to their 
derivatives, we can write that equation in the abridged form 

(32) 2F(V) - I/O («) = ^ [*{!',«)]. 

so that for all the posdble forms of the functions y and z tbe binomial 
zF(y)~ V^{z) IB the derivative of *{v, z). If we now take for ; aDint«gTal of 
the equation 6 (z) = 0, the product zF(v) is tbe derivative of an expressiou of 
the same form, linear with respect to j/, /,-'■, ^"''^ and the equation 
F{y) = is equivalent to a linear equation of order « — 1, 

(88) *{i/,e)=C, 

wbich we obtain \ij replacing in If the function z lij the integral in question. 
Now the equation O{z) = le likewise a linear equation of the nth order; it 
is called the adjoint equatioii of F{ji) = 0, and the symbolic polynomial (z) is 
called the aiUmnt potj/nomial of Fin). 

We see, then, that if we know an iut^^ of the adjoint equation, the inte- 
gration of the given equation is reduced to the integration of a linear eqnation 
of order n — 1 whose right-hand side Is an arbitrary constant. If we know p 
independent integrals, i,, z,, ■ ■ ■, Zj,, of the adjoint equation, every integral of 
the given equation satisfies p relations of the form 

(34) *(»,z,) = C,. *(y,z,) = Cj, ..., *(y,^) = Cp, 
where C,, Cj, ■■ ■, Cp denote p constants. Eliminating the- derivatives y<"-'>, 
^(•-si^ ...^ y<«-ji + i) from these p equations, we obtain a linear equation of 
order n — ji whose rigbt--hand side depends upon the p arbitrary constants C, , 
C], - ■■, Cp. In particular, if p = n (that Is, if we know tbe general integral of 
the adjoint equation), we can solve the n equations (34) torj/,y', ---, i/<"-i>, and 
we can obtain tbe general integral of the given equation without any quadrature. 

There exist between the integrals of tbe two equations F(y) — 0, Q{z) =^ 
some remarkable relations, which we cannot develop here." We shall only sbow 
that there exists a ree^rocai relation between these two equations. More pre- 
cisely, if Q{z) is the adjoint polynomial of -F(^), then, conversely, F{y) is the 
adjoint polynomial of 0(z). For if F,(i/) denotes tbe adjoint polynomial of tf (z), 
we have a relaUon between Fi{y) and G (z) of the same form as the relation (32), 

(82-) i/G{z)-zF,(!,) = £[*,{i/,z)]. 

Adding the relaUons (32) and (32'), we find 

z [Fiv) - F^(y)] = |- [* (ff, *) + *,(„, z)] . 

If F(v) — r,(if) were not zero, the product z[F(jf) - F,(s')] would be tbe deriva- 
tive of a function containing z and some of its derivatives. Now the derivative 
of a function containing z, z', • . ., z<p> contains at least one derivative of z, 
namely, z^P + ^i. Tbe preceding relation is therefore possible only if Fjfv) is 
identical with F{y). 
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II. THE STUDY OF SOME PARTICULAR EQUATIONS 

43. EijiutiiHis wtth constant coefficients. Linear difFerential equa- 
tions with constant coefBcients were integrated by Eulec. Consider 
first a homogeneous equation 

(36) F(y) = y"''> + «,y<" " "^ +■■■ + «— ,y' + ".y = 0, 

where a^, a^, - ■ ■, o, are any constants. By the general theory (§ 37) 
none of the integrals of this equation have a singular point in the 
finite plane ; that is, they are integral functions of x. Let 

(36) , = .^ + ,_i + ,,^ + .,. + „.^+... 

be the development in series of an integral. The series which repre- 
sent the successive derivatives have an analogous form. Replacing y 
and its successive derivatives by their devclopmenta in series in the 
left-hand side of the equation (35), and equating to zero the coefQcient 
of any power of x, say x", we obtain the following relation between 
n + 1 consecutive coefBcienta : 

(37) ".+, + «,«.+,-, + «A*^-«+ ■■■ + «.-. S + i + «.'^, = 0- 
If we substitute in it successively ^ = 0, 1, 2, ■ ■ -, we can calculate, 
step by step, all the coefficients e„ e,+,, ■ ■ ■, in terms of the n first 
coefficients c^, Cp ■ ■ ■, c,_i, which may be taken arbitrarily. The 
series (36) thus obtained is convergent in the whole plane and repre- 
sents the integral which for i = is equal to c^, while the first n — 1 
derivatives take ou respectively the values Cj, c^, • ■ •, c,_i for a; = 0. 
We shall show that this integral can be expressed in terms of expo- 
nential functions when it does not reduce to a polynomial. 

The equation (37) is a recurrent formula with constant coefficients 
which connects the n + 1 consecutive coefficients. Now it is easy to 
find particular solutions of that equation. For this purpose, let ua 
consider the algebraic equation 

(38) /(f) = 7' + a^T*- ' + a,7— ' + ■ • ■ -|- a,.i7- + o. = 0, 

which, for the sake of brevity, we shall call the auxiliary equation, 
the left-hand side f(r) being the auxiliary polyiwrniaL If r is a root 
of this equation, it is clear that the relation (37) is satisfied, what-, 
ever may be the value of the integer p, by putting e^ = /". The 
particular integral thus obtained is equal to e", and we see that e" 
it a particular integral of the equation (35) if r is a root of the 
auxiliary equation f(r) = 0. The verification is immediate, for if we 
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replace y by e" in the left-hand side of the equation (36), the residt 
of the substitution is f^f(f). 

If the equation (38) haw n distinct roots r,, r^, • • -, r,, we know n 
particular integrals e'l', e'l', ■ ■ ■, c^"*, and therefore an integral 
(39) y = C,e'.' + C^e'.- + ■ ■ ■ + C,e^-', 

the expression for which contains n arbitrary constants Cj, C,, ■ ■ -, C,. 
This expression represents the general integral, for the determinant 
A'(e'i", «'•', ■ - ■, e'**) can be written in the form 



and the determinant on the right is, except for sign, the product of 
the differences r, — r^. 

Before studying the case in which the auxiliary equation has 
multiple roots, we shall prove a lemma. Let us make the substi- 
tution y= f("z in the equation (35), where a is any constant and z 
the new dependent variable ; by Leibnitz's formula we have 
[ y' = e-'(as + «')- 



(40) 



Substituting these values of y, y', y", - ■ - in the left-hand side of 
the equation (36), ef" appears as a factor, and we have 

F(e--s)=«"G(s), 
where G(s) is a linear expression in z, z',---, a<"' with constant 
coefficients. In order to calculate the coefficients of G(z), let us 
observe that if we replace in jP(j/) the indices which indicate differ- 
entiation by exponents, and y itself hy t/' = 1, the result obtained is 
identical with f(y). If we carry out the same transformation with 
the function z, the formulae (40) may be written symbolically 

yp = e"{a + z)") 
hence G(i!) can also be written, in the same s3'mbolic notation, 
/(a ■+■ s), and, replacing the exponents of n by the indices which 
indicate differentiation, we see that the new equation in « is 

(41) r(e«:,) = «-[/(«), +f(ay +0^1^"+... + l^ .<•>] _ 



i3,Gooi^Ic 



IU,§43] SOME PARTICULAR EQUATIONS 119 

Now let r be a ^-fold root of the auxiliary equation ; if we replace a 
by that root J- in the equation (41), the coefBcients of z, *', s", ■ ■ -j*^"-" 
in this equation are zero, and we obtain an integral by taking for s a 
function whose ^h derivative is zero, that ia, an arbitrary polynomial 
of degree^ — 1, Consequently, if r is a p-fold root of the auxiliary 
equation, to that root corresponds p particular independent inteffraia of 
the linear equation (35), e™, xe™, ■ ■ -, 3^"'e™. 

Let the k distinct roots of f{r) = be r^, r^, ■ ■ -, r^, and let their 
respective orders of multiplicity be denoted by ^,, ^„ ■ ■ ■,iii.('%fii=n). 
From these roots we can form n particular integrals of the linear 
equation. These n integrals are independent, for any linear relation 
with constant coefficients between these n integrals would lead to an 
identity of the form 

e'''*,(^)+ e-''*,(3')+ • ■ • + «''^**(*)= 0. 
where ^|, <^„ — , ^, denote polynomials not all of which vanish 
identically. Such a relation is impossible if the k numbers r^, r^, • ■ •, 
Vt are distinct. For, let n,, n^, ■ - -, % be the respective degrees of 
these polynomials. It is understood that any term in the identity 
is simply omitted if the corresponding polynomial is zero. Dividing 
by e't', we can again write this relation in the form 

^^(x)+ e<'^-'.>"^^,(a;)+ . . . + e<'.-'.>-^,(3;)= 0. 
Differentiating both sides of this equation, we have 

«;W+e".-'.>-W;W+(>-,-'0*,W:+----o- 

The degree of the polynomial which multiplies e<''>~''i>* ia again 
equal to n^, and the polynomial does not vanish ; and similarly for 
the others. After having differentiated (n^ + 1) times, we shall have, 
therefore, a relation of the same form as the relation from which 
we started, but with one term less, 

«^'^a(i«)+ «"'>.(^)+ ■ ■ ■ + e'''^*(a:)= «, 
where the k — 1 numbers s^, ■ - ■, s^ are different, and where iji^, ip^, 
■ ■ ■, ^i are polynomials of degrees n^, n^, ■ ■ ■, w^ respectively. Continu- 
ing in this way, we arrive finally at a relation of the fonne"7r(3:) = 0, 
where 7r(a:) is a polynomial not identically zero. But this is evidently 
absurd. The general integral of the linear equation (36) ia therefore 
represented by the expression 

(42) V = ^''P^,-i + ^^P^~i-i l-e^Pw-i' 

where P^ _,, ■ - ■, P^.^-l are polynomials with arbitrary coefficients, 
of degrees equal to their subscripts. 
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If the auxiliary equation has imaginary roots, the general integral 
(42) contains imaginary symbols, but we can make these imaginaties 
disappear if the coefficients o„ a,, ■ ■ ■, a, are real. For in this case, 
if the equation /(r) = has the root a + fiioi multiplicity p,a — ^i 
is also a root of the same degree of multiplicity. The sum of the two 
terms of the formula (42) coming from these two roots can be written 

e"[(cos 0x + isin fix)<lf(x) + (cos ^ — i sin yfo) *(«)], 
where *(«) and *(«) are two polynomials of degree ^ — 1 with 
arbitrary coefficients, or in the equivalent form 

c"[co8^j*,(a;) + 8in/aE*,(x)], 
where *j and ♦, are also two arbitrary polynomials of degree p — 1. 

Note. In order to expreea the general Integral of the equation (35) in terms 
of exponential functions, we observe that It is first necessary to solve the equ^ 
tion/(r) = 0. If this equation is not solved, the recurrent relations (87) enable 
us always to calculate, step by step, as many an we wish of the coefficients of tbe 
power series which represents the Integral corresponding to the given initial 
conditions. 

We can determine in advance tbe number of coefficients which it suffices to 
calculate In order te obtain the value of the integral with a certain degree of 
approximation. Let ^ be the largest of the numbers 1, |a]|, •--, [0.1, and £ the 
largest of the numbers Ic,,], ]Cj|, -•■, |c,_i|. It is easy to prove, step by step, 
that we have |c» 4-^1 <B{An)f + ^. The absolute value of the remt^nder of the 
series which represents the integral, conmiencing with the term in ;^-l-i', is tliere- 
fore leas than the value of the series 



L <n + y)l <» + P + l)l ^ J 

where p = |ir|, and consequently less than 

(« + p)! 
Consider now a non-homogeneous linear equation with constant 
coefficienla. We can avoid the use of the general method and find 
a particular integral directly if the right-hand side, •p(x'), is a poly- 
nomial. For if the coefficient a. of y in the equation 

?T + »i5:r^ + ■ ■ ■ + a,_, ^ + a.3/ = b.oT + ta-"^ + . . . 
dx' '(£b"-^ ^ dx '" <• • 1 

is not zero, we can find another polynomial of degree m., 

y — ^(x) = c^x" + CjX"-! H , 

which, substituted for y in the left-hand side of the preceding 

eqoation, gives a result identical with ^{x). The m -|- 1 coefficients 
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"m "i* "a' — 1 '^» *•* determined, step by step, by the relations 

«.c, + (m-l)a._,e, + m(m-l)a,_,c„ = A., .... 
where a. is different from zero by hypothesis. This computation is 
not apphcable when a. = 0. Mote generally, suppose that the deriva- 
tive of the lowest order which appears in the left-hand side is the 
derivative of the ^th order. Taking for the dependent variable 
z = dfy/di^, the given equation is transformed into a linear equation 
of order n—p, where the coefficient of z is not zero. According to 
the case which has just been treated, this equation in z has a poly- 
nomial of the mth degree for a particular integral. Hence one par- 
ticular integral of the equation in y itself is a polynomial of degree 
■ni + p. The coefficients of this polynomial can again be determined 
by a direct substitution. It should be noticed that the coefficients of 
a*-', ajp-^j - ■ -, X, and the constant term are arbitrary. 

If the right-hand side ^ {x) is of the form e^P (x), where a is con- 
stant and P(x) denotes a polynomial, we reduce this ease to the 
preceding by putting y = e"«, which leads to the equation 

This equation has for a particular integral, as we have just seen, a 
polynomial whose degree we can determine a priori ; the equation 
in y has therefore a particular integral of the form e"Q(a;), where 
Q(x) also is a polynomial. Suppose in particular that P(x) reduces 
to a constant factor C. If a is not a root of the auxiliary equation, 
the equation (43) has the particular integral z = C//(a), and the equa- 
tion in 2/ has the particular integral Ci^/f(a). If a: is a multiple 
root of multiplicity p of the auxiliary equation, the equation (43) is 
satisfied by putting 

■/"'{') — =P^€, 
or *"* 

'-/""(«)' 
and consequently the equation in y has the particular integral 
Cx' ^ fj^'^ {a). By virtue of a general remark (§ 38) we can there- 
fore find a particular integral directly whenever the right-hand side 
is the sum of products of exponentials and polynomials. This is the 
case in particular if the right-hand side is of the form P (x) cos ax 
or P(x) sin ax, for we need only express cos ax and sin ax in terms 
of e*^ and of e~°^. Having once recognized by the preceding 
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considerations the form of a particular integral, it is not necessary 
to pasB through all the indicated transformations in order to calculate 
the coefficients upon ■which it depends ; it is often preferable to 
substitute directly in the left-hand side of the given equation, 
lie. Let it be required to find the general iutegnd of the equation 

~ da* 



(44) F[y) = — J-j( = ae' + 6e"'' + eMni + {(co823!, 



where a, b, e, g are constants. The auxiliary equation r* — 1 = has the sim- 
ple roots 1, — 1, + i, — i ; the general integral of the homogeneous equation is 
therefore 

(46) i/ = C,e' + C,e-' + C,cosi+ C^sax. 

We must next find a, particular integnU of each of the four equations obtained 
by taking successively for right-hand sides oe', b^", csinz, [7 cos 2 z. Since unit; 
iBa»mplerootof/{r) ^r* — 1 =0, the first of these equations has the particular 
integral axf/fiX) — axf/i. Since 2 is not a root of the equation /(r) = 0, the 
second equation has the particular integral b^'^/f{2) = 1x^^/16. 

In the third equation, r(v) = csinz, we can replace dn z b; (e^—e-'^/2i, 
and we have to seek a particular integral of eaeh of the two equations 

Now, since + i and — i are simple roots of /(r) = 0, we fcnow, a priori, that they 
have respectively two particular integrals of the form Mxe", Nxe-^. The sum 
of these two integrals is of the form x (m cosz + n sin x), and we can determine 
the coefficients nt and n by substituting in F(^j/) and equating the result identi- 
cally to c sin z. This method avoids the use of the symbol i. It turns out that it 
is necessary to take m = c/i, n = 0. We find similarly that the last equation 
Fij/) = 9 cos 2 z has the particular integral n co82z/15. Adding all these par- 
ticular integrals to the right-hand side of the equation (46), we obtt^n the general 
integraJ of the given equation (44), 

44. D'Alembert's method. A large number of methods have been 
devised for the integration of linear equations with constant coeffi- 
cients, particularly in the case where the auxiliary equation has mul- 
tiple roots. One of the most interesting, which is applicable to many 
questions of the same kind, consists in considering a linear equation, 
in which y(r) = haa multiple roots, as the limit of a linear equation 
in which all the roots of /(?■) = ate distinct. In general, let 

be a linear equation, where the coefficients a^, a^, ■■-,«, are functions 
of X which depend also upon certain variable parameters «,, a^,- ■ ■, a^. 
Suppose that there exists a function /(a;, r) having the following prop- 
erty : for q values of r, depending upon the parameters a,, a^, ■ • -, a_, 
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and in general diatinct, the function f(x, r) of i ia an integral of the 
equation (46). Let r„ r,, ■ ■ ■, j-^ be these q values of r such that the 
functions j-/ \ j,, ^ j-/ \ 

form q independent particular integrals of the equation (46), whatever 
the values of the parametera a,, a^, ■ • -, a^, may be. If for certain par- 
ticular values of these parameters the q values r^, r^, ■ • •, t^ are not 
distinct, the number of the known integrals is diminished. Suppose, 
for example, that r^ becomes equal to r^. If r^ is different from r^, 
the equation has the two integrals f(x, r,), f(x, r^, and consequently 

A', •-.)-/<.'. ■■■) 

is also an integral. Now, if r^ approaches r^, the preceding function 
has for its limit the derivative {_f,(x,r)'],. If a third root r^ becomes 
equal to ?■„ we take, similarly, supposing first that r^ differs a little 
from r^, the integral 

/(», ■■■)-/(», '-,)-('•.-■■,)[/:(»■ ■■)],, 

and this integral has for its limit {J'rl(x, r)']^J2 when r, approaches r,. 
This reasoning is perfectly general : if, for certain values of the par- 
ameters a,, ■ ■ ■, flp, k of the roots are eq'ml to r^, the corresponding 
equation (46) has the k particular integrals 

In the case of a linear equation with constant coefficients the 
parameters a^, a^, • ■ ■ , eip are the coefficients themselves, and the 
function f(x, r) is e". This leads again to the results which we 
obtained before directly. 

45. Euler'a linear equation. The linear equation 

where A^, A^ ■ • ■, A^ are constants, reduces to the preceding by the 
change of variable * x = e'. Since dt/dx = 1/x, we have 
rfy _ di/ dt _1 dy ^y _ 1 /d^y dy\ 

dx dt dx X dt dx* x^\dt^ dt/ 

■The general theory (§ 3T> tells ua that the Integrals of the equation (47) cui have 
BO other sineular point than 1 = 0. Now «' cannot be zero lor »ny value of (. The 
Integrals obtained by the change of variable x^e' must therefore be int«gral f uoctions. 
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and we easily verify, step by step, that the product x''{d'yfdx''\ is 
a linear expression with constant coefficients ip dyfdt, i^fdt\ 

• ■ •, d^yldf. The given linear equation is therefore transformed by 
this change of variable into an equation with constant coefficients. 

To obtain the general integral of the equation (47), it is not 
necessary to carry out the calculations of this change of variable, 
for we know that the transformed equation has integrals of the 
form e". The given equation has therefore a certain number of 
integrals of the form (e*)' = if. Beplacing y by af in the left-hand 
side of the equation (47), the result of the substitution is ^/(f), 
where 

/(r)=r(r-l)...(r-7. + l) 

+ ^,V(r~l)...(r-« + 2)+...+^._,r + ^,. 

If the equation f{r) = 0, which here plays the same r31e as the 
auxiliary equation, has » distinct roots r„ r^, ■ ■ ■, r„ the general 
integral is 

y = C^aT' + C^x^ H h C,x'\ 

If r is a multiple root of multiplicity /jl of f(r)= 0, to that root 
corresponds, by D'Alembert's method, the /i particular integrals 

^' ^(^)=^i'Og*. ■•-. i;:rT = ^(Loga;)»-'. 

The general integral of the equation (47) is therefore in all eases 

(48) y = a!'.P^,_,(Loga:)+ ■ • ■ + a^P^,_i(Logx), 

where r^, r^,---,r^ are the k distinct roots of /(r)= 0, where /ij, /i,, 

• ■ ■, fij. are their orders of multiplicity, and where P^,-t (Log or) is 
a polynomial in Log x with arbitrary coefficients of degree /*( — 1. 

If, in the equation (47), we replace the right-hand side by an 
expression of the form x'"Q(Log x), where Q denotes a polynomial, 
it can be shown, as in the case of the equations with constant coeffi- 
cients, that the new equation thus obtained has as a particular inte- 
gral an expression of the same form, whose unknown coefficients 
can be calculated by a substitution. 

46. LapUce'a equation. We can sometimea represent tbe integrftls of a linear 
equation by defioite iDtegrala in which the iDdependent variable appears as a 
parameter under the integral sign. One of the most important applications of 
this method is due to Laplace and affects the equation 

(49) F{y) = (a^ + b^x)^ + {a, + b,x)^^ + --. + (cU + b^x)v = 0, 
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whose coefScientiB are at most of the first degree. Let us try to flDd a BolutJon 
of this equation by taking for y an eipreagion of the form 



'Where Z is a function of the variable z and where X is a definite path of into- 
gration indepeodent of x. We have, In general. 






and, replacing y and its derivatives in the left-hand side of the equation (49) by 
the preceding expreaslons, we find 



(61) 


F(y)=f^Ze"(P+Qi^)dz, 


where w 


e have set, for brevity, 







The function under the integral sign in the expression (61) is the deriTative 
with respect to i of Ze" Q, provided that we have 

We derive from this condition 

z = iei> 

Q 

where the lower limit t^ does not cause Q{t) to vanish. The function Z Iiaving 
thus been determined, the definite integral (51) is equal to the variation of the 
auxiliaiy function 

F = e«Z<3 = e""^-*'o«''' 

along the path L. It will suffice, therefore, in order to obtain an Integral of 
the given equation (40), to choose the path of integration L in such a way that 
the function V takes on the same value at the end as at the beginning, and so 
that the integral (60) has a finite value diCerent from zero. 

Let a, 6, c, . . ., 1 be the roots of the equation Q(x) = 0. The auxiliary funo- 
Uon V is of the form 

(58) r =«"+«<■) (e - a)' (« _ 6)8 . . . (« _ :)*, 

where R{z) is a rational function whose denominator has no other roots than 
the roots a, 6, c, . ■ ., i of Q{x), and of a multiplicity one unit less. Let jl, 3, 
C, ■ . ■ denote loops described about a, 6, c, ■ ■ ■, in the positive sense, starting 
from an arbitrary initial point, and \etjt^i, S-i, C-i, ■■ ■ denote the same loops 
described in the opposite sense. The function V is multiplied by e"*'' when z 
describes the loop ji, and by e-^'" when z descriljes the loop j*_i, and simi- 
larly for the others. It follows that if we make the variable ; describe the 
loops ^, 3, j*_i, 3-1 in succession, the function V takes on again its initial 
value. The definite integral (50), taken over this path j11Bj1-iS-i, is not, in 
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general, zero. It gives a particular intognJ of the given equation. Bj associat- 
ing thep points a, b, €,■■■, tin pairs in all poerible ways, we obtain p(ji — l)/2 
inWgrals, whicli in reality reduce to p — 1 independent integrals. 

We do not find n particular integrals in this waj. In order to obtain others, 
we may look for ttie paths X having their extremities at certain of the singular 
pointsa, b, e, ■ ■-, J and such that the function Fvanisheeat the two extremities. 
If a is a simple root of Q(z) == 0, the function Z contains the factor (z ~ (t)"'', 
and it will be possible for the integral (50) to have a finite value when one of the 
extremities of the path X is at the point a only if the real part of <t is po«tive, 
and in this case V does approach zero at the same time as|z — a|. Ualsan 
m-fold root of Q(«) = 0, the rational function K{i) contains a term of the form 
■^m-i/i'^ — a)"-'. In order to determine the liehavior of the absolute value of 
V in the neighborhood of the point z = a, we need only study the attsoiute value 
of the following important factor : 

Setting (.-a)-e<— --i. 

z — a = p (COB * + f sin #), ^^ _ i - A (cos ^ + isinit), a = oT + a"i, 
we may write the aiisolute value of this factor in the form 
e-"^'*p«-eAp'— ».(♦-<■.- 1)*]. 

In order that Fshaii approach zero with |«— a], it will suffice to make z de- 
scrilie a curve such that the angle ^ which the tangent makes with the real 
axis satisfies the condition cos [^ — (m — 1) ^] < 0. For example, we may take 
^ = [^ + {2le+ 1) i-]/(m — 1). If the angle « has been taken in this way, tiie 
product Ze" also approaches zero with \z — a\. Proceeding in the same way 
with the other points b,c,-' ■, I, we see ttiat we can determine new patlis L, 
closed or not, giving other particular integrals. 

Finally, we can also take, for the paths of integration, curves going off to in- 
finity. We are again led to determine a path L having an infinite branch such 
that the function V approaches zero when the point z goes oO indefinitely on 
this branch. If, for example, the rational function R(t) is zero, and if the angle 
of X lies between and ir/2, it will suffice to make z describe an infinite branch 
asymptotic to a line that makes an angle of 8 ir/i with the real axis. 

Leaving these general considerations,* let us consider in particular Bessel's 
equation. 



I") 'ld*i''*»£*'' 



where n is a given constant. We have here 

P = (2n + l)a, Q = l + z', 
and consequently 

Z = (1 + iV't r = e«(l + s')'* 

The definite integral 

(65) v= f e«(l + *')""^d! 
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!s therefore a puticular integral of the eqaation (&4) if the function 

takes on the Bame values at the eTtremitics of the path of iDtegration. We can 
first t&ke a successioD of two loope described, the first in the positive sense 
about the point z = + i, the second in the reverse sense about the point z =-^ i. 
For the second path of integration we can take next a curve eurrOunding oae 
of the singular points ± i and having two infinite branches with an seyniptotic 
direction such that the real part of zx approaches — oo. 

The real part' of the constant n may be supposed poative or zero, for if we 
put V = x-'"«, the equation in z does not differ from the equation (54) except 
in the change from n to — n. When this is the case, we can also take for the 
path of integration the straight line joining the two points + i and — t. More- 
over, the integral thus obtained is identical with the first except for a 
factor. In order to reduce this integral to the usual form, let ub put ; 
then takes the form 



<B6> u = f_*^cosxHl- Pf'm. 



The remarkable particular case in which n is half an odd number deserves 
mention. If n is positive, the integral (50) always exists and can even be cal- 
culated explicitly, since n— 1/2 is a positive integer. But if the path Z is a 
closed curve, the definite integral (66) is always zero. It seems, then, that in this 
case the application of the general method gives only one particular integral. 
However, in this apparently unfavorable case we can express the general inte- 
gral in terms of elementary functions. For, let us make the inverse transfor- 
mation to the preceding, so that n shall be half of a negative odd number. Then 
n — 1/2 is a negative integer, and the definite integral (56), taken along any 
closed curve. Is a particular integral of the linear equation (54). Taking for the 
path L a. circle having one of the points ± t for center, we see that the residue 
of the function 

e«(l + zV"' 

vrith respect to each of these poles Is an integral of the linear equation. Now, 
It is clear that the residue with respect to the pole z = + t is the product of e" 
and a polynomial, and, similarly, that the residue with respect to the pole z =— i 
is the product of e-™ and a polynomial. These two particular integrals are 
independent, for their quotient is equal to tlie product of e"' and a rational 
function. It is clear that their sum is a real integral, as is also the product of 
their difierence and t. 

Note. The linear equation with constant coefficients is a particular case of 
Laplace's equation, which is obtained by supposing all the coefficients bi zero. 
If we suppose also a^ = 1. we have Q(i) — 0, while P{z) reduces to the auxil- 
iary polynomial /(z). The general method appears to fail, since the expression 
for Z becomes illusory. But it requires only a little care to recognize how the 
method must be modified. In fact, the reasoning proves that the definite integral 
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jtj^.Ze^dx is a particular inUgral of ttie linear equation, provided that the defi- 
nite integral Jfj^^Z/{t)t^dz, taken along the same path X, Ib zero, ^ow, if we 
take for L a closed curve, it is sufficient that the product Zf{z) be an analytic 
function of z in the int«rior of this carve. If, therefore, a{z) deaotee any 
analytic function in a region R of the plane, ttie definite integral 



taken along any closed curve L lying in this region, is a particular integral of 
the linear equation with constant coefficients. We see how this result, due to 
Cauchy, is thus eaaly brought into close relation with Laplace's method. 

As a verification, it is easy to find the known particular integrals. Let z = a 
be a p-fold root of the auxiliary equAtion/(z) = 0. Let us take for the path of 
Integration a circle about a as center not containing any other roots of f{z) = 0, 
and let II(«) be an analytic function in this circle. The remdue of the function 
n(i)e«//(2) orn(«)e«^/[(s-a)J'/, Wl is equal to the coefficient of ftf -' in the 
development of the product 

according to powers of h. If we have 

/i(o+ft) " ' 

the coefficients A^, A^, • ■■,Ap-i are arbitrary, since the function II (z) is any 
function analytic In the neighborhood of the point a. The reridue sought is 
therefore equal to 

L '(1-1)1 '<P-2)I *A,.,y 

that is, to the product of the exponential e" and an arbitrary polynomial of 
degree p — 1. This agrees with the result already known. 



m. REGULAR INTEGRALS. EQUATIONS WITH 
PERIODIC COEFFICIENTS 

Aside from the very elementary cases which we have just treated, it Is, in 
general, impossible to determine, simply from the form of a linear equation, 
whether the general integral is algebraic or whether it can be expressed in terms 
of the classic transcend entals. Mathematicians have therefore been led to study 
the properties of these integrals directly from the equation itself, inst«ad of 
trying to express them (somewhat at random) as combinations of a finite num- 
ber of known functions. We have already seen (Chap. Ill, Part I) that the 
nature of the singular points of an analytic function ia an essential element 
enabling us in certun cases to characterize these functions completely. We 
know a priori (§ 37) the singular points of the integrals of a linear equation. 
We shall now show how we can make a complete study of the integrals In the 
neighborhood of a singular point In a SDeclBl case, which is nevertheless lather 
general and very important. 
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47. PermnUtlon of tiie Intesials inmnd a critlCBl point. Let a be iin isolated 
singular point of some of the coefficients p,,p,, -'-.iiaof tbe linear equation 

We shall suppose also that the coefBcients are siD^e-vaiued in tbe neighborhood 
of a. Let G be a circle with the center a in the interior of which p,, Pt, - ■ -, p, 
have no other singular point than a and are otherwise analytic. Let Xg be a 
point within C near a. All the integrals are analytic in the neighborhood of the 
point x^. Let y,, y^, ■ ■ -, v, be n particular integrals of a fundamental syatem. 
If the variable x describes in the poaitive sense a circle passing througli the 
point Zg about a as center, we can follow the analytic extension of the Integrals 
j/j, y^, •■ •, y, along the whole of this path, and we return to the point Xg with 
n functions F,, y,, ■■■, F, which are again integrals of the equation (67), 
where Yi indicates the funcUon into which yi passes after a circuit around 
the point a in the positive sense. We have, therefore, since Fj, F,,--., F. 
are int^^als of tbe equation (57), n relations of the form 

¥\ = o„yi + o„y, + ■ •• + ffli.tf., 



where the coefficients ou; are constants which of course depend upon the fun- 
damental system chosen. It is easy to obtain the value of tbe determinant D 
fonned by these n^ coefBcients. For we have, by § 38, 



A(F,, F,,--., F.) = A(y, 



Ut'-'-'-y')^ *"' 



But the quotient of the two Wronskians is equal to H (g 36), so that D = «-■"", 
where B indicates the re^due of p, with respect to the point a. This determi- 
nant Is therefore never zero. 

Since the coefBcients in the equations (58) depend upon the fundamental 
system chosen, it is natural to seek a particular system of integrals such that 
these expressions are as simple as possible. Let us seek first to determine a 
particular integral u = \yi ■¥ \ya + ■ ' ' + XnV-i, such that a circuit around the 
point a reproduces that integral multiplied by a constant factor. It is necessary 
for this that we have (7 = *u, where U is the value of u after the circuit, and 
where s is a constant factor, that is, 

+ Ma«i!'i + a«Jl'i+ •■■ + aii.!/«)-s(Xiyi+ ■■■ + \,j/,) =0. 

Such a relation cannot exist between tbe n integrals unless the coefficients 
o' Vir Vtt "-) j/n ^1 vanish separately. Tbe n + 1 unknown coefficients 
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Xj, X,, • ■ ', \i, » muBt satisfy the n conditions 

\{n„ - ») + XjO,, + ■ ■ ■ + K<h,i = 0, 

i + X, (a„ -»)+■■■ + X,a.a = 0, 



■ + Ma«-») = 0. 



Since the quantities X,, X^, • 
lut having u = 0, we see that a 



>t all be z« 



,t the K 



e vitb- 



)t of the equation of the nth degree, 

0.1 

^! =0' 



which we shall caJI the characteristic equation 
moment ago, thie equation cannot hare the r< 
of the n* coefficients Oa would be zero. 

Converse!;, let s be a root of this equation ; the telatlons (SQ) determine 
values for the coefficients X, not all zero, and the integral u = X,y, + ■■• + \,Vm 
is multiplied by a after the circuit around the point a. This being the case, let 
us suppose first that the characteristic equation has n distinct roots 8„ 8,, ' ■ •, %. 
We shall have n particular Integrals u,, u,, •'■, u,sucb tbat, alter the circuit in 
the direct sense around the point a, we have 



(81) 



V. = s, 



ir, = «,«,, 



= 8-"-, 



where Ui denotes the final value of Uj after the circuit. These n integralg Uj, u,, 

■ ■ ■, u, form, a fixndamental system. For, suppose that we have a relation of 
the form 

<62) C,tti + CjUj + ■ ■ . + C.u, = 0, 

where the constant coefficients C,, C,, • ' -, C, are not all zero. After one, two, 

■ ■ ■, (n — 1) circuits, we should have the relations of the same form, 
■ + C,s,u, =0, 



Cjsju, + C,^iij 



+ ■ 



The linear relations (62) and (63) can be satisfied only if we have at the same 
time CjUj = 0, — , C.u, = 0, since the corresponding determinant is difierent 

It is easy to form an analytic function which la multiplied by a constant 
factor s different from zero after a circuit around the point a. In fact, the func- 
tion {x — ay or e^i-'it'-'') is multiplied by e^"''> after such a circuit, and if we 
determine r by the condition t = Log (s)/2 iri, this function (x — ay is indeed 
multiplied by i after a circuit around a. Every other function a having the 
same property is of the form (i — a)'"*(» — a), where the function *(« — a) is 
single-valued in the neighborhood of the point a, since the product u{z— a)""" 
comes back to its initial value after a circuit around the point a. The integral 
ui is therefore of the form 

Ui:={3!-a)'.*t(a-a), 
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where r^ = Log(^)/2ri and nhere the functiona 4rt are single- valued In the 
neighborhood of Uie point a. In a circle C with the radius E about the point a 
as center and in which the coefficients py, — , p, are analytic except at the 
point 0, the integral u^ cannot have an; other singular point than a. The same 
thing ia therefore true of the function ln(x — a), and the point a is an ordinary 
point or an Isolated singular point for that function. We can dismiss the poe^- 
bility that a is a pole. In fact, if the point a were a pole of order m, since the 
exponent r^ is determined except for an integer, we can write 

«t = (a - a)'^— [(« - a)-«*t(i - a)l, 

and the product (x — a)''i>t(x — a) Is analytic for x = a. If the point a Is not 
an essentially singular point for 4nlx — a), we say that the integral U regMlar/or 
X =: a. We can then suppose that the function ^^{x — a) has a finite Talue, 
different from zero, for x = a. 

48. Examinatlan of tha gensnl cue. It remains to examine the case where the 
characteristic equation has multiple roots. We sliall show that we can always 
find n integrals forming a fundamental system and breaking up into a certain 
number of groups such that if v,, ^,, •>■, ^p denote the p integrals of the same 
group, we have, after a circuit in the posiUve sense around the point a, 

(84) Yy = »y„ F, = .(y, + v^), .-., Fp = HVp-i + 16.). 

The different yaluee of » are the roots of the characteristic equation, and to the 
same root may correspond several different groups. If the n roots are distinct, 
which is the case we have just examined, each group is composed of a single 
integral. 

The problem reduces in reality to showing that we can reduce the linear sub- 
sUtutions defined by the equations (68) to' a canonical form such as we have 
just indicated by replacing y^, V^i - ■ - 1 Va l>7 suitably chosen linear combinations 
of these variables. Assuming that the theorem has been proved for the case of 
n — 1 variables, we shall show that it is also true for n variables. 

From what has been shown in the preceding paragraph, we can always find 
a particular integral u such that we have U = >iu. Replacing one of the inte- 
grals, V, for example, by tills integral u, the expressions (68) take the form 

U=iai, 



If in the last n— 1 expressions we neglect the terms bjU, - ■ ., b,u, these eqaa~ 
tions define a linear substitution carried out on then— 1 variables j/^, y^,'--,yn- 
The determinant D" of this substitution in n — 1 variables is not zero, for the 
determinant D of the linear substitution in n variables is equal to itlX and can- 
not be zero. Since the theorem is assumed to hold for n — 1 variables, we may 
suppose this auxiliary substitution reduced to the canonical form. This amounts 
to replacing yj, ^,, ■■ ■, j/n by n — 1 linearly independent combinations z,, Zj, 
■ ■•,*■_! such that the equaUons which define the linear substitution • 

F( = 6,iyj+ ■■■ + 5i,!^, (i = 2,8,...,n) 
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are replaced by a c«Ttain nnniber of groups of equations sacb as 

If we carry out the same traDsformaitionB on the equations (06), it will be 
necfeftary to add to the righUhand aids of the preceding relations terms con- 
taining u as a factor. InotherwordBjWecanfindn — 1 integrals tliat form withu 
a fundamental system, and that separate into a certain numlier of groups such 
that we have for the integrals z,, ?,,■■■, ip of a single group 

(66) Z, = Mi + JBTiU, Z, = »(«, + Kj) + -E'jU, ■ - ■, Z, = »(*p_i + *,) + ff,u, 

vihere K\, f „ ■ ", K^ are constants. We shall fltat try (o make as man; as 
possibie of these coefficients disappear. For this purpose let us put 

tC, = S, + \U, U, = *, + \U, ■ ■ -, U^ = Xj,+ XpU, 

where X,, X,, • ■ -, Xp are p constant coefficients. An easy calculation shows that 
we have for these new Integmls 

("'* \U(= .(u,-i + Ui) + [K, + {^-ii\t- s\.{\u. (i>l> 

If /I— « la not zero, we can choose X,, X,, ■ ■ ■, Xp in such a way that the coeffi- 
dents of u on the right are zero, and we have for the new integrals uj 

V, = Mi, irs=»(Ui+Uj), ■■■, ■ Up = »{Up-l + «p)- 

The substitution to which this group of integrals is suttjected after a circuit 
around a is of the canonical form. If >i = «, since s cannot be zero, we can 
choose X,, Xj, ■■-, Xj-i in such a way bs to mate the coefficients of u In the 
expressions for U^, U^, — , Up disappear. But we may have several groups of 
variables x, subjected to a transformation of the canonical form for which the 
value of > is equal to /t. Suppose, for definiteneas, that there are two such 
groups, containing respectively p and q variables. After the preceding change 
of variables the substitutions which these two groups undergo are of the form 

(I) Fj = ™, + JBT^u, U, = »(u, + u,), ■ . ., ITp = «(Wp + Hp_,), 
(H) UJ = ««»; + ir;«, Ui = H'h + 'h), ■■; it; = »(";+ «g'-i)- 

If ff J = JBT, = 0, we have three groups of integrala, u, (u,, Uj, ■ ■ ■, Vf), (uj, v^, 
■ ■ ' , u^), subjected lo a substitution of the canonical form. If we suppose that 
p = g, and if if, is not zero, by putting t)i = u| — K[ui/Ki the second group 
of integrals Is replaced by a group of q integrals v, which undergo a substitution 
of the canonical form. Next, putting Uj, = -ff^u/*, the {p + 1) integrals Ug, Uj, 
• ■■,Vp form a single group which undei^es a transformation of the canonical 
form. If Kj = 0, while K[ is not zero, putting u^= Xju/s, we have two groups 
of Integrals, (u„ u,, •' ^Up), (Ug, uj, ■ --, u^), which undergo a sutistitution of the 
canonic^ form. The theorem stated is therefore true in general." 



•Fo» a full treatment of the application of Weierstrass's theory of eZementary 
^euort to linear differential equations the paper by L. Saavage (Annalet de Creole 
Sormale tapirieure, ISSl, p. 28S) may be consolted. 
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If P,(a) is not zero, the point a Is a pole of order i for pj ; but if Pi{a) = 0, 
the point a is a pole of order leas than t. It may cvon happen that the point a 
is an onlinary point for some of the coefBcients p,-. The preceding conditions 
ma; be restated as follows : The linear equation naiat be of the form 

where P,, Pj, •■■, P^are anaiytie fujuAUma in the n^hborhood qf the polid a. 

We shall develop the proof only for the case of an equation of the second 
order, and we shall suppose, for simplicity, that a = 0. In this particular case 
the first part of Fuchs' theorem may be stated as follows : Every equation of 
the lecond order, which has tv>o independent and regular integrals in the 7\eighbor~ 
hood of the origin, i» of the form 

(72} I V + zP (I) y' + Q (2) y = 0, 

uiA«re F{x) and Q(x) ore analytic in thi» neighborhood. 

If the corresponding equation in a (60) has two distinct roots s^iS^it^B equa- 
tion (72) has two regular integrals of the form 

(I) y, :=*'-.*,(2), I'2 = af"*j(x), 

where the exponents r,, r^ are different and where ^,(z), ^]{z) ate two analytic 
functions which are not zero for z = 0. If the equation in a has a double root, 
without causing the appearance of logarithmic terms in the expression for the 
general integral, we have again two particular integrals of Che preceding form, 
where the dillerence r,— r^ is an integer. We can always suppose that that 
difference is not zero ; for If we had Tj = r,, we could replace y, by the oom- 
Wnation^j(0)^, — ♦g<0)y,, which is divisible by afi"'"'. Finally, If the eipression 
for the integral contuns a logarithmic term in the neighborhood of the origin, 
we can take a fundamental system of the form 

(II) V, = x''l>,{x), V, = ir'-.[#,(i) Log(x) + ^,(1)], 

where ^,(z) Is an analytic function which is not zero for z = 0, and where ^](x) 
is a single-valued function in the neighborhood of the origin, which may have 
the point X = for a pole. We have to show that every equation which has two 
independent integrals of the form (I) or of the form (II) in the neightiorhood 
of the origin belongs to the I'uclis type. The direct verification does not offer 
an; difGculty, but we can abridge the work as follows : If we put y = 2'i^(z)u, 
the linear equation In u obtained b; this transformation has a general integral 
of one of the forms 

«=C,+ Cj»>jr{*), M = C,-^C,[Log{*>^-x{I)], 
wbere jr{x) is ana];tic for x — or has this point for a pole. This equation is 
of the form (72), for the derivative u' is of the fonn 

u' = C,ic«i-(j:), 
where ((x) is an ana!;tio function which is not zero for i = 0. The linear 
equation in u is therefore „ „, , 
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which is of tbe Fucbs type. Now it is easy to see that this type is pTeaerved 
after a transfonnaitioii such as ^ = X'i^^{x)u. The flrat part of the propodUoo 
is therefore established. 

In order to prove tbe conveTse, let vs substitute for v on the left-hand dde 
of the equation (72) a development of the form 

(78) V = Coa/- + Cii't 1 + - . . + e.z'-+- + ■ • -, (C|» ^ 0) 

and let 

P(a) = Oj + Oil + ■ ■ ■, Q{i) = 6o + 6,1 + . - . 

be the developments of tbe functions F and Q. Tbe coefficient of ^ In Che 
lesulting equation ie 

[r(7-l) + v+yv 

Since, by bypotheds, the first coefficient c, is not zero, we must take for r one 
of the roots of the equation of the second degree 

<74) iJ(r) = r(r-l) + a.r + 6, = 0. 

Having taken a toot of this equation for r, we can choose c^ arldtrarily. Let 
us take, for example, c^ = !■ Similarly, the coefficient of z'-i-j' after the sub- 
sUtution is 

«?[(*■ + P) {r + P - 1) + <io('' + P) + 6»] + ■?■= <^-D('- + P) + -P, 
where P Is a polynomial with Integral coefficients in c,, c,, ■■ ..e,,-!, a„ a,, • ■■, 
1^, &j, b,, ■■•, (ip. Putting successively p —1, 2, 3,- ■■, we shall be able to cal- 
culate, step by step, the aucceaglTe ooefficlenta c„ c,, • - -, c^, unless D{t + p) is 
zero for a positive value of the Integer p, that Is, unless tbe equation (74) has a 
second root r* equal to the first r Increased by a, positive Integer. Discarding 
this case for the moment, we shall obtain a particular integral represented by a 
series of tbe form (73), the convergence of which will be demonstrated later. 
If tbe equation D{r) = has two distinct roots r, r", whose difference Is not an 
Integer, the preceding method enables us to obtain two independent integrals, 
and the general integral is represented in the neighborhood of tbe origin by tbe 
expression 

(75) y = C,X"f(x) + C^ir'iix), 

wiiere *(i) and ^(i) are two analytic functions which do not vanish for x = 0. 

This Is no longer the case if the two roots of the equation (74) are equal or 
If tbelr difference Is an integer. Let r and r — p be these two roots, where p is 
a positive integer or zero. We can always obtain a fiist Integral of tbe form 
Vj = tr^{x), A second integral y^ is given by tbe general formula (2S), which 
becomes here 

r/e*-."."-)'. 






Tbe sum of the roots of the equation (74), or 1 — a^, is equal in this case U 
2 r — p ; hence a, = p + 1 — 2 r, and accordingly 



.-/e*-.- 



...)., 



where $(x) is a regular function in the neighborhood of the origin, which la not 
zero for x = 0. Tbe second Integral y, can therefore be written in the form 
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where T{x) la an analytic function which is not zero tor » = 0. 

If ^ is tbe coefficient of x» in T{x), we see that the integral v, is of the form 

Vt = !r*(x) \a Log! + ^M1 = x'-Pi'ix)+Axr^{x)-Logz, 

where ^ (i) denotes a new analytic function in the neighborhood of the origin. 
This resuft agrees precisely with the general theory. As a particular case, it 
may happen that we have ^ = 0; the general integral does not then contain 
logarithms in the neighborhood of the origin. But since T(0) is not zero, it is 
to be noticed that this case never arises when p = 0, that is, when the equation 
(74) has a double root.* 

To complete the demonstration, it remains only to prove the convergence of 
the series (73) obtained by taking for r a root of the equation (74) such that the 
second root r" is not equal to r increased by a positive integer. To simplify the 
proof, we may suppose that r = and that the second root r' is not equal to a 
positive integer ; for if we put y = xfz, the equation analogous to D(t) = for 
the Unear equation In z has the roots of the equation (74) reduced by it. We shall 
suppose, therefore, that such a transformation has already been made, so that the 
equation (74) has the root r — and Chat the second root is not a positJve Inte- 
ger. For this it is necessary that b^ be zero. Modifying the notation somewhat, 
and dividing all the terms by z, we shall write the equation (72) in the form 

(76) xv" + %v' = 2/(<i, + Oj» + ■ ■ ■) + ViPi + bji + - . .), 

where thecoetHcientsapb,, a,, ■■• are not the same as before. We are to prove 
that this equation (76) has an analytic integral in the neighborhood of the origin, 
whjch does not vanish for x = 0, provided that 1 ~ a^ is not a positive integer. 
Now, if we try to satisfy this equation formally/ by a series of the form 

(77) j( = l + CiX+ ■•■ + c.a!"+ ■■■, 

we obtain successively relations tietween the coefficients of the form 

(7B\ /"«.{»- 1 + «b1 = P-{a„ oj, • ■ ■, b„ 6j, . . ., 6,, c„ c,, . . ., c._i}, 
''*•' t (n = l,2,..-) 

where P, Is a polynomial whose coefficients are all real positive numbers. By 
hypothesis, the coefficient n — 1 -1- a^ does not vanish for any positive integral 

*Let us suppose that the functions i*(3:) and Q(i) In the equation (72) are even 
functions of x, and that the difference between the roots of Z)(r)''0 is an odd integer 
3n + l. lu this case the logarithoilc term always disappears in the integral ]/%■ In 
fact, it we take for the Independent variable C'^i^. the equation (72) is replaced by 
an equation of the same form, 

m 4ii5*j,[i*j.(v;):g,«(Vi),-o. 

and the roots of the equation analogous to Z>(r)-0 are, as U easily verified, half of 
the roots of D{r)-<t, Since their difference is not an Integer, It follows that the 
general integral of the equation (T20 does not contain any logarithmic term in the 
neighborhood of the origin. The same thing is tberetote true of the equation (72). 
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value of n. We can therefore detenniDe a. poeitJve number it such that we have, 
for every positive integral value of n,|n — l + o„]>>i(n + 1), since the quotient 
(n — 1 + ao)/(i + 1) approaches unit; as n becomes infinite. Let us replace, on 
the other band, the coefBcients of Xj/" and y on the rigbt-hand side of the equa- 
tion (76) b; dominant functions, and let u8 consider the auxiliary equation 

(70) ^(xY" + 2Y') = xY\Ai + A^x + ■■.)+ T{Bj +B,x+.. ■). 

If we attempt to satisfy this new equation b; a series of the form 

(80) r=i + c,z+.-- + a,x- + --., 

we are led to the relations analogous to the relations (78), 

(81) •wC,(n + 1) = F.(^„ -l,,- ■ ■, Bp i*t, ■ ■ -, C„ . . ., C,_i>. 

If we compare the expressions nhlch give the values of the coefficients c, snd C^ 
P,(g„a,...-,6i.6,...-,c,.---.e.-i) ^ ^ F.(^,. ^„ ■ ■ .. C. _i) 
ii(n-l+<<,) ' " n^(n + l) 

the conditions il,-^ [aj], BiSlbiljIn — 1 + ag|^ft(n-|- 1) show succesdvely that 

kil<C„ |c,|<Cj, -.-, IcKC; 
hence it will suffice to shovr the convergence of the auxiliary series or to show 
that the equation (79) has an analytic integral, in the neighborhood of the ori^n, 
not vanishing for z = 0. If we lake for the dominant functions an eipresMon 
of the form Jlf/(1 — x/r), the auxiliary equation (79) can be written 
xY" + 2Y' _M 1 
XY-+Y ~ ^ ^_x'' 

whence we derive, by a first integration, 

xY'+Y=c(l~-) " 



xY=cr{l--\ "dx + C. 



We have only to take C = 0,C = 1 in order to have an analytic integral. In the 
neighborhood of the origin, not vanishing for a = 0. 

Exletaion lo the general case. The proof of Facbs' theorem for the general 
case can t>e baaed on the same principles by showing that if it is true for an 
equation of order (n — I), it is also true for an equation of order n. 

If the equation (67) baa n particular integrals separating into a certain num- 
ber of groups of the form (70), it has at least one particular Integral of the form 
(i — a)""^ (i — a), where ^ (z — a) is an analytic function in the neighborhood 
of the point a, which does not vanish for x = a. The substitution 

!^ = (i~a)'0(i6-a)u 
will lead to a linear equation in u which has the particular Integral u = I ( 
hence the derivative u' satisfies a linear homogeneous equation of order n ~ I. 
The theorem being supposed true for a linear equation of order n ~ I, this 
equation in u' is of the Fuchs form; the same thing is evidently txue of the 
equation In u and therefore of the equation in j/. 
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CoDverselj, let us consider an equation of tbe form (71), in which a = 0. 
This equEitioD is formally satisfied bj a series of tbe form 

y = c„3' + Ciar-+>+ ■■., (C(,?*0) 

where r denotes a root ot the fmidamental characterigtic equation 
IS3\ p('-> = '-{r-l)...(r-n + l) 

I +P,(0)r(r-l)...(r-n + 2)+-.- + P,(0) = 

such that no other root of this same equation is equal to r increased hy a pod- 
Uve integer. In order to establish the convergence of this series, it is easy to 
show, by an artifice analogous to the one employed for n = 2, th&t it snfflces to 
prove that a linear equation of the fonn 

*(z.-.r).^i^(,.-.r) 

osc" , X itr" ' 

has an analytic Integral in the neighborhood ot the origin not vanishing for 
z = 0. Now this equation has tbe particular integral (§§ 18 and 36) 

Y = ^ . r'{i_()--5('l_-V dt, 

(n - 2) ! z-i Jo^ ' \ rj 

which actually satisfies the preceding condition. If tbe equation (62) has n 
diatinct roots, r,, r,, — , r.,, such that none of the differences ri — r^ is equal to 
an integer, the general integral of the linear equation Is of the form 

y = C,i^*,(z) + C,r,*,(i) + ... + 0,1^.^(1), 
where *[, #,, ■ ■ ■ , ^ are analytic in tbe neighborhood of tbe origin. If the 
equation (82) baa equal roots or, more generally, roots such that some of the 
differences r, — rt are integers, tliase roots separate into a certain number of 
groups, tbe difference between two roots of the same group being an integer, 
while tbe difference between two roota of different groupa is never an integer. 
Let r be the largest root of one of these groups. We have juat aeen that the 
equation (71) has a particular integral of the form x'^(x), where ^(x) ia an 
analytic function in the neighborhood of the origin and such that 4t(0) Is not 
zero. By putting y = x'l>{x)u, then du/dt = v, we are led 1ji a linear differ- 
ential equation of order n — 1 in o, which is again of tbe Fuchs form. The 
theorem being supposed true for an equation of order n — 1, that equation in v 
has n — 1 particular independent integrals of the form 

o = I- [,Ao (I) + It, (a;) Logx + ■ . . + V, (I) (Logi)«], 
where f^, it,, . ■ ., i^, are analytic functions for x = 0. If a ia not an integer, 
we easily see, by a succession of integrations by parts, that fv dx ia an eipres- 
sion of the same hind as n, If a is an Integer, fudx contains also a logarithmic 

"" C(Logx)^+\ 
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fil. Qansa'a equtlaii. Let lu apply the general method to tbe eqaaUon 
(83) z{l~x)y" + iy-(a + p + l)x-\v'-aPt/ = 0, 

where a, p, y are constants. The singular points in the finite plane are a = 
and s = 1. The characteriBtic equation for the point z = is r(r + 7 — 1) = 0, 
and its roots ace r = 0, r = 1 — 7. If 7 is not zero nor equal to a negatiTfl 
integer, it follows from the preceding theory that the equation has an analytic 
integral in the neighborhood of the origin corresponding to the root r = 0. In 
order to determine this integral, let us substitute in the equation the series 

i/ = c„ + c,a;+ ...+c^+ ... 
and equate to zero the coefficient of it»-'. This gives a recurrent relation 
between any two consecutive coefficients 

n(7 + n-l)c = (a + n-l)(^ + n-l).^»-ii 
hence the analytic integral is the series 

1.7 1.2.7(7 + 1) 

which is called the hgpergeometrk aeriet. This series is convergent in the circle r,, 
with unit radius about the origin aa center. In order to obtain a second integral, 
let us make the transformation y — x>-yz. This leads to an equation of the 

-(« + ^ + 3 

-7)(J3 + 1-7)J 

which differs from the first only in the substituOon of a: + 1 — 7,^+1 — 7, 2 — 7 
for a, p, y respectively. If 2 — 7 is not zero nor equal to a negative Integer, 
the equation (83) has therefore the second integral ai-i'P(ar+ 1 — 7, p+ 1 — 7, 
2 — 7, x) ; and if 7 is not an integer, the general integral is represented in the 
circle r,, hy the expression 

(85) K = C, F{a, ft y,x)+ C^xi-yF{a+l-y,p+l-y,2- 7, x). 

If 7 is an integer, the difference between two roots of tbe characteiistio 
equation is zero or equal to an integer, and the integral contains in general 
a logarithmic term in the neighborhood of the origin. We shall study only the 
case where 7 = 1. The two integrals 

F(a, ft 7, X), xi-yFia + 1 - 7, p + l_ 7, 2 _ 7, i) 
reduce in this case to the single integral F(a, ft 1, x). 

In order to find a second integral, let us first suppose that 7 differs but little 
from unity, say 7 = 1 — A , where A is very small ; then the equation (83) has the 

F(a,p,l-h,x), s^F(a + h,p + h,l + k,z), 
and consequently the quotient 

a*F(ar 4- ft, p + ft, 1 + ft, g) - F(a, ft 1 - h,x) 
h 
is also an integral. As ft approaches zero, this quotient approaches as a limit the 
derivative of the numerator with respect to ft at the point A = 0, The deriva- 
tive of tlie factor a:' gives us a logarithmic term which, for ft = 0, reduces to 
F{a, 0, 1, x)liOgx. To find the derivative with respect to A of any coefficient 
in the two series, such as the coefBclent 
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(tt + ft) (g + ft + I) ■ ■ ■ (g- + ft + n - 1) (g 4- ft) (g +ft + 1) ■ ■ • (g + ft + n - 1) 
nl (l + S)(2 + ft)...(n + A) 
it [a convenient lo calculate first the logarithmic derivative. We find thus a 
new integral which has the form 

f^,(i) = FKftl,i)Log* 
(86) J g(g + l).--(g + n-l)gtf + l)-.-tf + n-l) _ 



-2^1 + - + ... +-J. 

We might etadj in the same way the integrals of Gauss's equation in the 
neighborhood of the point st = l, but it suffices simply to notice that if we 
replace e by 1 — e, the equation does not change in form, hut y is replaced by 
a + fi + l — y. The general integral is therefore repreeented in the circle F^ 
with unit radius about the point z = 1 as center by the eipresaion 
V = C, F{a, ft a + (J + 1 - Y, 1 - I) 

+ C,(l-l)Y-"-BF(7-a,7-ftT + l-«-ftl-«), 
provided that y — a — p ie not an integer. 

In order to study the Integrals for values of x of very large absolute value, 
we put X = J/'i *"d we are then led to study the int^rals of a new linear 
eqnaUon in the neighborhood of the origin. The integrals of this equation 
are likewise regular in the neighborhood of the origin, and the roots of the 
characteristic equation are precisely a and p. If we substitute Himultaneously 
J! = 1/i, J/ = Vz, the equation obtained is again of the form (83), but p is 
replaced by « + 1 — 7, and 7 by a + 1 — p. Gauss's equation has therefore 
the integral 



'--(- 



By symmetry It has also the integral obtained from this one by interchanging 
a and ft and therefore the general integral is represented in the region exterior 
to the circle r^ by the expres^on 

V'!=C^z-'F{a,a + l-y,a+l-p,l\ + C^Z-PF{p+l-y,p,p+l-a:A. 

provided that or — ^ is not an integer. 
Note. Every linear equation of the form 
(87) (z -a)(x-b)y" + (h + m)y'+nv = 0, 

where a, b,l,m,n are any constants (a ^ 6), reduces to Gauss's equation by the 
change of variable x = a + {b^ a)t. For, to identify tbe resulting equation 

'<-"S-('S-')'i-»'=' 

with the equation (83), we need only put 7 = — (la + m)/{b — a), and then 
determine a and p by the two conditions a + p + 1 ^ I, ap = n. 
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SS. BmmI'i •qutloD. Let us consider in particular the equation 

(89) a{l-ti)v" + (c-te)y'-ai/ = 0, 

which has the two singular points z = 0,x — 1/Jc, and which can be reduced to 
Gauss's aquaiion by tbe change of variable Icx — t. If we make the parameter k 
approach zero while a, b, c approach finite limits A, B, C, the singular point 
X = 1/ib goes off to iaflnity, and we obtain at the limit the linear equation 

(90) xy" + {C - &c)y' ~ Ay = 0, 

whose only ^Dgular point at a finite distance is the point x = 0. If B ia not 
zero, replacing Bz by z we are led to an equation of the same form, where 
B = 1. Littewise, if B = and A is different from zero, we can suppose ^ = 1. 
Finally, disregarding the ttirial case A = B = 0, tbe equation (00) can be 
replaced bj one of the two forms 

(91) xv" + {y-x)v'-av = 0, 

(92) xi/" + yy'-v = 0. 

Studying the Integrals of these two equations in the neighborhood of the 
origin, as we have done for Gauss's equation, we are led to introduce tbe two 

a{a,y,x) = l + -=-x+-- "^ - *' -a'+ .... 
* l.T 1.2.7(7 + 1) 

which may be con^dered as degenerate cases of the hypeigeometric serioB. If 
we replace in F{a, (9, y, x) the variable i by to; and p by 1/t, the coefficient 
of x" in F(<r, 1/jfe, y, ii) approaches tbe coefficient of z" in G(iir, 7, z) aa ill 
approaches zero. Similarly, the coefficient of z> in ^(1/1;, l/jt, 7, I^^x) approaches 
the coefficient of if in J (7, x) oak approaches zero. 

If 7 is not an integer, the general integral of the equation (91) is given by 
the expression 

(93) y = Cfi (a, 7, x) + C,i» -»G (a + 1 - 7, 2 - 7, as). 
Likewise, the general integral of the equation (92) is 

(94) V = 0, J(7, «> + Cja!i-Tj(2 - 7, z). 

These fonnulte are valid in the whole plane. 

If 7 is an integer, tbe general integral of the equation (02) always contains a 
logarithmic term. For example, if 7 = 1, we obtain an integral different from 
J(\, x) by finding the limit for A = of the quotient 

g*J(l + A.x)-J(l-ft.z) 
h 
which gives for tbe general integral 



y = C, J(l, X) + C,[j(l, e)Loga; _ 2^^ (l + 1 + 



We can reduce to the form (92) a certain linear equation which appears 
in a large number of questions of mathematical physics. Let us put in the 
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equation (62) z = — (*/* ; replacing 7 by n + 1, the equation obtained is iden- 
tical witli the equatioD already studied <§ 46), 



If, in this last eqnatioii, we put y = t-'z, we obtaic a new form of Bessel's 
equation, 

" ''S + 'l + t'"-"-!""- 

The three equations (02), (85), (00), where 7 = n + 1, are therefore absolutely 
equivalent to one another. If n ie not an integer, tbe preceding development 
shows that the general integral of Bessel's equation (96) is 



= C.VJ\ 



(" + '•-!> "•'-•'('— -!> 



We have shown above (g 46) that if n is half an odd integer, the general integral 
of the equation (96) can be eipressed in terms of elementary transcendental 
functions. Hence tbe transcendental function J(y, x) is expressible in terms of 
exponential functions if 7 is half of an odd int^er. 

Note. The equation studied by Biccatj, 

(07) ^ + .lit* - flip- = 0, 

where A, B, m are given constants, can also be reduced to any one of the 
equivalent equations (02), (05), (06). Indeed, we have seen (% 40) that tbe gen~ 
eral integral of tbe equation (97) is z'/Az, where z is tbe general integral of 
the linear equation 

(98) ^-ABx.'^i = (i. 

If we make the change of variable x — Xt", where X and n are two undetermined 
quantities, the last equation becomes 

(00) (|f-(^-i)g_^ItX~+V^(("+«''-iz = 0. 

In order to identify this equation with the equation (05), we need only take 
11 = 2/(m + 2), and determine \ by the condition ABX"*^!/? =—1. The cor- 
responding value of n is — /i/2 or — l/(m + 2). We can therefore express tbe 
general integral of Biccati's equation (97) in finite terms whenever l/(m + 2) 
is batf of a positive or negative odd integer 2t -f- 1, that is, whenever m is equal 
to — 4t/(l + 2i), where t denotes a positive or negative integer. 

Its. Picaid's equations. Given a linear difierential equation with coeflBclents 
analytic except for poles, we can determine by Fucbs' method whether the 
general integral is itself an analytic function except for poles. For this it is 
necessary and sufBcient ; (1) that tbe integrals shall be regular in the neigh- 
borhood of each of tbe singular points ; (2) that all the roots of the charac- 
teristic equation, relative to each of these singular points, shall be integers; 
finally, (3) that all the logarithmic terms shall disappear from the expression 
for tbe general Integral in the neighborhood of a singular point. 
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Suppose that all these conditiona are BUlafled. The general integral is tlien 
a siDgle-Talued analytic function except for poles in the whole plane. If the 
coefficienta of the equation are rational (unctions, there are only a finite num- 
ber of Jugular points a,, a,, ■ • ■, a,. la order for the general integral to be a 
rational function, It la BufBcient that the equation obtained by putting z = 1/t 
shall itself have all it« integrals regular in the neighborhood of the point 1 = 0, 
since the general Integral Is eingle-yalued and therefore cannot contain 1<^- 
arithmic terms nor fractional powers of t. If this last condition is satisfied, ne 
can obtain the general integral by equating coefScientA according to the method 
of undetermined coefficients. In fact, let — mi be the smallest root of the char- 
acteristic equation relative to the point x — a,-, and N the smallest root of the 
characteristic equation relative to the point t — for the transformed equation. 
It is clear that the product of any integral g and the expression 

(z - a,)"i (I - di)-. ... (I - a,)- 
ia a rational function having no poles in the flnite portion of the plane. This 
product is therefore a polynomial P{x), whose degree is at most equaJ to 
ni, + mj+ ■.■ + m, — JT. 

Since we know an upper bound for the degree of this polynomial, the coefficients 
can be determined by replacing y by an eipreadon of the form P(z) II (x — Oi-)-"S 
where P{x) is the most general polynomial of this degree, in the left-band side 
of the given equation, and then equating the result identically to zero. 

Picaid has given another very important case vrheie the general Integral can 
be expressed In terms of the classic transcendental functions. Given a linear 
homogeneous differadial eQitafion, whose co^ffkientii are elliptic fuTWtiom of the 
independent tarioAie tenth ufenCicoZ periods, if its general it^egnd i> an amUytic 
fiijuilioTi except for poles, that integral can be expressed in terms <if the standard 
transcendental fitnctiona of the theory of eHiptic fu.nd.iornM. 

For simplicity In writing, let us develop the proof for an equation of the 
second order only. Let /,(a!), /^{a:) be two Independent Integrals of a linear 
homogeneous equation y" + p (a) y" + ^(x^y — 0, wherep{z) andg{z) are elliptic 
functions with the periods 2 a> and2u'. Byhypothesis,/i(x)and/,(z) are single- 
valued functions analytic except for poles. Since the given equation does not 
change when we replaces! by z-[- 2u,/,<z + 2w) and/j(a + 2(tf) are also inte- 
grals, and we have the relations 

(100) /,(! + 2 «) = q/,{i) + Y»{x), /,(z + 2 «) = ^,(a) + df^ix), 
where a, h, c, d are constant coefScIents whose determinant od — be Is not zero. 
Forif we had (Ul—bc = 0, we could derive from (100) a relation between/,(z-(-2u) 
wid/j(z-H 2«) of the form C,/,{z -^ 24))-^ Cj/,(i + 211) = 0, where C, and 0, 
are constants not both equal to zero. This Is impossible, since/, and/, are two 
Independent integrals. For the same reason, we have another system of relations 

(101) /,(! + 2 -0 = <fi(i) + b%(^), /ii(x + 2 bO = c'/i(i) + d%(x). 



where a', &', c', d'are constant coef^Ients, and a'df— b'c' la not zero. Let us try 
to find, as in S i^, an Integral (z) = Vi(z) + nfti^) such that ^ (x + 2 «) = s^ (x>. 
We have for the determination of \, fi, a the two equations 

X (a - s) + /iC = 0, \6 + /i (d - «) = ; 
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whence we derive the equation of the second degree for a, 

f («) = »«- (o + d) «+ od - 6e = 0. 

If this equation has two distinct roots «|, a,, there exist two Independent Inte- 
grals ipitx), #j(ie) such that we have 

(102) *,{* + 2«) = «,#,{a!), *,(a! + 2-) = »s«,(a;), 

tind the relations (lOI) can be replaced by the two lelationa of tite same form 

(103) «,(a +2<y) = t*,(J!) + !*)(«), *j(i + 2 </) = m*,(ii) + ii*,(i). 

B7 means of the relations (102) and (103), we can now otitain two dlfierent ex- 
pre8rioiisfor^,(x + 2 w + 2 «') and 0,(z + 2 u + 2 uO^ We have, on the one hand, 

#,{a! + 2 « + 2 «0 = «,*i(a! + 2 «") = »,**,(«) + •,!*,{«). 

On the other hand, proceeding In the Inveise order, we may also write 

*,(! + 2U + 2 «') = t*,(i + 2 «) + i*,(a; + 2 <«) = t8,*,(i) + V»(«)- 

Since these two expressions must be identical, we have 1 = 0, for *, — «, is not 
zero. Similarly, by considering the two eipressiona for #,(« + 2 m + 2 1/), we 
find tn = 0. The integrala #,(z), 0j(x) are therefore analytic functions except 
for poles, which reproduce themselves multiplied by a constant factor when the 
variables increases tiy a period ; these B.re ca.Ued doubt]/ periodic funetiOTit <if the 
second tind. Every function ^{x) analytic except for poles which possesses this 
property can be expressed in t^rms of the transcendental functions p, f, r, dnce 
the logarithmic derivative •p'(x)/ifi{x) is an elliptic function, and we have seen 
that the integration does not introduce any new transcendental (It, Part I, % 76). 
Moreover, we can prove this withoat any integration. Let ^{x) be an analytio 
function except for poles such that 

0(a; + 2«) = ^(x), ♦(iB + 2«') = ^'^{x). 

Consider the auxiliary function f{x) = e^rlx — a)/a{x), where a and p are 
any two constants. From the properties of the function «- (see Vol. II, F^n I, 
( 72) we have 

^(3; + 2B) = e>-*'-»'>»f (X), <i,(x+2i/) = ^''i—'r»f(x). 

In order for the quotient ^(2)/^(z) to be anelliptic function, it is sufficient tliat 

2<.p-2a, = Log,<, 2»i>-2a,,' = LogM'. 

These relations determine p and a (II, Part I, p. 161). It should be noticed that 
we can take n = if Log n and Log /i' are proportional to the corresponding 
periods 2w, 2u'. 

Let us now turn to the case where the equation F{b) = has a double root s. 
Vfe can find (§ 48) two independent Integrals #j(z), ^(x) such that 

(104) *,(! + 2 ») = s*,(z), *,(z + 2 «) = «*,(!) + C*,(*). 

If C = 0, all the Integrals of the equation, and in particular /^(z) and/j(z), are 
multiplied by » when z is Increased by 2 w. Assuming C = 0, let us try to find a 
linear combination X/j(z) + h^;(z) which reproduces itself multiplied by y when 
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X increases by 2u'. Starting from the equatJona (103), we find two independ- 
ent integrals ^,(1:), ^(z) such tliat either 

*,(* + 2 «-) = *-#,(>!), *,(* + 2»0 = «'*,(»:) + C*iW, 
where C if) not zero. In the Gist case the integrals 0|(x), ^,(z) are again 
doubly periodic /unctions of the second kind. In the second case the int^ral 
^,(x) alone is a doubly periodic function of the second kind. As for the inte- 
gral *,(3:), the quotient #,{i)/*i(*) increases by a consunt C when x increases 
by 2u^, and it does not change when x increases by 2w. Now the function 
A[{x) 4- Bx, where A and B are two constant coefKdents, possesses the same 
property, provided that we bave 

2.di, + 2B« = 0, 2Ai' + 2BW = C'. 
The difference ^,/^[ — -^i'(z) — Be is therefore an elliptic function. 

If the coefGcient C is not zero in tbe equations (104), we have relations between 
the integrals *[(i), *,(/), <p^{x + 2w'), *,(ir + 2«') of the form (103), and we 
can iigain deduce from them two different expresfflons for ^j(z + 2u + 2i/) 
and ^,(x -I- 2w + Sis'). By writing that they are identical, we obtain the con- 
ditions 1 = 0, k — n. The integral ^,(z) is again a doubly periodic function id 
the second kind, while the integral ^,(x) satisfies the two relations 
»,(i-l-2«) ^»,(3!) C 4>^{x + 2u') ^^,(x) m 

«,(JE + 2«) «,(*) s' ♦,(j;+2«.') ♦,(2) *■ 
Let us determine just as before the two coefBcients A and B in such a way 
that 2A^ + 2Bu = C/», 2Aii' + 2Bai' = m/k. Then the difference 



is again an elliptic function. We see, therefore, that tbe general integral is in 
all cases expree^bie in terms of tbe single transcendentals e', p{x), j;{x), r(x). 
Let 11s consider, for example, Lami'i eqaaiion. 

(105) g - [n{n + l)p(x) + ft] V = 0, 

where n is an Integer and h is an arbitrary constant. The integration of this 
equation by Hermite was the starting point for the preceding theory. The gen- 
eral integral of this equation is a function analytic except for poles. In fact, 
tbe only singular points are tbe origin and tbe points 2ma -f 2ni'u'. In the 
neighborhood of the origin the integrals are regular, and tbe roots of the char- 
acteristic equation are r' = — n, K' = n + 1, Their difference is an odd integer, 
and the coefBcient of y is an even function ; therefore the expression for the 
general integral does not contain any logarithmic term (see ftn., p. 137). 

H. Eqoatlinii with periodic coefBclenta. In many important questions of 
mechanics, linear equations with periodic coefBcients occur. We shall indicat« 
rapidly their more important properties. Let 
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be a linear equation whose coefficients are conlinuoos functions of the leei 
TaritLble t, hiiTing a period u, wliich we may always Buppose poaifiw. If the 
integrals v,(t)i Vi(Oi"'i VnC) 'f>™ ^ fundamental BjBtem, it is clear that 
Viit + ia), Vj(( + «), ■■■, y,{t + a) are also integrals of the equation (106), 
since that equation remains unchanged when we replace t by ( -(- u. Hence 
we haTB n relations of the form 

(107) Vi{t + ") = Oiil/iW + okiMt) + ■■■+ ai.y.it)- (i = I, 2, . . ., n) 
The determinant S of the coefficients Oa is different from zero. For, by 
repeating the reaaontng of page 129, we find that this determinant has the value 

(108) E^e '•'' . 

The equations (107) define a linear substitution with constant coefficients, 
whose determinant is not zero. We are therefore led to a study entirely similar 
to the one which has already been made in detail in §g 48, 49. Instead of 
making the complex variable x describe a circuit in the positive sense around a 
singular point a, the variable t describes a segment of the real axis of length w. 
It follows from that study that me can always choose a fundamental system of 
integrals such that the relations (107) reduce to a simple canonical form. The 
actual formation of this system depends first of all on the solution of the 
eharacteriatie eguatUm 

Oh — « ait ••■ 111. 



All the roots' of this equation are different from zero, since their product is 
equal to the determinant B, whose value we have just written down. If the 
n roots of that equation are distinct, there exists a fundamental system of 
integrals such that the equations (107) take the form 

(110) Vx(t + ") = »iVi(')< ■■-, y.(t + ") = «.l/.(0- 

If the equation (100) has multiple roots, we can always find a fundamental 
syst«m of integrals which separate into a certain number of groups such that 
the p integrals Vn i/i, ' ■ ■, Vp of the same group satisfy relations of the form 

!!/.(( + «) = «!/,((), 
i,,(i + «) = «[(,,(() + y,(()], 
vAt + -) = '[Vpit) + yp-im. 
In order to find expressions for these integrals, let us seek first the general 
form of a single-Talued continuous function /(i) such that /(( + «) = V(0. 
where the factor « is not zero. Let a be a determination of (l/a')Log*. It is 
clear that the product /(() e- " has the period a ; hence /(() is of the form 
/(() ~ e"'^((), where ^(t) is a continuous function with the period u. Accord- 
ingly, if «f is a root of the characleristic equation, we shall put ai = (VwjLogaj. 
The constants ai, which are determined except for multiples of 2x V— 1/w, 
are called the charactenstic exponentt. The real parts of these exponents, which 
are determined without ambiguity, are called the eharacteriatie iiumben. If the 
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equation (100) baa n distinct roots «„ s,, • - -, a., the equation (lOfl) hsa then n 
Independeqf particular Int^grala of the form 

<I12) Vi = «■.'*, ((), Vi = e^'*»{t), ■ ■ ■. V. = «*•'*-('). 
whet« Qj, a,, • •■, a, are the characCeriHtic ezponenta, and where ^j, ^,, • ■ -, Ai 
are continuous functions with the period u. 

In the general case it is evident!; aufficlent to find expressions for the 
integrals of a group which Batisfy the relations (111). Now if we substitute In 
these relations yt = ef'tt, where a is equal to (l/ui)Log », they become 
K (( + «) = *,((), 

(in-) :=*!"*■."*= .^*'*^':"!; 

When ( Increases by a, the variable r = (/w increases by unity. Taking r for a 
new variahle, the problem is reduced to one solved above (§ 49). If we set 

F.(.). "'--'-;'-'-^-' . «=.,2,...,,) 

the general expresdons for the functions y,, y^, •■-, Vp are 

f n = «°'*i(0. !/. = «-'[P,(()*i(0 + •*,{()], • ■■- 

(113) Jvf(0=«"'[P'-t(()*i(') + I'<-5(0*2(0 + -'- + P,W<h-i(') + *(W], 
(^ (( = 1,2,. ..,p) 

where ^,, 4^, ■ ■ ■ , ^ are continuous functions with the period u, the first of 
which, #,(t), is not zero. We see again here, as in § 49, that all these integrals 
can be deduced from the last one of the group. For i^_i(*) is equal to the 
difference Zp{t+ w) — Xp(t), and, similarij, «p_3(() = ^_i(( + u)— %_i(t), and 
so on. We can ther^ore write the equations (118) in the form 

)jfp(() =e"^((), 
y,_i(() = e^4,(^p), 
6i,-a(0 = e«i,(ip), 



W,(() =e-'Ap_,(«p), 
where Aj(£p), i3(^),-.. indicate the successive differences of Zp(t) when we 
change t tol + u, Let us observe that 2j,(t) is a polynomial in t of degree}) — 1, 
whoee coefficients are periodic functions of t. The Buccessive differences A,(sp), 
Aj (Zp), . ■ ■ are therefore polynomials of the same kind with decreasing degrees, 
the pth difference being zero. Let us indicate by ifep, IfiZp,-- ■, D'zp the suc- 
cessive derivatives of Zp taken with respect to (, considering the coefBcients of 
this polynomial as constants. From the theory of finite differences, we know 
that the successive differences AifZp), A,{Zp), ••• are linear combinations with 
ntaaerieal eo^icients of the derivatives Dz,,, H^Zp, • ■ ■, I>'Zp, and conversely,* 

*Wltlioat lesartingto this theory, we may ohMrre that Taylor's formula gives us, 
«Wl.J»«P. i-S,).,..!,!,,*.... 

where the terms not written contain only the derivatives f)' + i, ■.-. We can there- 
fore express, conversely, the derivatives I^Zp as linear functions of the differences 
A(, A, + i,-. 
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We can tberefoTe replace tbe BTStem of integrals (114) by the equivalent STStem 

r,_,(() = e"U>Zp, 
ri(() =e^D)'-%. 

Note 1. Tbe IntegraU of the gronp (113), correspondiog to the characteristic 
exponent a, approach zero when t becomes infinite passing through poeitlve 
valuCH, if and onl; if the real part of a is Tiegative. In order that all the inte- 
grals of the equation (106) shall ajtproach zero as ( hecomes infinite, it Ib there- 
fore necessary and sufficient that all the eharacteriatie nuntben shall be negative, 
or, what amounts to the same thing, that the absolute yalue of each of the roots 
of tbe equation (lOS) is tern than unity. 

NoU 2. If a is a real positive root of the equation (IDO), it is natural to 
take for a tbe real determination of (l/M)log3. If the coefficients of tbe equa- 
tion (108) are real, the same thing will evidently bo true In this case of the 
integrals y„ y,, ■ . ■, y, of the group (IIS) and consequently of the periodic 
functions 0j(l), j>, ((), ■ ■■. 

Let g = X + ji V— 1 be a p-fold root of the equation (IW), where ji ^ 0, and 
let ir = Of' -f- ir" V— 1 be a corresponding determination of tbe exponent a. To 
the group of integrals (113) we can adjoin a conjugate gronp obtained by replac- 
ing a by «' — <r" V— 1 and the functions <t>i (t) by the conjugate functions. It is 
clear that by combining these 2p Integrals linearly in pairs we can derive from 
them a syslem of 2p real integrals. 

Finally, suppose that s Is a real nei/aftne root. Then we can writ« the value 
of (f = a* -I- (v/iii) V— 1, and to that root corresponds a particular Integral of 
the form 

V = e^'LoB—^- V^sin-^ (^,(()-h V^f,(()), 

where the functions ^, and f , are real and periodic. If the coe fficie nts of (106) 
are real, it is clear that the real part and the coefficient of V— 1 must each 
satisfy separately the linear equation. We would proceed sinularly with the 
other int^rals of the group (113) if p is greater than unity. 

Moreover, the case where » is real and negative reduces to the case where s 
is real and pofdUve by considering the period 2 w instead of tbe period w. It is 
clear, in fact, that if an Integral is multiplied by s when we ctisnge ( to ( •(■ u, 
it will bo multiplied by »" when we change ( to t + 2 w. 

Note 3. When the coefficients pf are analytic functions of the complex vari- 
able ( = ('-!-(" V— 1, analytic In tbe strip B included between the two parallels 
to tbe real axis (" = ± A, the integrals of tbe equation (106) are analytic func- 
tions in the same strip. The reasoning used under the supposition that the 
variable ( moves along the real ails applies without modification to the case 
in which that variable moves in the atrip R, It follows that the functions (tnif), 
which appear in the expressions of (113), are periodic analytic functions in the 
strip B. They can therefore be developed In series of dnes and coaineB of 
multiples of tbe angle 2 vt/u (see Vol. II, Fart I, % 66). 
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SB. Cluuact«tl(tie ezpananta. TheinTestlgationof thecharacUristioexpoiieDU 
Is in general very difficult.* The solution of this problem eTldently reduces to 
the determinalion of the coefficients an which appear in the equations (107), 
which, in tum, is equivalent to the following : knowing the initial values, for 
( = (g, of the n integrals V^, y^, ■ ••, Vn and their first n— 1 derivatives, to find 
the values of these integrals and of their derivatives for t = t^ + a. The coeffi- 
cients Oit are then obtained by the eolatloD of the n systems of linear equations 

(!«(to+ «") = aiiVi('fl) + 'fcii*i('o)+ ■■■ + OtalZ-W 
lA'Hh + ") = <'ni'S'"{'<.) + ■ ■ ■ + ai.li''>(g- 
(p=l,2,...,(n-l)) (i = l,2,...,ii) 

We cannot in general solie this lost pro'blem except by the use of general 
methods, for example, by successlTe approximations. Let us replace p,- by Xpj In 
the equation (106), where X denotes a variable parameter, and then develop in 
power* of X the integral of that equation which together with its first (n — 1) 
derivatives lakes on preassigned values independent of X for t = t^ 

(117) y=/,{()+V,(0+--- + ^V,.(0+---, 

where/a((} is a polynomial in (, of degree n— 1 at moat, which can be written 
down immediately from the initial conditions. Substituting this value of v 'n 
(106), we see that the otlier coefGcient^/,(f),/, (f), ■ ■ . are determined, step by step, 
by relations of the form 



*■/(_ 



in which the right-hand sides depend only upon the functions /,, /,, • . ■, fi-i, 
and upon their derivatives. Moreover, these coefficients, together with their first 
n — 1 derivatives, must vanish for t = I,, Mence these coefficients can be found 
by quadratures. We have already noticed {$ 26) that the series obtained is con- 
vergent for any value X. If we put X = 1 in the relation (117) and in all those 
which we obtain from it by differentiation, vre shall have the developments of 
the integral under consideration and of lis derivatives in series which are con- 
vei^ent for all real values of t. Hence we can obl^n in thisway the quantities 
y, ((g + u), ^''> (fg -I- w) which appear in the equations (116), and consequently 
wo can determine the coefficients Oit-t 

Example. Let us consider, for example, the equation 

(118) ^^PW- 

where p{t) Is a continuous function of I with the period u. The product of 
the roots of the characteristic equation is here equal to one, by formula (108). 

*When the coefficients pi are analytic integral tanctlons of the complex variable (, 
the change of variable ei-ii/^-z replaces the given equation by a linear equation 
whoBD coefhcients are single-valued In the neighborhood of the origin, and we iK led 
to study the law of the permutation of the integrals when the variable x describes 
a loop around the oilgio. But the equation thus obtained is not in general of the 
Fucha form. 

t If we allow the parameter X to have any value, it follows, from the frtxem used 
above, that the coetBcIents an. and consequently the coefflclenta of the characteristic 
equation, are integral /unctiong of this parameter. 
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That equation is tlierefore of the fona 

(119) »s--4s + l = 0. 

In order to determine the coefficient A, let us denote bj/(f) and ^(t) the inte- 
grals of the equation (118) wliich satisfy the initial conditions /(O) = 1, /'(0) = 0, 
0(0) = 0, #'(0)^1. From the relaUons 

/« + «) = a„/(0+a,a*((), 

*((+«)=<i,i/(() + aj,*((), 

*'((+a,) = aj,/'(t) + aj,*'(l), 
we derive, by putting 1 = 0, a^^ =f[a), 0,^ = ^'(u). The characterlaUc equation 
in this special case Is ^^^^ _ ^, ,^^ _ ^^ _ „^^ ^_ ^ ^^ 

whence ^ = a,, + a„ =/(u.) + 0'(u.). 

If we now replace p(f) by Xp(f), we obtain the developments of the integrals 
f(l), 0(f) in the form 

/(() = l + V,(0+---+^"/n(()+---. 
*(() = ( + X0i(O + ■ ■ ■ + X-«.(() + ■ . ., 

where the functions/a and 0,, together with j^ and #„', vanish for t = 0. Substi- 
tuting these developments in the two sides of tlie equation (118), after having 
replaced p by \p, we find 

|J=j(o/.-.(o, '^=pif,*.-m. 

whence we derive the recurrent relations 

which enable us to calculate step by step all these functions bj starting with 
/o(0 = 1. *(,(<) — '■ It follows that we may vrrite 



(120) ^ = 2 + ^[/.(«)-H<(«)]. 



If the function p(l) is never negative, we see at once that all the functions 
AC). *ii(0> Ki') *re positive fox (> 0. It follows that A >2, and the equa- 
tion (119) has two real and positive roots, one greater and the other smaller 
than unity. The conclusion is much less evident In the other cases. If p(t) 
never takes on a positive value, it follows from a thorough study made by 
Llapunof ' that the absolute value of A is leas than 2, If the absolute value of 

"/.""■" 

is less than or equal to i. The equation (119) has In this case two conjugate 
ima^nary roots, the absolute value of each of which Is unity. 

•LlAPDKOF, Problime giniral ile la siabiliM du moiivement {Annalea de la 
FacuU$ det Sciences de Tovloiise. 2d series, Vol. IX, p. 403). On the genera! theory 
of linear equations with periodic coefficients, In addition tti the preceding paper, see 
also Floquet's Annaks de FEcote Xormale mtpirieure, lS83,and Poineare's Let Mithoda 
nouvetlei de la Michanique dlette (Vol. 1, chap. iv). 
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IV. SYSTEMS OF LINEAR EQUATIONS 

56. General properties. Most of the theorems established for a 
linear equation can be extended without difficulty to systems of 
linear equations in several dependent variables. We shall assume 
in what follows, as we may without loss of generality, that these 
equations are of the first order (§ 22), !Let y^, y^, — , y, be the n 
dependent functions, and x the independent variable. It follows 
from a general theorem (§ 37) that the integrals have no other 
singular points thaji those of the coefficients. If we assign the 
initial values yji ^i ■ • ■) ^ for a point x =:x^ which is not a singu- 
lar point, we can follow the analytic extension of these integrals 
along the whole of any path starting from x^ and not passing through 
any of these singular points, which are known in advance. 

We shall suppose, only for simplification in writing, that we have 
a system of three equations with three dependent variables. Let us 
consider first the system of three homogeneous equations, 



(121) 



\dx 



+ %y + \» + ",« = 0, 



where a,b, e, • ■ • are functions of the single variable x. If we know 
a particular system of integrals (y,, s^, u^, the functions {Cy^, Cz^, Cu^ 
also form a system of integrals for any value of the constant C. 
Similarly, if we know two particular systems of integrals, (i/j, a,, «J 
and (^j, 3„ Mj), we can derive from them a new system of integrals 
depending upon two arbitrary constants, 

^lyi + Cayi- c-i^i + c^s. c,M, + c,M^ 

Finally, if we know three particular systems of integrals, 

the equations 

(y = C^y^JrC^y^-\-C^y^, 
(122) \z = C,aj + C^e^ + C^n^, 

represent also a system of integrals, where C,, C„ C^ are arbitrary con- 
stants. In order to assert that the expressions (122) represent the 
general integral of the system (121), we must make sure that we can 
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choose the constants C^, C^, C, in such a way that, for a given point 
z = Xg not a singular point, y, s, u take on any preassigned valilea 
y^, «^, Mj whatever. In order for this to be true, it is neceasary and suf- 
ficient that the determinant of th^ nine functions y^ s„ ui (1= 1,2,3), 



shall not vanish identically. If this is true, we shall say that the set 
of three particular systems of integrals form a. fundamental system. 

If A VEUiiebes identically, the three particular systems of integrals reduce to 
two, or even to a eiagle system. Suppose, first, tliat not all tbe first minora of A 
vanish Bimultaneously, for example, that tbe minor J^j/^z, — VjZi Is not identi- 
cally zero. Let .^4 be ft region of the plane where 3 does not vftnish. We shall 
determine two auxiiiftry functions iT, ftnd K^, analytic in the region A, such 
that we have 
^ (128) »,=^,l/, + Br,V„ ?, = ff,z, + ^,2„ 

>, these functJons K^ and JT, also satdafy 

(124) u, = B-,Ui + H-,u,. 

It we replace y, z, and u in the first two equations of the system (121) by the 
preceding eipressions for y^, z,, Ug, observing that (y^, Zj, u^) and (j/,, Zg, Uj) 
form two particular systems of Integrals, we obtain, after simplificatioa, tbe 

from which we derive K[ = E'^ = 0. The functions £', and f , are therefore 
constants, and the relations (123) and (124) remain true in the whole region 
of existence of tbe functions yi, st, Hf It follows that the syst«m of integrala 
(jly 's' "() '^ ^ combination of the other two. 

If all the first minors of A vanish Identically, the three systems of integrals 
reduce to a single system. Since the elements of A cannot all vanish dmnl- 
taneously, let us suppose that v, is different from zero, and let us put y^ = Ey^, 
From the relations y^z^ — z-^y^ = 0, y■^Ug — Ujji, = we derive also «, = JTz,, 
Uj = ff«,. Replacing y, z, u in the first of tbe equations (121) by Ey^, Ex^, Ev^ 
reepectively, there .remains y-^E' = 0. Hence E is constant, and the system 
fell *ai "a) differs from tbe system {]/j,2|,u,) only by a constant factor. Similarly, 
the third system of integrals is Identical with the first. It should be observed 
that j/j, Vj, y, are not necessarily linearly independent ; for example, one or 
two of these functions may be zero, but not all three may be zero. 

The value of the determinant A maybe calculated as follows. The derivative A' 
is tbe sum of the three determinants 
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Replacing the derivaiives y^, z\, u^ by their values obtained from the eqitalioDS 
(121), these three determinants reduce, respectiTely, to — aA, — 6|A, — c,A. 
We have, therefore, the relation A' =— (a + 6, + Cj)A, and consequently 



When ve know the general integral of the homogeneous system 
(121), we can deduce from it by quadratures the general solution of 
the non-homogeneoua system 



(126) Jg + ,_j, + j_, + ,_.=^_(»), 



Indeed, if we make the change of variables defined by the equations 
(122), Cj, Cj, Cj being considered as new dependent variables, the 
system (126) is replaced by the following system. 



=/.('). 



(127) 



d(\_ 



. ^ _„ _ ■■^■W' 

which is integrable by quadratures, for we derive from it 

f = X,. (i = l,2,3) 

Let us also observe that this transformation is unnecessary whenever 
we can determine directly a particular system of integrals (Y, Z, (7) 
of the equations (126). In order to obtain the general integral 
of these equations, we need only add Y, Z, U, respectively, to the 
right-hand sides of the equations (122) which represent the general 
integral of the homi^neous system (121).* 

*A method analogous to that of Cauchy (J 39) may also be employed. Let 

V'Piiz.a), z--f.iix,a), u-n{x,a) ii-i.t,Si 

be three systems of integrals of the homogeneous equations (121), satisfying, respeo- 

lively, the initial condition 

*,(a, a)- 1. *!(«, «)-0, ■-,(«, a)-0, 
*a<(r,a)-0. iAa(«,") = l. x.j (a, a) - 0. 
#i(a, a)-0, it,<a, a)-0, irs(a, a) = l. 
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When we know one or two particular systems of integrals of the 
equations (121), v% can lower the order of the system by one or two 
units. Suppose, first, that we know a single system of integrals 
(i/^, «,, wj, where the function y^ is not zero. The change of 
dependent variables 

y =7j^Y, i = z^Y+ Z, M = w,r+ £7 

leads to a linear system of the same form which must have the par- 
ticular system of integrals Y=\, Z = 0, U=Q. Therefore the 
coefficients of Y in these new equations must be zero. la fact, the 
transformed system is 

I y,^ + bZ + eV = 0, 

\ ' ax 

(128) J^+*.9^ + J,Z + c.[r=0, 

^ ' \ iLr, ^ dx ' ' ' 

\dx ^ ax 

If we replace dYjdx in the last two equations by its value derived 
from the first, we obtain a system of two linear homogeneous equa- 
tions in the two dependent variables Z and U. After integrating 
this system Y can be obtained by a quadrature. 

Suppose now that we know two indtpendent systems of integrals, 
C^i' *i' "i)' (^3' '^v "a)- Since the three determinants 

do not vanish simultaneously, as we have shown above, let us sup- 
pose that y^x^ — ^j*! is different from zero. The transformation 

y = y,Y + y^Z, z = «,r+ x,Z, u = u^Y + u^Z + U, 

where Y, Z, U are the new dependent variables, leads to a linear 
system of the same form having the two particular systems of 

It is easy to see tbat the functions 

r- JVi(«>*i(i. a}+/,{a)*a(», '»)+/»(«)*.('!. a)]'to. 

P-f'{/ila)ri(x, a>+/,(a)ir,(a!, ii>+/.(t)'r,(«. «)]■'« 
form s Rystam ol iDtegrals of the non-homc^eneouB eqaatlons (126). 
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integrals (r^ = l, Z, = (/, = 0), (Y^ = 0,Z^ = 1, t/,= 0). The coeffi- 
cients of Y and Z in the equations of the new syatem must therefore 
be zero, and this new system has the form 

dx ' dx ^ dx ' 

as is easily verified. It is clear that this system is integrable by 
quadratures, since the last equation contains only U. 

The preceding methods may be extended to systems of n linear 
equations with n dependent variables. In order to obtain the general 
integral of such a homogeneous system, it is sufficient to know n 
particular systems of integrals which form a fundamental system. 
If we know 7) independent systems of integrals (p < n), the integra- 
tion reduces to that of a system of the same form with n— p 
dependent variables and to a number of quadratures. Finally, the 
general integral of a non-homogeneous system can be obtained by 
quadratures if we know the general integral of the corresponding 
homogeneous system. 

67. Adjoint Byateiiu. Given a linear homogeneouB Bystem with n dependent 
variables, 

(129) ^' = anvi + --- + a«w+--- + ai.ff», (i, t = 1, 2,..., n) 
the linear system 

(130) ^=-ai.-n atiTt ii,,Y^, 

which Is obtained from tlie first by replacing vi by Fj, and by changing the 
rows Into columns in the determinant of the coefBcients a<t, after having changed 
the sign of each element, Is called the adjoint of the first. It is evident from the 
de&nitlon Itself that this relation is a reciprocal one between the two systems. 

The inUgratimi of one of the systems <129), (130) involves thai of the other. In 
fact, let (i/j, 1/2, — , v„) and (F,, Y^, — , y.) be any two particular systems of 
integrals of the two adjoint systems. From the relations (129) and (130) we hava 

£(riV, + ^4^4+ ■ ■ . + r.i/.) = ^ ri(a.ij(, + ■ ■ ■ + aayt + ■ ■ ■ + Oi,»,) 



If we permute the indices i and k in the second sum, we see Immediately that 
the coefficient of Yiyi, on the right-hand side Is 

On — an = a, 
and the rtght-buid side is identically zero. We have therefore the relation 
between these two particular systems of integrals 

(181) r,i/, + r,f,+ ... + r.i*, = o, 
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where C denotes a. coDstant. The koowledge of a particiUar system of integrals 
(yj, Fj, •■., F,) of the equations (130) furnlBhes therefore a first integral of 
the system (129), which is Jineor with respect to the dependent variables i/j, y^, 
• ' ■ , Vn- U we know the general integral of the adjoint system (130), the gen- 
eral integral of the given system (129) is represented by n relations of the form 
(131), where we take successively, for Y^, y,, — , F., & set of n independent 
^Btems of integrals of the equations (130). 

Particutar attention has been paid to linear systems which are Identical 
with their adjoint. In order to have this case, it is necessary and sufficient 
that the determinant of Che Oii be a skew symmetric determinant ; that is, that 
we have oa + oh = 0, whatever may be i and h, and consequently an — 0, If 
(]/,, jf„ — , V,) and (zi, Zf , — , S() are two particular systems of integrals, the 
relation (131) becomes 

Vi*i + Vi*! + ■ - • + C.^ii = const.; 

and if the two systems are identical, we have also 

j/f + 1^ + ■ • ■ + l/i = const. 

The int«gratJon of a linear system of the third order identical with Its 
adjoint leads to the Integration of a Riccati equation (§ 31, Ex. 2). The inte- 
gration of a system of the fourth order of that kind leads to the integration of 
ttoo Riccati equations (see Ex. 15, p. ITO). 

58. Linear syatema wltli constant coefficients. If all the coefficients 
a,b,c,--- of the equations 



+ OJ + fe + «t 


,_0, 


+ o,!( + V+' 


..-0, 


+ <■,!/ + Si= + 


jW=0 



(132) 

are constants, the general integral can be found by the solution of 
an algebraic equation. For let us try to satisfy these equations by 
taking for y, z, u expressions of the form 

(133) y = ae™, a = (8e™, u = ye^, 

where a, /3, y, r are unknown parameters. Substituting these func- 
tions for y, s, u in the left-hand sides of the equations (132), and 
suppressing the common factor e", we find the conditions 

f(a + r)a + bp + ey = 0, 

(134) Ua+(h^ + r)p+c^y = 0, 
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which must be satisfied by values of a, fi, y which do not all vanish. 
For this it is necessary and suflScient that r shall be a root of the 
equation of the third degree, 



(136) l'(r) = \ a^ \-\-r ", = 0, 

I a, 6j "j + '-l 

which is called the auxiliary equation. Having taken for r a root of 
this equation, the relations (134) are consistent and we can deduce 
from them values for a, j5, y, at least one of which is not zero. 
To every root of the equation F(r) = corresponds therefore a 
particular system of integrals of the form (133) ; there may even be 
several, as we shall see presently. If the auxiliary equation has 
three distinct roots r^, r^, r^, each one furnishes a particular system 
of integrals. These three systems are independent, for, if they were 
not, we could express ev as a linear combination with constant 
coefficients of e'l' and of eV, which would be absurd. We can there- 
fore, in this case, obtain the general integral of the system (132) 
after we have solved the equation F(r) = 0. 

It remains to treat the case ia which the auxiliary equation has a 
multiple root. Let us denote by /(r), 4>{r), ^(r) the three cofac- 
tors of the auxiliary determinant corresponding to the elements of 
the same row, for example, the first The last two equations of 
the system (134) are always satisfied for any value of r by taking 
for ir, p, y quantities proportional to these cofactors ; if r is a root 
of F{r) = 0, these values of a, p, y also satisfy tlie first of the equa- 
tions (134). It follows from this that if r is a root of F{r) = 0, 
the functions 

form a particular system of integrals. Now let us suppose first that 
the equation F(r) = has two roots, r^ and r^ whose difference is 
very small. Each of them furnishes a system of integrals, and the 

functions 

/(»-,) ey-/(r.)g-^ ^ »(r,)^.--^(^Oe-.' ^ Hr,)^'^ - 'l'(r,)e-^ 

are also integrals. If we now let r^ approach r^ and pass to the limit, 
we may conclude that if r^ is a double root of F(r) = 0, the two 
groups of functions, 

(I) y, =/('-i)^''. ^, = *(>-J«''-, w, = ^(rj*^--, 
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form two systems of integrals. Similarly (see § 44), if the equation 
F(r) = has a triple root r^, we can add to the preceding two groups 
the group of three functions, 

which form a third system of integrals. 

Let us now consider first the case where the equation F(r) = 
has a double root r^ and a simple root r^. If the double root r, does 
not cause all the first minora of the auxiliary determinant to vanish, 
we may suppose that at least one of the cofaetors /(r,), <j>(rj, ^(rj 
is not zero, for we can evidently replace, in the reasoning which pre- 
cedes, the first row by the second or the third. Suppose, for example, 
f(r^ + 0. The two systems of integrals (I) and {II) are independ- 
ent, for y^ is equal to the product of e'f and a binomial of the first 
degree xf(r^ +/'(''i)- ^^ ^■'^ '^^ simple root r^, it furnishes a third 
system of integrals which, for the same reason as above, is not a 
linear combination of the first two. 

The reasoning fails if the double root r, makes all the first minors 
vanish, for the system (I) reduces to the trivial solution 

y, = Sj = M^ = 0. 

But in this case the three equations (134) reduce to a single equa- 
tion when we replace in it r by r^. If, for example, e is not zero, 
they reduce to the single equation (a -|- rj a + &j8 + cy = 0, and we 
can take the two constants a and p arbitrarily. If we take, first, 
((1 = 1, jS = 0), then (a = 0, ^ — 1), we obtain two independent 
systems of integrals of the form (133). A double root of F{r)= 0, 
therefore, always furnishes two particular independent systems of 
integrals. 

Suppose, finally, that F(r) = has the triple root r = ry If this 
root rj does not cause all the first minors of the determinant to 
vanish, we may suppose, for example, that f{r^) is not zero. The 
three particular systems of integrals (I), (II), (III) are independent, 
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for the coefficients of e'l* in y,, y^, y, are respectively of d^rees 
0, 1, 2 in X. 

If the triple root r, causes all the first minors of the determinant 
to vanish, we can determine first of all two independent systems of 
integrals of the form (133), as we have just explained in regard to 
the case of the double root, and we can then obtain the general 
integral if we can find a, third system independent of these two. 
Developing the expressions in (III), and noting that 

we find 

y, = err' [2 a/'C-,) +/"('-:)3. '. = «-'' [2 ^*'(r.) +*"(r^], 

". = ^''[2^'W + 'A"('-,)], 

and this system of integrals is certainly independent of the first 

two unless we have at the same time /'(rj = •^'CO — ^'(fi) = **■ 

Hence we obtain in this way a new system of integrals, unless the 
triple root r^ also causes the derivatives of all the first minors to 
vanish. Now this cannot happen, as we see at once, unless we have 

b = e = aj = c, = a^^ b^ = 0, a = b^ = c^ = ~rj, 
and the system (132) reduces to three identical equations, 



dx '^ ' dx 



r^z = 0, ~-r^u = 0. 



In this case, which may be considered as a limiting case, the three 
equations (134) are satisfied identically, when we replace r by r^ in 
the expressions of (133), for any values whatever of the parameters 
a, |8, y. Summing up, to a triple root of the avxUiajy equation there 
always correspond three particular independent systems of integrals. 

GcnfraHxaLion. Similarlr, a S73tem of n linear equations wltb 
coefBcienta 



- + «iiS'i + «ijys + ■ ■ ■ + aitU, ■■ 



+ OmiVt + a^Vi + ■ ■ ■ + a-.!/. ■■ 



ina.7 be Integrated b; finding particular systems ot Integrals of the form 

(137) y, = (!■,«", Vi = ije™, ■ ■ ■, y. = i.e", 

where rtj, n-j, ■ ■ -, <t,, r are unknown constants whose values are to be deter- 
mined. We are thus led h> n equations of condition 
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(a„ + r)a-i + a„a, + •■■ + a„a-. = 0, 
0,1 «! + (Ogi + '■)a-( + ■ ■ ■ +aa.a-, = 0, 

1.0.1 ii + »i^<rt+ ■■■ + (a«. + '')a, = 0, 

which give for the unknown quantjtj r the auxiliary equation 



0,1 o« + r 



If this equation has n dietinct roots r,, r,, - - ■, r„ we obt^n by this method 
n particular sjatema of integrola of the form (137) and, cODSequently, the gen- 
eral Integral. If there are multiple roots, the discuasion is somewhat more 
complicated. Let r, be a p-fold root ; to obtain from this root particular sys- 
tems of integrals of the equations (ISO), we may proceed in two ways. On the 
one hand, applying d'Alembert's method, aa in the case of three equationa, we 
can obtain p systems of integrals corresponding to that root. These integrals 
will be independent only if r^ does not make all the flr^t lalnora vanish. On the 
other hand, if r, makes all the minors fonned from n— 5 + 1 rows of the deter- 
minant vanish, without making all those of n — } rows zero, that root furnishes 
q systems of integrals of the form (137), for the n equations (188) reduce to 
n — g independent equations when we replace r by r,. Combining these two 
methods, we find that they always furnish p independent systems of integrals. 

Practically we can obtiun all these systems by equating coefficients. In fact, 
by the combination just mentioned we should obt^n a, system of integrals 
depending upon p arbitrary constants, which Is of the form 

!/, ^e'r'P,(z), V, = e','P,(ir), ..-, v. = e'r'P,(s), 

where P,, Pj, ■ ■ ■, P, are polynomials of degree p — 1 or of lower degree. If 
we leave the coefficients of these polynomials as unknown, and if we substitute 
in the given equations, we shall obtain a certain numtwr of relations between 
these coefBcients, which enable us to express all of them in terms of p of them, 
which may be taken as arbitrary conatanls. 

G9. Scdnction to ■ oujohIcbI (otm. Every linear aystem with constant coeffi- 
cients can be reduced to a simple canonical form the integration of which is 
immediate. 

Let us write this system under a slightly different form, 

= (i„y, -f- a„!/j + ■■■+ai.if„ 



V'n = "mll'l + l.rti'l + ■ ■ ■ + <h,,% 



■where p', denotes dyi/dx. If we take n dependent variables, T^, F„ 
linearin terms of i/,, ji,,---, v., 

(1«) r( = 6iiy,+ --- + fc-,V„ (i = l,S 
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wbere tbe coefficieDts h^ are consUnts whose determinant is difierent from 
zero, the ajBtem (140) is replaced by a syatem of the same form. 



(WJ) 



obtained by replacing the variables ^,, y^, • ■ •, Vn, >n the expressions for Y^, 

y,' = ^ivl+ ■■■ + ^■yl = 6il(<^lll'l + ■ ■ - + fi.i'.) + ■•• 

+ biniflnlVi + ■ ■ ■ + *M I'm), 

tiy their values given by the equations (141). If we consider the equations (140) 
as a linear substitution carried out on tbe variables v,, y^, ■■■ , ll„ and F,, y,, 
■ ■■,¥, as a new variables, the preceding calculations are precisely those wliich 
we must make in order to find the new linear substitution on the variables 
Fi, F,, ■■■, F„ which corresponds to tbe linear substitution (140). Now we 
have seen that by suitably choosing the variables Fj (S 48) we can reduce every 
linear substitution to a simple canonical form." In this canonical form the 
variables separate into a certain number of distinct groups, such that the 
BubaUtutlon which tbe p variables F,, F,, ■•', Fp of the same group undergo 
is of the form 

(143) f; = »F„ F; = s(rj+ F,), ■--, F; = a(F,_.i+ Fp). 

We can therefore, by a suitable change of variables of the form (141), always 
reduce the int^ration of the system (140) to the integration of a certain num- 
ber of systems of the form (143), where Fj = d¥i/dx. 

The integration of this system is immediate, but it is preferable to employ a 
somewhat different canonical form. For this purpose let us set Ff = a^(a^'0). 
Tbe system (143) becomes 



This new canonical form is unchanged if we multiply al] the dependent vari- 
ables by a factor e", except for the change of s to a + X ; and it is applicable 
also to the case wliere the auxiliary equation has zero for a root. 

The general integral of the system (144) is represented by the equations 

or by equivalent equations obtained by solving for the constants C,- 

(145) *,*--= C„ (z,-z«.)e-« = C„ (*»--:^,+ |^*,)«-"=C„ 
■[«:(-K.-_,+ ~«i_s + ,_l)(-i-^l:-Li,|,-«^C(. (i = l,2,...,p) 

• We supposed before that the determinant of the substitution was not zero, 
whereas the determinant formed by the coefficients au may be zero. But it we 
change !/i to e*» Zi, the coefficients a„ , Oj, , ■ ■ ■ , n„ are diminished by X, while the 
aa'a. where i si t, do not change. We can therefore always choose X in such a way 
that tlie determinant of tbe new coefficients shall not be zero. 
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60. Jacobl'a equation. Let us consider again a, system of threa 
linear equations with constant coefficients, which 'we shall wiite' in 
the form 

(^^ 

= ax + by + ex, 

= a^x + b^y + CjS, 

= a^x + i^y + ej«, 

where t denotes the independent variable. Let us add these three 
equations, after having multiplied them respectively by ydn ~ zdy, 
xdx — xdz, xdy — ydx. The relation obtained is 

"^ ' \ +(a^x + h,y + o^z){xdy - ydx)= 

and it is homogeneous in x, y, z. Hence it can be replaced by a rela- 
tion between x/z and y/x. Indeed, if we put x = Xz, y = Yz, and 
divide by z*, this relation takes the form 

CI^RI ^-la.X + hY+c)dY + {a^X + hJ+c^dX 
^ ' \ +{a.^X + l^Y+c^{XdY- YdX)=0, 

which is exactly Jacobi's equation (pp. 11 and 32). 

Let X =f(t), y = 'p(t), X = ^{t) be a system of integrals of the 
equations (146). As ( varies, the point whose homogeneous coSrdi- 
natea are x, y, z (and whose Cartesian coordinates are X = x/s, 
Y = y/z) describes a plane curve F which is, by the preceding argu- 
igent, an integral curve of Jacobi's equation (148). The integration 
of Jacobi's equation therefore reduces to the integration of the sys- 
tem (146), that is, to the solution of an algebraic equation of the 
third degree, as we have already seen. 

If the auriliary equation has three distinct roots a^, »„ «,, the general inte- 
gral of the BfSt«in (146) Is, according to the preceding paragraph, of the form 



where P, Q, R are three linear homogeneous functions of z, y, z. It is easy to 
derive from these equations a homogeneous combination of degree zero which 
does not contain the variable f, 

(a) F^—,Q',—,B;-;^K, 

which is the same reaolt that we obtained before by another method. 

The case in which the auxiliary equation has a double or a triple root 
can also be easily treated. The equations represeuting the general integral form 
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either two groups or » dngle group. In the first caM theee equations are of 
the form 

(II) Pe-'i' = C,, (Q- (P)e— ,' = C„ fle-V = C„ 

and in the second case, of the form ' 

(III) Pe— ,' = Ct, (Q-(P)e— 1 =C„ /fl-tQ+^p\e-',' = C„ 

where P, Q, R denote Id each case three linear homogeneous functions of 
X, V, z. Prom (II) we derive the following homogeneous combination of zero 
degree, independent of t ; 

and from (III) the combination 

The relations (a), iff), (7) represent the three forms possible for the general 
integral of Jacobi'a equation. 

SI. Systenu with periodic awAdents. Let us consider first, for simplicity, a 
ayatem of three equations of the form (140), whose coefBcienta a, 6, c, ■ . . are 
coDtinnous functions of the Tariabie (, each of which has tiie period w>0. 

Let (x,, V[, z,), (x,, Vj, z,), (Xj, V,, 2^ be three independent systems of inte- 
grals. Then the functions 

JUO = *'(* + "). y<W = J'i((+"). Z((i) = z,(( + <.) 
also form a system of integrals, and we have consequently three groups of 
relations of the form (S 50), 



(Xi = OjiXi + Qnia + aaxa. 



(149)- .[ rj = (KiJ/i + any, + OaVt, (t = 1, 2, S) 

ro. T^p 

1 ^i ZJ Ix, Vi zA 

1 ^. Z.I k. Vi h\ 

'e have done several times (§§ 88, 68), we may write 

(150) S = Ji> (<■+',+ V*'_ 

If the variable 1 is increased by the period ia, the three functions 
x,((), *,((), x,{[) 

ondergo a linear tranafonnation whose determinant is different from zero, 

defined by the relations 



(161) J X, = o„x, + a„x, + o„x„ 

|,X, = 0,1 X, + ffi„x, + a„x„ 
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and the two other systems of functions, {y^, y^, y,), (z„ z„ i,), undergo the same 
transformation. Now we know that it is possible to replace the three functions 
I,, x^, Xg by three independent linear combinations with constant coefficients 
such that the equations (151), which define the new linear transfonnation, take 
on a simple canonical form. Taking the same linear combinations of the func- 
tions (i/j, y^, y^) and of (ij, z„ ;,], we obtain three systems of functions which 
are transformed by the same linear substitution of canonical form when 1 is 
changed to ( -{- u. 

The reasoning is evidently general and applies to every linear homogeneous 
system in n dependent variables with periodic coefficients. Let y^, y^, — , y^ 
be these n dependent variables. We can determine n ind^^ndent systems of 
integrals {yu, yu, ••■, yj){i= 1, 2, ■■., n) such that the n fuDCtious 

ytii ywi •■•t vt^ 
undergo a linear sulistitution of canonical form when t changes to t + w, this 
linear substitution being the same for all tbe indices k. The consequences are 
the same as those which have been developed above (J 64), All the integrate 
are expressible as the product of an exponential factor of the form e" and 
another factor which is either a periodic function of ( or a polynomial in t 
whose coefficients are continuous periodic functions of t. Let 
i'u = *°'«i' V2i = «"'a. ■■■. yu = «"«. 
he a particular system of Integrals, where x^, 2,, ■ • •, i^ are polynomials in t, 
with periodic coefficients, of which at leaxt one is of degree j) — 1, and of which 
none is of a degree greater than p — 1. From this system of integrals we can 
dedve {p — 1) other systems of the form 

jjj = 0^Dt^, Vq = P"2te,, ■ . -, y«a = e^-Rsui 

Vi,, = e"I>p->z„ yt,p = e"DP-^Zt, ■■-, p^, = e«D»'-ij;,, 

where tbe derivatives D*?* are taten regarding the periodic coefficients of the 
powers of 1 as constants (J 54). All the systems of integrals of the given equa- 
tions can thus be derived from a certain number of them. The actual formation 
of these integrals, of which we bnow only the analytic form, depends, above all, 
OD the solution of an algebraic equation of the nth degree, which is called, as 
before, the characteri^ic equation of the system. The coefGcient^ of this equa- 
tion can he obtained in general only by approximations, as in the case of a 
single differential equation of the nth order (g 65). 

69. Redndble ayatemi. Let us consider a system of linear homogeneous equa- 
tions of the form (140), whose coefficients are real, continuous, and bounded 
functions of the real variable t for all the values of that variable greater tban 
a certain bound tg, and let us suppose that we apply to this system a transfor- 
mation of the form 

(152) n = 6i,v, + biiVi + ■•■ + 6i,i/„ (i = 1, 2, . . ., n) 

where the coefficients bn satisfy the following conditions : 

1) They are real, continuous, and bounded functions of the variable t for 

2) They have derivatives satisfying the same condition ; 

8) Tbe reciprocal of the determinant of the ba's is bounded. 
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If we take the functions Z| for new dependent variablee, it is clear tbat the 
STstem (140) is replaced by a, linear sjeMm of the same kind as the first. We 
have, In fact, . 

-^ = l>'ayi + ^iv'i+ ■■; 

or, replacing i/{, V^ ■ ■ ■, v^ ^J their values obtaloed from the equations (140), 

-^ = caVi + c<»»s + • • ■ + CtaK., 

where the coefBclents c,> have the same properties as the coefflciente an- We 
have now only to replace yi, gt, ■ ■ ■, V. in these last equations by their expres- 
Nons in terms of the new dependent variables zj., zj, ' ■ ', s. obtained from the 
equations (162). 

If it is pos^ble to choose tho coefficients ba of the transformation in such a 
way that the new system will be a system wiili constant eofffidenU, the system is 
said by Liapunof to be reAucQAe. See page 242 of his paper cited in the footnote 
on page 151. 

Every system, whote eoefficienis are real, continuous, and periodic /unctions, vnth 
the game period w, is reducible. 

In fact, let us consider the adjoint system, which is also a system with 
periodic coefGcients. Let b be a root of the characteristic equation and a the 
corresponding characteristic exponent. We shall suppose, in order to consider 
the most general case, that to this exponent a 'corresponds a group of p par- 
ticular systems of integrals of the form previously considered. This group will 
therefore furnish (§ 67) p linear first integrals of the pven system, which will 
tie of the form 

e-"(zivi + ztvt+ ■■■ + «■!/,) =Ci, 
e-'dftltei + j/altes + ■ ■ ■ + y.Dz.) = C», 

e«'(j,,Di-i«i + i,ji>p-i*, + . . . + !/.I>p-t«,) = Cp, 

where zj, zj, ■ ■ ■, z, are polynomials in (, of degree p — 1 at most, with periodic 

■ coefficients, and where the derivatives D< are taken regarding these coefficientaas 

constants. Arranging these first integrals with respect to 1, we may write thein 

in the form 



Up-1)1 (P-2)I 



Yp = Ci, 



where ¥i, Yt, •■■,Tp are independent linear combinations of ^i, yi, ••■, y, with 
periodic coefficients. For if they were not independent, we could derive from 
the equations (153) a relation between the arbitrary constants Ci, Ci, ■'■, Cp 
and the variable (. If we take the linear combinations Yi, Fi, •.-, Yf for 
dependent variables, the relations (163) represent precisely the general integi^ 
of the linear system of equations (§ 69), 



(iM) -^,-,.r„ ^=-„r-, + 7„ .... -i=-»r, + r,... 
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Proceeding gjmllaTty with all the groups of first integrals furnished by the groupa 
of Integrals of the adjoint system, ne see that the given system is transformed 
into a linear system with constant coefficients by means of a transformation of 
the form 

(165) Yi - ^ivi + *i3!/s + ■ ■ ■ + •t-uVn, 

where the coefficients ^a are periodic functions with the period w. 

The reciprocal of the determinant D al the ^u's is bounded for {>(,,, for 
we shall show that D does not vanish for t > l^. Indeed, if we consider n inde- 
pendent systems of integrals (^u, ■ ■ ■, Vk) of the first system and the corre- 
sponding n systems (Y-n, - - < , Y,if of tlie transformed system, the determinant D 
Is equal to the quotient obtained by dividing the determinant of the I'^'s by 
the determinant of the vtCe, and we Imaw that these last two have finite values 
different from zero for all finite values of t. It follows that the absolute value 
of D remains greater than a certain positive minimum for all values of t 
between („ and („ + u. 

In order to complete the proof, we may suppose that the characteristic equa- 
tion of the adjoint system has no real negative rooU ; tor, by % 54, any root ia 
replaced by its square if we consider the period 2u instead of the period w. 
If the characteristic equation has only real positive roots, we may evidently 
suppose that all the functions #;t which appear in the equations (155) are real. 
Then that transformaUon actually satisfies all the required conditions. More- 
over, all the characteristic exponents are real, and the trtiusformed system has 
real coefBcients. But if the cliaracteristic equation of the adjoint system has 
conjugate imaginary roots, to each group of p linear combinations, such as 
F,, y,, ■■■, Yp, in which appear imaginaries we can associate the group 
formed by the conjugate imaginaries. Hence, combining them in conjugate 
pairs, it is clear that we again obtain a system with real constant coefficients 
by means of a transformation of the desired form with real coefficients. 



1. Integrate the linear equations 

^iv)_2y" + y = -le' + Se-'+ Csinii+ Bcosa, v*'' + y" = *i 

V"' - y" + y' - y = 2 e« - 4 cos z, 

y--^y' + 2y = {ax + b)e'+ ce-s% 

iV"- 9i!/" + 9 !/' = ! + 2i-(-3a*Logii, 

iV'— 21/+ 2v = !c> + pa;+ g, 

*V"-3aV'+ 7«i^-8j/ = x'-2i, 

x*y" -Zxy -I, iy =x* + r—^=, 
•>•> Vl + X* 
aiV"- 9aV' + 371/- 6411 = a^[a + 6Logi + c(Logii!)'], 
iV'+2ij/'-ay = zcosi-wna;, 
x''y"+Sxv' + y=f(x). 

If/(x) is analytic in the neighborhood of the origin, prove that this last equa- 
tion has a particular integral analytic in the same nelshburhood. 
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2. Integrate the sjatetna oi linear equations 

? + , = 0, ??-* + , = 0i 



fi_ 



^ + 8y-14«+6M = 



j e'+XV + «+2(X-l)tt = 0, 

t .«'+Xy + {2X-l)u = 0. 



3. Find the general Integral of the equation 

{2i + l)y" + {ix-2)y'-8v= {6i» + i _ 8)e- 
from the fact that the homogeneous equation has a particular Enteral of the 
form e", where m is a constant. [Licence, Caen, 1884.] 

4. Prove that the differential equation 

(i»-l)y" = n(n + l)v, 
where n is a poaiUve integer, has a polynomial P{i) for Integral. From this 
prove that the same equation has a second integral 



p..,e±i). 



where Q is also a polynomial. [Licence, Paris, 1890.] 

6. The linear differential equation 

xg"-(x + ^+t)V' + itV = 0, 
where (t and * are two positive integers, has a polynomial y^ = P{x) lu ^^ inte- 
gral. Hence prove that it has a second integral ]/, = e'Q(x), where Q(z) is also 
a polynomial. [Lteence, Paris, 1903.] 

6. Find the necessary and sufficient condition that the linear equation 
tl" + PI/' + QV = may have two Independent intiegrals, j/j, y^, which satisfy 
the relation ^tl/i = !• Assuming that p = — 1/z, find the coefficient q and the 
general integral. [Licence, Paris, 1002.] 

7. Derive the formula (23), p. Ill, from the formula (11), p. 106, which 
^ves the value of the determinant A(Vii Vii "-> Vi>)- 
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8. Besael's equation, 

iri/" + 2(m + 1)1^ + 3^ = 0, 

has as a. particular Int«graJ tba function represented tij tbe definite integral 

provided that the real part of m is greater than — 1. If m Is a podtiTe Integer, 
that integral is of the fonn (see Vol. I, end of Chap. V, Ex. 20, 2d ed. ; Ex. 31, 

^^*"'-* 2.4.a.--2m(I7ainj;+Fcosj;), 

where U and V are polynomials in 1/x whose coefficients are all integers, and 

the general integral Is 

y = C{U^nx + Foo8i>+ CfFsina;- Fcosi). 

[Hbbxitb.] 

9. The inlegmtlon of the system of linear equations 

^ + aif + (w = 0, ^ + a,y + 6,z = 0, 

where a, b, Oj, 6, are any functions of x,' reduces, on putting y = tx, to the 
Integration of Riccati's equation, 

^ + & + (a - \)t ^ a,i» = 0, 

and to the calculation of /(a + b,)dx (see ftn., p. 112). 

10. The ratio z of two Independent integrals of the linear equation- 

satisfleB the differential equation of the third order, 

11. Given the differential equation 

(E) x(j/"-i^)-ay = 0, 

where a is constant, how must we choose the path of integration L so that the 
function y(x) represented by the definite integral 



V(x)=f . 

J<L> 



sliall be a particular integral of (E) ? Show that the equation (E) has a par- 
ticular integral, which can be expressed without any sign of quadrature, when 
a is an integer. Deduce from it tlte general Integral, and express It in terms 
of the smallest possible number of transcendentals. 

[iieence, Paris, July, 1008.] 
12. Determine the two functions P{t) and Q(t) so that the function y 
represented by the expression 

y = (x~ a)£'/(C)P[t)dt + {x- f>)fy{t) <3(t)« 

shall be an integral of the differential equation y" =/(x) for all possible forms 
of the function /(i). [Licence, Paris, October, 1907.] 
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13. The general integral of the linear equation 

wbere P(z) and Q(z) are analytic in the neighborhood of the origin, is single- 
valued in this neighborhood . The letter n denotes an int^er greater than unit;. 
14". Every equation of the form 



+ "«■-— l'>s;«i + «-»Ws;; + - + «-W» = °' 



where Q,, %,'■', Q> are analytic functiona in the neighborhood of the origin, 
has an analytic integral in the same neighborhood ; and the Talue of the inte- 
gral, as well as the values of its first p — 1 derivatives, may be aihitrarilj chosen 
for X = 0, provided the equation 

(r_p)...(r-„ + l)+Q,(0)(r-p)...(r-n + 2) + ... + ft.-p{0) = 
haa no integral root greater than p — 1. 

[E. GouRBAT, Annales de V^Seole fformaU, 1883, p. 266.] 

Note. By an artifice analc^ous t« the one which was used in S 60, we are led 
to prove the proposition for an equation of the form 



.«_f^^^+... + ^ + „V 



where we have put 



di 



= V + x«'+ ..■+Z--P- ^■ 

16*. Let S be a system of four linear equations Identical with its adjoint 
(p. 158) 

(E) ^ == OiiSf, + OiiV^ + OitVi + Oi.i/,. (i = 1, 2, 3, 4) Oj* + «« = 

This system has the first integral nj + i^ + !/' + ^ = C. If we suppose C = 0, 
the preceding relations are satisfied by putting 

l/i = p(v-f), Vs-pO + ii), i/, = pi(l-i.i). t', = pi(i + S)- 
Substituting these expresMone for v„ y^, y^, y^ in the equations (£), we obtain 
the system of three equations 

2^ = (0*1 + Mis) (1 - f) + 2 Wa, + (om + ia24) (l + f), 

2^ = (112+ 04!) (1 + v^) + i(ai. + OmXI- 1*) + 2i(a,3 + a„)i), 

2r = (031 + 04,) (1 + f*) + i(o,i + Os,)(l-H + 2i(a,i,+ a4,)f, 

of which the last two are Eiccati equations. Let ij =/(x, C,), £ = # (i, CJ be 

the general integrals of these two equations ; then the general Integral of the 

equation in p is given by the equation 



BC.dC,' 



'^ SI 

[E. GocBSAT, CompUa rendu*. Vol. CVI, p. 187, and Vol. CXLVIII, p. 812.] 
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16. Frove the relation 

(n - 1) \J^o 
in which the left-hand aide contains n integral HignE, bj proving that the two 
eidea are particular integrals of a linear differential equation of the nth order 
saliafying the same initial conditiona. 

17 •. Prove that the integral ^ (i, a) of the linear equation F{y) = (p. 108), 
considered as a function of the variable a, is an integral of the adjoint equation 
6(z) = 0, after having replaced x bj a. 

Note. It is aeen that the integral of the equation F(jf) = nliich, with its 
first (n — 1) derivatives, takes on the same vaiuea for x = Zg as a function t(2) 
and its first (n — 1) derivatives, has the form 



w{x)-£'F(z)4,ix,a)da, 



where ! = '(a). The integral on the right must depend only upon v(x), v{x^, 
^^(ig), ...,ir<— -i)(jj>. Now we can also writ* (8 42) 



da. 



and it is clear that the preceding condition is not satisfied unless we have 
G[^(x, a)] = 0. It follows readily that the functions ^(x) defined b; the 
equations (A) (ftn., p. 109) form a fundamental system of integrals of the 
adjoint equation. 
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CHAPTER rV 

arON-LDTBAR DIFFERENTIAL EQUATIONS 

I. EXCEPTIONAL INITIAL VALUES 

The proof which has been given for the existence of integrals 
that take on given initial values really supposes that the right-hand 
sides of the given system of equations are analytic in the neighbor- 
hood' of these initial values (§ 22). Restricting ourselves to the case 
of a single equation, we shall examine some simple cases in which 
that condition is not satisfied. 

63.' The case where the detivatlve becomee infinite. Let us consider 
an equation of the first order, 

where the right-hand side f{x, y) becomes infinite for the pair of 
values x = x^, y = y„ in such a way that its reciprocal 



(2) 



is analytic in the neighborhood of this pair of values. We can write 
the preceding equation in the form 
dx 

regarding y as the independent variable and x as the dependent 

variable. But since the right-hand side/, (a;, y) is analytic by hypothe- 
sis for x = x^, y = y^, Cauchy's theorem applies to the equation (2). 
Hence there exists an integral, avd only one, which approaches x^ 
as y approaches y^, and that integral is analytic in the neighborhood 
of the point y^. The development of a; — a:^ in a power series accord- 
ing to powers ot y — y^ necessarily commences with a term which 
is at least of the second degree, since dx/dy or f^(x, y) is zero for 
x = x^, y = y^, for otherwise f(x, y) iteelf would be analytic. Let 
this development of a: — «„ be 

(3) ic-«. = ^.&-y,)- + ^.t,(!--!(J-"+---. 

(m S 2, ^. ¥■ 0) 
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From the equation (3) we derive a development! for y — y^ according 
to powers of (x — a;J"" (see II, Part I, S 99), 

(4) y-y,^a^(x~x^)^+a,(x-x^^+.... («,=^0) 
It follows that the equation (1) itself has this one and only this one 
{fUegral of the form (4) which approaches y^as x approaches x^, and 
the point x^ U an algebraic critical point for this integral.* 

64. Cue when the derivative ia indeterminate. The complete dis- 
cussion of all the cases in which the derivative becomes indeter. 
minate is much more complicated. Let us take first the equation 
studied by Briot and Bouquet, t 

(5) xy'-liy = a^ + a^ + a^^xy + a^ H = *(x, y), 

where the right-hand side is analytic in the neighborhood of the 
point x = y = 0, and let ub try to determine whether there exists an 
analytic integral which vanishes with x. For this purpose let us 
substitute for y, in both sides of the equation (6), a power series 

(6) y = e^x + c^+--. + c,x' + ---. 

After the substitution the coefficient of x' on the left-hand side is 
(tt — 6)c,, while the coef&cient of xf on the right is a polynomial, 

whose coefficients are all positive integers, and which contains only 
the coefficients c,, ■ ■ ■. c,_i, and some but not necessarily all of the 
coefficients aj, for which i + h ^ n. We therefore obtain a recurrent 
relation for the coefficients of the series (6) : 

('> L (» = 1,2,...) 

This enables us to calculate these coefficients successively, provided 
that b is not equal to a positive integer. Let us first set aside this 
supposition. The relation (7) gives us 

ft,o _ a^, -^ <!,|Ci -f a^e{ 



• In geometric language, we can also aay that through the point (ij, y^ there 
passes one and only one integral evroe, on which the point (xg, f/g) Is ao ordlnnry 
point, and the tangent at this point is the straight line z — Xij. In stntiag the theorem 
we have tacitly assumed that the (unction /|(x, y) does not vanish tor x — Xg for all 
values of y ; tor In this case the integral ot the equation (2). which takes on the value 
Zi) lor y •^t'p- reduces tox — x^ and the equation (1) has no Integral which approacbei 
Vd as I approaches _x„. 

t Journal de FEtole PolslechTugue, Vol. XXI, 1808. 
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and so on in this way. The value of the series (6) certainly repre- 
sents an integral of the equation (5) vanishing with x, provided that 
the series has a radius of convergence different from zero. In fact, 
the operations by which we have obtained the coefficients of this 
series are then valid (I, S 192, 2d ed.; § 186, 1st ed.)- 

In order to prove the convergence of this series, let us observe 
first that if we give to n all the integral values 1, 2, • ■ • , to infinity, 
the fraction l/(n — !>), which cannot become infinite, approaches 
zero. The absolute value of that fraction has therefore a maximum 
1/B, and we have for every value of the integer n, \ l/(» — 6) ] s 1/B. 

On the other hand, let 

*(«, r) = Aj„x + A^x' + Aj^xr + A^Y*-i + Ai,,x'Y*-i 

be a dominant function for if,(x, y), having no constant term nor any 
term in Y. We might take, for example, a function of the form 



*{*. y) = 



(-;)(-^) 



but it is really not necessary to specify it completely in order to 
carry through the proof. The auxiliary equation 

(8) BY = 't{x,Y) 

has, by the general theorem on implicit functions (I, § 193, 2d ed.: 
g 187, Ist ed.), an analytic root vanishing with x. Let 

(9) y = C,a; + C,a;* + . . . + C^x' + . • . 

be the development of this root in a power series. In order to cal- 
culate the coefficients C,, we can substitute this development for Y 
in the two sides of the relation (8). This gives the recurrent relation 

(10) BC.=:P,(^„, A^,-- -yA^,; C„ C^, ■■■, C._,), 

where P, denotes the polynomial which appears in the relation (7), 
in which 0;^ has been replaced by -Ij. and c, by C(. 

But from the very way in which we have chosen the constant B 
and the function *(»;, Y"), we have the inequalities 

It follows that if we have 

|»,|<c„ |«,|<c„ ..-, |.._,|<c..„ 

we have also [c,| < C„ since all the coefficients of the polynomial P^ 
are ptfflitive integers. Now we have |a,5[< A^^, and, consequently, 
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|ej|<Cj. Reasoning step by step, we conclude that the series (9) 
dominates the series (6). The latt«r ia therefore convergent in the 
neighborhood of the origin, Sununing up, if the ooeffident b of t/ in 
the equation (5) is not equal to a positive integer, that equation has 
one and only one analytic integral that vanishes with x. 

In order to flniah the Htiid7 of the aiuUftic integrals which Tanish with x, 
we must still eiiuiiiiie the caae where b is equal to a poaitive integer. Suppose 
flrat 6 = 1; the flrrt of the relatione (7) reduces to o,„ = 0. If a„ is not zero, 
then there Is no analytic Integral fulfilling the conditioD. If a,,, is zero, setting 
y — Xx, we are led to an equation, 

(11) X' = f(:i;,\) = a^+a„X + a„X'+..., 

where the function ^ {x, X) is analjtic, provided that | * | < r, j X | < A, r and A 
being two suitably chosen positive numbere. Now this equation (11) has an 
infinite number of integtals which are analytic in the neighborhood of the 
origin, for we can choose arbitrarily the value X, of X for x = 0, provided that 
we have | X, | < A. Hence in this case the equation (5) has an infinite muuber 
of analytic integrals vanishing with x. 

If b is equal to a positive integer greater than unity, the coefficient of x in 
the development of an analytic integral vanishing for z = must he equal 
to an/(l — 6), and the transformation y = a^^x/{l — 6) + Xi leads to an equation 
, of the same form in which the coefficient of X is equal U> (\ — b): 

iX'-{6-l)X = a'i„« + a;flie' + a;,Xi+ ■-■• 

By a succesBion of similar transformations we reaeh the case which haa just 
been treated. Consequently, if the coefficient & ia equal to a positive integer, 
the equation (5) has no analytic Integral vanishing with x, or it has an infinite 
number of such Integrals. 

Briot and Bouquet also investigated whether there existed non-analytic inte- 
grals approaching zero with x, and proved that the equation (5) has an infinite 
number of such integrals when the real part of 6 is positive. We can easily 
establish this theorem by means of the method of successive approximations. 
Let us first point out that if the real part of 6 is positive, we may, without 
lack of generality, suppose that the real part 1i(6)>l. In fact, if we make 
the change of variable x = x'", where n is a positive integer, the equation (G) 
is replaced by an equation of the same form in which 6 is replaced by nb. 
We shall suppose, then, that we have "H (b) > 1, and that b is not an integer. 
As we have just seen, the equation (5) has an analytic integral ]/,, which 
vanishes for x = 0. Hence, setting ^ = y, + u, the equation (6) 1; 

CT' - 6u = *{l, Vi + u) - * (x, yi) = uf (X, u). 

Since ths function ^(z, y) does not contain any term of the f 
times y, the function f (x, u) will not contain 
write the preceding equation in the form 
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Let OB DOW put u = \i^, where X denotes the new dependent variable. The 
equation takes the form- 

(12) \' = \[a + fttaf-' + ...] = F(X, x, i»-i), 

where Fdeaoteo a power Reries with respect fo the three TorimbleH X, x, x'-'. 
In the plane of the variable 2 let ue draw through the oiigin two raya whose 
Inclinationg are u^ and <ii^{u^ < u^ < Uq -f 2 v), and let tu consider the circular 
sector A limited by the« two rays and an arc of a circle with the radius r 
described with the origin aa center. If i remains in the interior of A, and 
U |\| remains less than a positive namt)er I, the fonction F(X, x, 3f'~^) will 
be analytic," provided that the two numt)erB r and I are sufficiently small. 
Let us connect the origin with any point x of the sector J by a straight line- 
segment, and suppose that we tahe for the initial value of X an arbitrary value 
\ whose absolute value is less than I. We can apply to the equation (12) the 
method of successive approximations ($29). which consists in taking the 
successive Integrals 

\ = \ + j^''"(V x,^-^)^, Xi = Xo +fj^i^u «. ^-^)dx, 

and, In general, .^ 

X. = X, + J^ r(X.-i, «, *»-i)<le, 

all of these Integrals being taken along the straight line. The fundamental 
hypotheses for the validity of the proof are satisfied. All the functions Xi(z), 
%t{x), • ■ • are analytic in the interior of the sector A, and the function X. (z) 
approaches a limit A (x) If the radius t has been taken sufficiently small. Hence 
the equation (12) has an integral which Is analytic In the Interior of the sector 
A and which approaches the value Xg as x approaches zero. [It follows that the 
equation (6) has an infinite number of non-analytic integrals in the neighbor- 
hood of the origin, each of which approaches zero as the point x approaches 
the origin and depends npon an arbitrary parameter \. This proves Briot and 
Bouquet's theorem. 

The condition that the real part of b — 1 be positive is essential. Indeed, If 
X approaches the origin, remaning in the sector A, its angle remains between a^ 
and <d,, and lU absolute value approaches zero. Setting x = /■«<■, b — l = it+ ri, 
we have 

(13) a!'-i = e"' + *i)Oog(>+w) = e(ii(igo-M.e(«io«o+»i»). 

As p approaches zero, u remaining included between the two limits u^ and Wj, 
>tlogp— m becomes infinite in absolute value in remaining negative, and the 
absolute value of a*-' approaches zero. On the contrary, if the real part of 
6 ~ 1 is negative, it is obvious that the absolute value of itf - ' becomes Infinite ■ 
asz approaches zero, remaining in the sector A, The function F(X, i, i*-') fs 
not continuous at the origin, and the previous proof no longer applies. 

According to Briot and Bouquet, if the real part of 6 is negative, the equa- 
tion (6) has no other integral than the analytic integral vanishing for x = 0. 

■It X approachestheorigln, remalolnfr always in the sector^, the derivative nt the 
fuDctioD F with respect to x may become infinite it the real part of ti - 2 is negative, 
but that derivaUve does not appear In the method of succesdve approximationa. 
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Buttbelrproof.wlilcb is very dmiliu: to the one in the footnote on page 60, sup- 
poses that the variable x approaches the origin along a path of finite length that 
has a definite tangent at the origin, and this condition should appear in the state- 
ment of their theorem. In order to give some idea of the difBcultj of the ques- 
tion, let us consider the function ^, supposing that the real part ^ of b is negative, 
while the coefBcient v of i is different from zero. The aheolute value of iP is equal 
to e'"'"*'-™. If we make the variable x describe a curve that approaches the 
origin indefinitely, /i log p does approach -f cc, but if we make the angle u in- 
crease in absolute value at the same time In such a y^&j that the difference 
/ilog/> — >w remains negative and increases indeHnitel]' in absolute value, the 
absolute value of x' approaches zero at the same time as | x { . It y > 0, we need 
only make the variable z describe the logarithmic spiral whose equation is 
p = e*""'', for example; for we then have |3?| = e-™/>, and if the angle w 
approaches -H co, |2| = p and [z*[ approach zero simultaneously. 

If the real part of 6 is negative and the real part of b/i is not zero, It follows 
from Investigations of Picard and Poincar^ that the equation (6) has an In- 
finite number ot non-analytic integrals that depend upon an arbitrary constant 
and approach zero as the variable x describes a path such as the preceding, along 
which [z*| approaches zero. The contradiction between this result and the 
theorem of Briot and Bouquet Is only apparent, since in the two cases entirely 
different conditions are assumed. In particular let us notice that if the variable 
Z takes on only real values, it cannot turn an infinite number of times around 
the otipn ; consequently there will bo no other integral which approaches zero 
with X except the analytic integral, provided the real part of b is negative. 

The results of this disciisslon are easy to verify with the elementary equation 
xy" = ax + by, whose general integral is ji = ax/(l — 6) -n Ca* it 6 — 1 is not 
zero, and j/ = axlogx + Ci if 6 = 1. 

65. We shall limit ourselves to a, few statements concerning the 
general case of an equation of the form 

^ ' dx a'x + b'y + c'x* -f- 2d'3i!/ + e'f ■ ■ ■ X* 
vrhere X and Y are power series which converge when 

\z\<r, \y\<r. 
We are supposing, as we may without losa of generality, that it is 
for a; = JI = that dyfdx becomes indeterminate. Setting y = vxm 
this equation, it becomes 



(16) 



v(a'^-h'v) + X'i,(x,'a) 



dx a' + h'v + x<i,{x, v) 

where i^{a;, w)and ^(ar, «)are two power aeries which are convergent 
whenever |a;| < r and |v3:| < r. If the equation (14) has an analytic 
integral vanishing with a;, the coefficient of x in the development of 
that integral is necessarily a root of the equation 
(16) a + bv-v{a'-\-h'v) = <i, 
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since the left-hand side of (15) is zero for z = 0. Let v^ be a root of 
the equation (16). If we put w = p, + k, the two functions 

are still regular in the neighborhood of the values a; = 0, m = 0, and 
the equation (16) reduces to an equation of a form already studied, 

provided that v = v^ does not make a' + b'v vanish. Since the equa- 
tion (16) is in general of the second degree, we see that we oan 
reduce the equation (14) to the form (5) in two different ways. 
Hence there are in general two analytic integrals and only two van- 
ishing for « = 0. But these conclusions are applicable only under 
the most general conditions, where the coefficients a, h, a', b' do not 
satisfy any special relation. 

The general investigation of the integrals, analytic or not, of the 
equation (14), which approach zero when x approaches zero (X and 
F being two regular functions which vanish for « = y = 0), has been 
the object, since the work of Briot and Bouquet, of a large number 
of investigations. Although it has been possible to treat more and 
more general cases, the question is still not exhausted. Let us notice 
in particular jiist one remarkable circumstance which we have not 
yet mentioned. Let us take the equation 

(18) i'g-6j, = m, 

and let us try to find, as above, an analytic integral of this equation 
which vanishes for x = 0. If we attempt to determine the coeffi- 
cients of the series (6) so that on substituting it in the equation (18) 
we arrive at an identity, we discover the relations 
a + be^ = 0, c, = 6c,, 2e, = Jc,, . ■ -, nc, = Jc,+„ ■ - -, 

from which we derive 

_a _a _2a nla 

We thua obtain a unique value for each coefficient, but the series 
which we obtain is divergent exeyit for x = 0. The origin ia an essen- 
tially singular point for all the integrals, as is verified by direct 
integration. Similarly, the point a: = is an essentially singular 
point for all the integrals of the equation xy' + y' = 0; and all these 
integrals approach zero with \x\. 
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If we aaign only real values to the varialilea z and ]/, and wish to conatrucl the 
Integr&l curves of the equation (14) (X and T being, for example, two polyno- 
mials in X and y with real coefficients), it la vory iniponant to know the form of 
these integral curves in the neighborhood of a-point common to the two curves 
X = 0, F = 0. We Bhall study from this point of view the simple equation 

(19) dv^ax^hy 

which can be integrated by elementary methods (§ 3) by the mibetitution y = tt, 
VTe can integrate it in a more symmetric way by replacing the equation (19) by 
the system 

(20) dx ^ dy ^ 
a'x + b'y ae + by 

where t is an auxiliary variable introduced for tbe sake of symmetry. We have 
seen above ($ 69) that this system can be reduced to a simple canonical form 
by replacing Zand y by two linear homogcnenus combinations Xand Yol these 
variables. In this case the characteristic equation is 

s«-(o' + b)a + ba'-ab' = 0. 
This equation cannot have zero fur a root, since we suppose that ab'^ba' is 
not zero. Several cases are now to be distinguished according to the nature of 
the roots : 

1) If the ciiaracteristic equation tiss two real and distinct roots »i, »j, we can 
reduce the system (20) to the form 

dX^dY ^ 
8iX Sjr ^ 
and the given equation consequently becomes 

The general integral is given by the equation 

y=cj:''. 

If Si and St have the same sign, F approaches zero with X, and all the integral 
curves pass through the origin, which is a node. If »j/t] i« negative, there exist 
only two integral curves passing through the origin, the straight lines X = 0, 
y = ; hence the origin is a saddleback, 

2) If the characteristic equation has two conjugate imaginary roots a+ pi, 
a — PUP ^ 0), we can reduce the system (20) to the form 

ajx+Yi) _ d(x-ri) ^^ 

(a + pi) (X + Yi) (n - pi) (X _ Yi) 
where X and T are linear homogeneous combinations o 
coefficients. We can then write these equations ii 



aX-pY pX+aY 
XdX + YdY XdY - YdX 



a{X'+Y^) iS(X'+r*) 
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The geoeral integral of th« equatjon (19) U therefore represented by the 
equation 

V!x^"+ r* = Ce* ■*. 

If (X is not zero, all these correB have the form of spirals vhlch Approach 
the oTigin aa an asymptotic point. The origin is said to be a. focus. 

If a is lero, the general integral is represented by concentric conies. The 
origin is called a cen/er, but this case must be considered as exceptional, since it 
occurs only when a satisfies an ftpialUy. 

3) If the characteristio equation has a double root >, that root is real and 
difierent from zero, and the system (20) reduces to the form 

g£= "^ =^ 
tx «(x + r) 

The equation (19) Itself becomes iT/dX= 1 -I- F/X, and the general integral is 
Y = CX + X Log X. In order to construct these curves, we can express X and 
Fin terms of an auiiiiary variable by putting X = e*, which gives F= Ce*+ flA 
When 6 approaches — 00, X and Y, and consequently z and y, approach zero, 
and the origin is again a focus. 

The preceding classification is due to Poincard, who has extended the dis- 
cussion to equations of the general form (14) whose coefBcienta are real. 



II. A STUDY OF SOME EQUATIONS OF THE FIRST ORDER 

66. Angular points of Inteerals. The developments in series bj 
which we have established the existence of analytic integrals of a 

system of differential equations enable us to calculate these inte- 
grals only in the interior of the circle of convergence ; but the 
knowledge of these developments suffices, as we have noticed in 
general (see II, Part I, § 86), to virtually determine these functions 
in the whole domain of their existence. Let ns consider, for defi- 
niteness, an algebraic differential equation of the first order, 

(21) F{x,y,y-) = (i, 

where F 13 a polynomial in x, y, y'. Let (x^, y^ be a pair of values 
for which the equation F(x^, y^, y') = has a simple root yj. When 
X and y approach x^ and y^ respectively, the equation (21) has one 
and only one root approaching y^, and that root, y'=f(x, y), is a 
regular function in the neighborhood of the point (x^, yj. The 
equation (21) has therefore an analytic integral which reduces to 
y^ for X = Xj, and whose derivative takes on the value yj for x = x^. 
This integral is defined by its power-series development only in the 
interior of a circle C^ about x,, as center, whose radius is in general 
finite. But this function, whose analytic extension may be followed 
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outside of tlie circle C^, satisfies the equation (21) in its whole domaia 
of existence. Let us observe that we may make use of the equation 
(21) Itself to calculate the coefficients of the different aeries which 
we use in the method of analytic extension. If at a point x^ in the 
circle C^ the integral considered is equal to y,, its derivative is equal 
to one of the roots yi of the equation F{x^, y„ y') = 0, and we shall 
be able to derive the values of the other derivatives at the point x^ 
iff successive differentiations of (21). 

It follows that every differential equation of the first order defines 
an infinite number of analytic funetiona, depending upon one arbi- 
trary constant. These are in general transcendental functions which 
cannot be expressed in terms of the cla,ssic transcendentals, and the 
same thing is true a fortiori of the functions defined by algebraic 
differential equations of the second, or higher, order. The study 
of the properties of these new transcendentals and their classifi- 
cation constitutes the object of the analytic theory of differential 
equations. 

We may be guided in this study by two different motives: we 
may seek the necessary and sufiBcient conditions that equations of a 
given sort may be integrated by means of functions already known ; 
or, ou the other hand, we may propose to ourselves the problem of 
discovering the algebraic differential equations that define transcen- 
dentals not reducible to the classic transcendentals, and possessing 
certain remarkable properties, such as being single-valued and ana^ 
lytic, or analytic except for poles, etc. Whatever may be the object 
that we have specially in view, the investigation of the possible 
singularities of the integrals is an essential question. While the 
singular points of the integrals of a linear equation are fixed, the 
singular points of the integrals of non-linear equations vary in gen- 
eral with their initial values. For example, the integral of t he equa - 
tion X + yy' =: which takes on the value y^ for a; = is y = V^ — a:'. 
This function has the two critical points + y„, — y^, which depend 
upon the initial value. Similarly, the integral of the equation 3/' = y* 
which takes on the value y^ for a; = is yj(l — xy,) ; this solu- 
tion has the pole x = 1/y,. We are therefore led to distinguish two 
classes of singular points for a differential equation : the fixed sin- 
gular points which do not depend upon the chosen initial values 
(not being necessarily singular points for all the integrals), and 
the mot'oble singular points, poles, or critical points which depend 
upon the initial values. A differential equation may have both kinds 
of singular points. 
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67. Functions defined by a diffetentUI equtim }f = S(x, y). We 
shall study in particular the differential equation 



(22) 

where P{x, y) and Q{x, y) are two polynomials in x and y which 
have no common polynomial divisor. The pair of simultaneoua 
equations P(x, y) = 0, Q{x,y) = has a certain number of solutions 
(ffij, fij), ■ ■ ■, (a,, J,). Let us mark the points a^, a^, ■ ■ ■, a„ in the 
i^-plane. 

The trans fonnation y = 1/s reduces the equation (22) to an equa- 
tion of the same form, 



(23) ^-^a(-.«) 



Q,(x, «) 



and the- pair of equations P^(x, z) = 0, Q^{x, 2) = has a certain 
number of systems of solutions (a[, b[), — , {a'„, 6^). Let us mark 
the points oj, Oj, ■ ■ ■, a^, in the ar-plane. The points a,-, ai are in gen- 
eral singular points for some of the integrals of the equation (22), 
but they ai'e known a priori ; that is, they are the fixed singular 
points. 

Let now (x^, y^ be any pair of values such that Q(x^, y^ is not 
zero. Then by Cauchy's fundamental theorem the equation (22) has 
an analytic integral, in the neighborhood of the point x^, which 
takes on the value y^ for x = x^. Suppose that we make the variable 
X describe any path L proceeding from the point a:^ and not passing 
through any of the points Oj, a^. We can continue the analytic 
extension of this integral along L so long as we do not encounter 
any singular point. But it may happen that we are stopped by the 
presence of such a point; let a be the first singular point which 
we encounter. The integral considered is analytic in the neighbor- 
hood of every point X of the path L included between x^ and a, but 
the circle of convergence of the power series which represents it, 
and whose center is at X, never contains the point a in its interior, 
however small | X — a | may be. The equation Q {a, y) = has a cer- 
tain number of roots ;8„ ^j, ■ ■ ■ , Py. Let us mark the points ft in 
the i/-plane. The equation Q (a, y) = has only a finite number of 
roots, for otherwise the polynomial Q(x, y) would be divisible by 
(x — a) and the point a would be included among the points «;, a^. 
For the same reason it is seen that the two equations P (a, y) — 0, 
Q(a, y) = have no common root. 
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There are now several possible eases to be examined. Let Y be 
the value of the integral in terms ot X; we cannot suppose that ¥ 
approaches a finite value ^ different from fi^, fi^, ■ ■ ■, pif as X ap- 
proachea a, for R (x, y) is a regular function iov x = a,y = ^ Now, 
by Gauchy's fundamental theorem, there would then exist a single 
integml approaching ^ as x approaches a, and that integral would 
be analytic at the point a, contrary to hypothesis. Let us suppose 
next that Y approaches the value ;8,- when \X — a\ approaches zero. 
The function R (x, y) is infinite far x = a, y = ft, but its reciprocal 
is a regular functicm, since we cannot have P(a, jSj) = 0. We have 
seen in § 63 that the equation (22) has one and only one integral 
which approaches ft as |^ — a| approaches zero, and which has the 
point a as an algebraic critical point. Similarly, if | Y\ becomes 
infinite as [ X — a] approaches zero, the equation (23) has an integral 
which approaches zero with \X — a\. We cannot have simnltane- 
ously i*,(«, 0) = 0, Qy{a, 0) = 0, since the point a is not contained 
among the points a'^. If QjC^i 0) is not zero, « is analytic in the 
neighborhood of the point a, which is a pole for the integral con- 
sidered. If Qjfia, 0) = 0, the point a is an algebraic critical point 
for s and thus also for y. 

We have not yet exhausted all the possibilities. Might it not hap- 
pen, for example, that Y does not approach any limit, although | Y\ 
does not become infinite as |X — a| approaches zero? Painlev^ has 
shown, in the following way, that this is not possible. Previously 
this had been assumed without adequate proof. About the point a 
as a center let us describe a circle C with a very small radius r. The 
roots of the equation Q{X, y) = which approach respectively 
ft, ft, ■ ■ ■, ySjv as \X — a\ approaches zero remain respectively con- 
tained in the interior of the circles y^, y^, ■ • -y-fg about the points 
ft, ft, ■ ■ ■ , ;8jv^ as centers with radii p„ Pj, ■ ■ ■ , pjr- We can take the 
radius r so small that all these radii p^ are themselves smaller than 
any given positive number c. Let us consider at the same time a 
circle r with a very large radius if, described in the plane of the 
variable y about the origin as center, and let (E) be the portion of 
the y^plane exterior to the circles y^ and interior to the circle T. We 
shall show that when [X — a] approaches zero, the corresponding 
point Y finally remains constantly in the interior of one of the cir- 
cles y,- or exterior to the circle T. If this were not the case, we 
should always find on the path L certain points X such that \X — a\ 
is less than any given number, and for which Y would be in the 
region (E), Suppose now that we have |X — a| < r/2, for exam]Jf^ 
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while only values of Y in the region (£) are considered. We^hatl 
show that there u a positive ■minimum for the radius of the circle of 
convergence of that itUegral of the equation (22) which is ciual to Y 
for x=X. In fact, there ia evidently a maximum for \R {X, Y) \ when 
the points X, Y remain respectively iu the preceding regions, while 
there is a positive minimum for the numbers a and b (see g 22). Let 
yj be the minimum of the radius of this circle of convergence. We 
could find, by hypothesis, a point X' on the path L whose distance 
from the point a would be less than t) and such that the coirespond- 
ing point Y' would be in the region (E). Since the circle of conver- 
gence of the series, which represents the integral which tabes on the 
value J" for x = X', has a radius at least equal to ij, the point a 
would be in the interior of this circle, which is evidently impossible, 
since a is a singular point. 

The point Y, therefore, finally remains constantly in the interior 
of one of the circles y, or outside of the circle T as | J — a] approaches 
zero. Since the radius p, can be taken as small as we please and the 
radius if aa large as we please, this means that Y approaches one of 
the values 0, unless | ¥\ becomes infinite. We have just examined 
what happens in these two cases. It follows that the point a is either 
a pole or an algebraic critical point. Hence we can avoid the singular 
point by replacing the portion of the path L near the point a by an 
arc of a circle of infinitesimal radius described about this point 
as center, and we shall be able to continue the analytic extension 
beyond this point until we meet a new singular point. We shall 
show that on a path L of finite length there are never more than 
& finite number of poles or of algebraic critical points. In fact, with 
each of the points a^, a'^ as centers let us describe a very small circle 
In the plane of the x'a, and let us describe also a circle of very large 
radius about the origin as center, so that all of the path L shall lie 
in the region (£') of the ir-plane bounded by these circumferences. 
Let ar, be any point of (£'). Then the integral whose absolute value 
becomes infinite as | a: — a; J approaches zero is equal to a polynomial 
in (a: — x,)~' plus a power series in (x — a;,) which converges in 
a circle of radius p^. Similarly, the different integrals which have 
the point x^ as an algebraic critical point are represented by series 
arranged according to fractional powers of a; — x^. Let p, be the 
smallest of the radii of convergence of these different series. It is 
clear that these numbers p, and p^ vary continuously with the position 
of the point a:,; hence they have a minimum X > 0, and the distance 
between two neighboring singular points on the path L is of necessity 
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greater than X.* We can therefore encounter on thia path only a 
finite ntimber of poles or of algebraic critical points. Consequently, 
the only jn-ovable singular points of the iittegrals of the equation (22) 
are poles or algebraic critical points. These integrals cannot have 
movable essentially singular points, and consequently they can have 
DO natural boundaries. 

The preceding arguments can be extended without difficulty to 
equations of the form (22), where P(a:, y), Q(x, y) are polynomials 
in y whose coefficients are analytic functions of x. We have only to 
add to the points a,-, a'^, which are defined aa above, the singular 
points of all these coefficients. If the path described by the variable x 
remains in a region not containing any of the points %, a'^ or any 
of the singular points of the coefficients of the various powers of y, 
the only singular points which the integrals can have are poles or 
algebraic critical points. 

As an application, let us consider the question of finding the 
equations of the form (22) which have no movable eritieat points. 
In order that this may be true, the denominator must not contain y. 
In fact, let a be any value of x, and fi a corresponding value of y, 
for which Q(a, fi) = 0, while the numerator P(a, ff) is not zero. The 
integral of the equation (22) which approaches ^ when |a^ — a] 
approaches zero has this point as a critical point, and it is clear 
that it is not a critical point for all the integrals. Hence the desired 
equation must be of the form 

where P„, P„_i,--- are functions of x. Moreover, the equation 
obtained by putting y = 1/z must be of the same form, so that m 

■ It should be Doticed that an integral can liave an Inflnlta number of critical points, 
and even an Infinite number ot tbem in the neighbortiood of any value of x. Consider, 
tor example, the equation 

where A (x) ia a rational function ; the general integral ot thia equation ia 

R{x)dx. 






Let na auppose that the definite integral/R (z) dz baa the fonr periods 1, a, i, pi, 
where a and ^are two real lirBtional namberg. In the interior of a circle e described 
witb an; point x, as center and with an arbitrary radius, it is easy to prove (see II, 
Part I, §53, Note) that we can find an infinite number ot roots ot j/^ by suitably 
choosing the paths nf integration, and each ot these roota is a critical point. But 
a path of finite length described by the variable never contains an inSnite nambar 
of tbem. 
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cannot be greater than 2. It follows that the mirat general equation 
which satisfieB the given conditions is a Kiccati equation. It ia 
easily verified that the condition is satisfied by any Eiceati equa- 
tion. If we take, for example, the espreaaion in (26) (§ 40) which 
represents the general integral, it is clear that that integral can have 
for singular points, besides the singular points of the functions y , 
y^, only poles resulting from the roots of the denominator y, + Cy,, 
that is, poles which vary with the constant C. 

SimUarly, we maj consider the queatloD of determining the equationa of tbe 
form (32) whose integrals have no moeoJiie potes. Let ni and n be the degrees 
of P(i, y) and of Q(z, y) with respect to y ; the equation obtained by putting 
y = 1/j is of the form 



(24) 



Q,(i, 



J> 



where P, and Q, are two new polynomials in z. Let ic = o be any valne of * 
not contained among the fixed singular points. The equation (24) has an inte- 
gral which approaches zero as \x— a\ approaches zero. It would seem from 
this that tbe equation (22) always has an integral whose absolute value becomes 
infinite as |x — a] approaches zero, but this conclusion is incorrect if the inte- 
gral of the equation (24) reduces to i = 0. It is necessary and sufficient for 
this tbat w < n + 2 ; hence this is the condition that there shall be no movable 
poles. It follows that the only type of equation which has no movable singul&r 
point of any kind is the linear equation. 

Applicaiion. Tbe preceding resnlt enables ua to determine whether the gen- 
eral integral of a differentia] equation of the first order i» a ratUmal fimetion 
nf the constant of integration, when that constant is suitably chosen. Let 

be a rational function of tbe parameter C, where the coeCBcIents of tbe two 
polynomials in C, P{x, C) and Q(z, C), are any functions of x. It is clear that 
the derivative y' is also a rational function of C, 

y = B'{x,0. 
The elimination of the parameter C leads to a relaUou of the form 

(E) F{y, y';x) = 0, 

where F is a polynomial in y, y' whose coefBcients may be any functions of z. 
From tbe manner in which this equation is obtained we see that it is of defi- 
ciency zero in y and y', regarding z as a parameter. 

Conversely, let us consider a differential equation of the first order (E), in 
which the left-hand side is a polynomial in y and y' whose coefBcients are any 
analytic functions of x. In order that such an equation have a general integral 
of thb form (A), it must first of all be of deficiency zero in y and y'. When 
this is the case, we can express y and y' as rational functions of a parameter u, 
y = r{x,u), s(' = ri(2, u). 
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in each a way that we have, conversely, u = a(x, y, ^, where the functions r 
and r, are rational in u, and where ■ la a rational function of v and j/'. Hence 
the given differential equation (E) may be replaced by the equation 



which U of the form 

(K,) g = ?■(.,«), 

where F is a rational function of u. If the general integral of the equation (B) 
IB V = S(x, C), the general integral of the equation (E,) is, according to tha 

tt = • [le, £ (J!, C), R- («, C)] ; 

that is, it is a rational function of C. But the only singular points of such an 

expression which vary with C are evidently poles. The only movable singular 
points that the equation (E,) can have are therefore poles ; consequently the 
equation (E,) must be a. Blccati equation.* 
Let us consider, for example, the equation 

v^ = iPv + Q)Hu-o)iy-b), 
where P and Q are functions of x, and where a and b are two constants. This 
relation Is of deficiency zero in y and y", and in order to express jr and jf as 
rational functions of a parameter, we need only set (y — b)/{y — a) s t*, which 

and the equation (E,) is the Biccati equation 

2^' = P(6-o(=)+Q(l-P). 

68. Single-valued fanctioiu dednced from the eqtution {i/y = R(f/). 

Let lis DOW consider the integrals of the differential equation 

(26) (rt--J!&)-^, 

where m ia a positive integer and where P(j/) and Q(y) are two 
mutually prime polynomials in y with constant coefficients. We shall 
now propose to determine all the equations of this kind whose gen- 
eral integrals are single-valued and in general analytic. Let a;^ be 
any value of x, and i/^ an arbitrary value of y which does not cause 
either of the polynomials P{y), Q(y) to vanish. The equation (25), 
after y has been replaced by y^ has m distinct roots in y'. Let us 
choose one of these roots, y^. The equation (25) has an analytic 



is a linear function of tl 
ratiMtal (unction of C. 
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integral in the neighbothood of the point x^, which takes on the value 
y^ at this point and whose derivative ia equal to y'^ for x = x^. We 
can extend thia integral analytically along the whole of any path 
starting from the point x^, so long as we do not encounter any singu- 
lar points. Let a be the first singidar point encountered, let X be a 
point of the path L lying between x^ and a, and let Y be the corre- 
sponding value of the integral at the point X. The arguments of 
the preceding paragraph, which apply here without essential modi- 
fication, show that as |X — a{ approaches zero, Y approaches a root 
of one of the equations 

-P<y)=0, Q(y)=0, 

or else \Y\ becomes infinite; but it can never happen that Y does 
not approach any limit. 

Let US examine the different possible cases. Suppose first that b 
13 a 5-fold root of the denominator Q (y) = 0. From the equation (25) 

(26) dx = (y^ i)" [c„ + c^(>j - J) + ■ . ■] %. (c^ ^ 0) 

If y describes a path from y^ to 5 in the plane of the y's, the vari- 
able X describes a path starting from x^ and ending at a point which 
we shall call a in the finite portion of the x-plaae. Conversely, if x 
goes from a:,, to a along this path, y goes from y^ to b. Putting 
y^b^t", we derive from the equation (26) a development of 
3! — a in powers of ( beginning with a term of degree m + q. 
Conversely, we have for t a development according to fraetional 
powers oi x — a beginning with a term in (a; — ay^*^', and there- 
fore a development of y — S of the form 

Since q is positive, m + q is greater than m, and the point a: = a is 
an algebraic critical point for the integral considered. In order that 
the general integral of the equation (25) may be a single-valued func- 
tion, it is necessary that the polynoniial Q(j/) shall reduce to a 
constant, or that the equation shall be of the form 

where P (y) is a polynomial. Since the equation «'" = (— l)"s*"P (l/«), 
obtained by the transformation y ^ I/2, must also be of the same 
form, the degree of the polynomial P (y) cannot be greater than 2 m. 
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Finally, we may suppose that P(y) is of degree 2 m. lu fact, if 
P (y) is of degree 2 m — q, putting y = a + 1/z, where a is not a 
root of P(y), we are led to the equation 

»- = (- in-^-PM + »"-p'C) + ■■■]. 

where the light-hand Bide is now a polynomial of degree 2 m.. 

Conversely, given an equation of the form (27), where P(j/) 
is a polynomial of degree 2 m, if b is a root of that polynomial 
the substitution y = 6 + 1/a leads to an equation in z of the 
same kind, where the right-hand side is a polynomial of degree 
less than 2 m. 

Let us suppose, then, that PQ/) is a polynomial of degree 2m, and 
let a be the first singular point that we find on the path L starting 
from Xi^. If I Y\ becomes infinite when X approaches a, the equation 
in z, obtained by putting y = 1/z, has an analytic integral which ia 
zero for X = a. The point a is therefore a pole for y. 

There remains the case where ¥ approaches a root b of P(y) aa X 
approaches a. This can happen only in case the order of multi- 
plicity of that root is less than m. For let us suppose that P(y) 
is divisible by (y — J)', where q^ m. From the equation (27) we 
obtain, according to the initial conditions, 



where ^(y) is regular in the neighborhood of the point b, and we 
see that |A'| becomes infinite as F approaches b. It follows that 
q <_m, and the given equation can again be written in the form 

(28) rf* = (y - 6)"-[c, + c,(y - 6) + • ■ -Idy, (c, =)t 0) 

whence we may derive a development of a; — a in powers of (y — S)"* 
beginning with a term of degree m — q. Conversely, we may derive 
from (28) a development for y — 6 according to fractional powers of 
X —'a beginning with a term in (x — a)"""-". The point a ia there- 
fore, in general, an algebraic critical point. In order that it may be 
an ordinary point, m/(m — q) must be an integer i ; tliat is, we must 
have J = m (1 — 1/i), where i is an integer greater than unity. This 
condition is also sufficient, for if it is satisfied, we may derive from 
the equation (28) a development of the form 

a; - « = kfy - 6)'+ kly - by*'+ ■ . ; (k, ^ 0) 
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and, conversely, we have for (y — lif' a development according to 
integral powers of a; — a. 

In order that the integrals of the equation (27) shall have no 
critical points, where P(j/) is a polynomial of degree 2 m it is neces- 
sary and sufficient, by what precedes, that the order of multiplicity 
of each root of P(i/)^ he equal to or greater than m, or of the form. 
m(l — 1/Ot wAs'"* i " I"' integer greater fJian unity. If all these 
conditions are satisfied, the general integral of the equation (27) is 
a single-valued function whose singular points in the finite portion 
of the plane can only be poles. 

To complete the discussion, we shall distinguish several cases : 
First case. There is one linear factor in P(y) whose exponent is 
greater than m (evidently there can be only one). If there are also 
p linear factors distinct from this one, the sum of the exponents of 
these factors is less than m : 

Hence we have p — 1 < 1/i^ + ■ ■ ■ + Xfi^ and, since i^, i^, ■ ■ ■ , ^ are 
each greater than unity, p — 1 < p/2, oip <. 2, We have therefore 
p = t, and, extracting the mth root of the two sides, we may write 
the equation (27) in the form 

(I) j,' = jl(!,-.)'*'(;,-S)'-'. 

The case where i = 1 should not be excluded, for it corresponds to 
an hypothesis which we have not examined — that of a single linear 
factor in P(y). 

Second case. The equation P{y) = Q has an m-fold root. If it has 
two, the equation (27) becomes, after extracting the with root of the 
two sides, 

(II) y' = A{y-a)(^-h). 

If the equation P{>i) = has only one root of multiplicity m, it has 
pip ^2) roots whose order of multiplicity is less than m, and we 
have a relation of the form 



or 


(-.D--(-;) 


whence we derive. 


. b2. 
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Sineeja is greater than unity, we have iiecessarily/i = 2, tj = ij = 2; 
the Dmnber m ia an even number, and the equation (27) reduces 
to the form 

(JIT) y'* = A(j,~af{y-b){y-c), 

a, h, c being three different numbers. 

Third case. The equation P(y) = has only roots whose order of 
multiplicity is less than m. Let p be the number of these roots ; the 
sum of the orders of multiplicity being equal to 2 m, we have a 
relation of the form 



„(.-!). 



(i-JV-+»fi-fV2« 



Hence p ^ 4, and since p > 2, we can have only p = 4 or ^ = 3. If 
p = i, the simi l/t'j + 1/ij + 1/i^ ■+■ 1/i^ must be equal to 2 ; and 
since each of the denominators is equal to at least 2, we must have 



If ^ ^ 3, it is a question of finding three integers, t,, i^, i^, eaeh 
greater than unity, such that the sum of their reciprocals is equal 
to 1. If none of these numbers is equal to 2, each must be equal to 
3. If one of them, t^, is equal to 2, the sum of the reciprocals of the 
other two must be equal to 1/2 ; if the two are equal, eaeh of them 
is equal to 4. If they are unequal, the smaller must be less than 4 ; 
it is therefore equal to 3, and the greater is then equal to 6. We 
have, then, in alt only four possible combinations, and the equation 
(27) may be reduced to one of the following forms : 

(IV) »,'» = ^(y-a)0/-i)(y-c)(y-(0, 

(V) . y'>=A(y-<iy(y-by(y-cy, 

(VI) y" = J (y - afiy - l)'(y - cf, 

(VII) 1/" = .4 (y - afiy - by (y ~ c)*, 

where a, b, e, d are different numbers. If, in the equation (27), the 
polynomial P{y) is of degree 2 m., and if the general integral is a 
single-valued function, the equation (27) has one of the forms which 
we have just obtained. Conversely, every integral of any one of 
these equations is a single-valued function, since on any path 
described by the variable we cannot encounter any other singular 
points than poles. 
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It is conrenient to add to the types whidi we have jnst enumer- 
ated, in order to have all the equations gf the form (26) whose 
general integral is single-valued, the types which are obtained by a 
transformation of the form y — a = 1/a, where a is a root of the 
polynomial P{y)- The new types of equations thus obtained are 

(I)' y' = -!&-•)'"', 



(I)" 


i,'_^(j.-o) ', 


(iiy 


j,'-^(j,-a), 


any 


y' = A(y-ay(!,-b), 


(III)" 


y'-A(!,-b)(„-c), 


(ivy 


y'- = ^(y-»)(j,-S)0,-o), 


(V)' 


!'' = '<(!'-<■)'&-»)■. 


(VI)' 


J," = ^ (J, -«)■(}. -S)', 


(VI)" 


j," = ^(j-.y(j,-i)', 


(VII)' 


s-=A(f-.y(!,-ty, 


(VII)" 


y' = A<3-a,y(j/-ty, 


(VII)"' 


!,» = ^ (,-<(, -4)'. 



The equations (I), (I)', (I)", which are transformable one into the 
other, have a rational function for their general integral, as we see 
immediately from the equation (I)', for example. It is easy to show 
that the equations (II), (II)', (III), (III)', (III)" have a simply 
periodic function for their general integral. Finally, the general 
integral of the equations (IV) and (IV)' is an elliptic function. 
There remain, then, as new types of differential equations of the 
form (25) whose general integral is single-valued, ouly the equations 
(V), (VI), (VII), and those which reduce to these forms. These 
equations separate into three groups, and it is sufficient to integrate 
one equation from each of the groups, for example, the equations 
(V)', (VI)", (VII)"'. 

If, in the equation (VI)", we put y = a + z" and extract the square 
root of the two sides, it becomes 

4 8" = A*«(«' + a — J), 

and the general integral in x is an elliptic function. Similarly, if in 
the equation (VII)'" we put y = a + ** and extract the cube root 

of the two sides, it becomes 

9 «"* = .!*(*' + «-*), 
which is an equation of the form (IV)'. 
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In order to integrate the equation (V)', we observe that that rela- 
tion between y and y' la of deficiency one. We can therefore express 
y and y' rationally in terms of the codrdinates of a point of a cubic 
or in terms of a parameter ( and the square root of a polynomial of 
the third degree. In fact, if we put y' = At*, we derive from the 
equation (V)' n 4-h 1 

and the relation dy = y'dx leads to the new equation 

The general integral of this equation, * =f(x + C), Is an elliptic 
function. Hence the general Integral of the equation (V)' ia of the 
form „ I I 1 

It follows that the general integral of every equation of the form 
(25), if it is a single-valued function, ig a rational function of x or 
of the exponential function e", or is an elliptic function. 

Except in the cases which have just been enumerated, the general 
integral of the equation (25) ia never a single-valued function. For 
example, the inverse function of a hyperelliptic integral of the first 
kind cannot be a single-valued function. In fact, let P(y) be a poly- 
nomial prime to its derivative and of degree greater than 4. The 
differential equation y" = Piy) cannot have a single-valued integral. 
let (x^ y^ be the initial values of the two variables x and y. As 
\y\ becomes infinite, x approaches a finite value o; and, conversely, 
when X goes from x^ to a, \y\ becomes infinite. The point a; = <r ia 
an algebraic critical point, as we have just seen, for the integral of 
the equation «'^ = «'P(l/«) which approaches zero when a; approaches 
a, since the degree of P{y) is greater than 4* 

* la one of their papers Briot and Bouquet set for tbemselvea the proMetn of de- 
termining all tbeequatlansJ'(y,^-0,wberef is a polynomial, whose general Inte- 
gra! is a single-valued function {Jovrnal de Vtcole Polfftechnique, Vol. XX1>. From 
the conditions found by tbem Hermile proved that the relation between y and y' is 
of deficiency zero or one (Court UthographU de FEcok Folytechtdque, 1873) ; bence 
we can apply the method of § 11 In integrating them. If the relation Is of defleieney 
zero, we can express y and y" as rational functions of a parameter t- In order that 
the Integral of the glvsn equation be a single-valued function, the variable x, which 
Is obtained by a quadrature, must be a linear function of (, i=(a(+ 6)/(c( + d), or 
else the logarithm of such a function, i = ^Lojtf(cie + 6)/(rf + (?)]. It the relation is 
of deSclency one, we can express y and y" as elliptic tunctlons of a parameter u, and 
dc/dwH/y^dy/du must reduce to a constant. The problem of Briot and Bouquet 
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if alllirtlc foncttoiia dednctd from Enlar** aquation. The reasoning 
of the preceding pan^raph proves, in particular, that the general integral of 
the equation y^ = B (j/), where K (y) is a polynomial of the third ot of the fourth 
degree, prime to its derivative, is a, single-valued function analytic except for 
poles in the whole plane. On the other hand, the inverse function, which is an 
elliptic integral of the flrst kind, has two periods whose ratio is imaginary (see 
II, Part I, § 58). This single-vaiued function is therefore doubly periodic, and 
we thus demonstrate the existence of elliptic functions by means of the integral 
calculus alone. 

The preceding proof of the single-valued property of the inverse function of 
the elliptic integral of the first kind is distinct from the one which has been 
given in § 78 of Vol, II, Part I, in which we make use of the properties of the 
function p(u). We shall also show in brief how we can take as our point of 
departure the theory of the Integration of Enler's equation, which will give an 
idea of the method pursued bj the originators of the theory. 

Let us first consider the diSerential equation 



(29) 



whose general integral is i Vl — v' -I- V '^ 
the general integral is given by the equation 



= C (S U). It is also clear that 



and therefore that we have between the tw( 
arcsin«-(-arcsin:, = F(jV 
In order to determine the function F, let t 
definite relatJon 

(30) 
This relation is equivalent 



a relation ot the form 
} suppose y 



there results the 



i(( = arc8in(sVl— v' + »Vl — a*). 
the addition formula. For let us take two angles 
u and ti determined by the conditions 

J! = an a, Vl — i^ = cos u, y = dn o, Vl — v* = cos o, 
where the radicals have the same values as in the preceding equations. The 

relation (SO) pves 

aVl - I/" -H y-^l-x* = sin(u + r), 

sin (u -f v) = sin u cos n -f- sin b cos u. 
However, to see in this work only an ingenious proof of the addition formula 
for the sine function would be to overlook entirely its broad significance. 
Indeed, we shall show that it leads to a very ^mple proof of the existence of a 
single-valued integral function which satisfies the differential equation 



(81) 



y^ = i-y 



has been generalized by Fucha, who formulated the necessary and sofBcient condi- 
tions that the general integral of an equation ol the first order Fix, y, y^-0, alge- 
braic in s and y', may have only Sxed critical points. Poincar^ has since shown that 
when these conditions are satisfied, we are led to quadratures ot to Riccatl equations 
{Ada malhemalica. Vol. VII). 
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and which reduces to zero for z = 0, while ^ is equal to -|- 1 for z = 0. Cauchy's 
general tbeorem shows, indeed, that there exists an aji&lytic function ^(j)satls- 
f jing these conditions and analytic in the neighborhood of the origin, but it does 
not give the radius of convergence of the power series wliich represents <b(i). 
Let R be this radius of convergence. The circle C of radius R about the origin 
as center is the greatest circle described about the origin as center witliin which 
the function # (z) is analytic. The derivative ^'fz) is analytic in the same circle, 
and we have *'^(i) = 1 — **(*). Let us now return to the equation (29), and let 
us make the change of variables z = ^ (u), ]/ = ^ (')< where u and n are the two 
new variables and ^ the function which has just been defined. If we choose 
the determination of the radicals in a suitable way, we have also 



Vl - zs = *-(«), Vl - i/» = *-(b), 
and the equation (2S) beconiee dii + dn = 0. The general integral of this equa- 



«(u) *» + *'{«)* (o) = C'. 
Hence it follows, as before, that we have a relation between u + « and 
^ (u) ^'(^) -I- ^'(u)^(t>). Putting vsO, the relation is determined, and we have 

(82) *(« + !') = *(u)*'(e) + *'(«) *(i>). 

This relation holds, provided |u|<R, lti|<R, |u4-ti|<H, which will surely 
be true if we have|u|<BA |»|<K/2. Let us put » = u andlu|<ii/2i then 
tbe equation (32) becomes 

(33) *{2«)!=2*(u)*». 

Let^j(u) be the function 24(u/2)4'(u/2). This function 4,<u) is analytic in 
the circle of radius 2 S about the origin as center, and, by (33), it is identteal 
with the analytic function #(u) in tbe circle C of radius R. These two func- 
tions, ^ (u), ^j (u), form therefore only a single analytic function, which is ana- 
lytic outside of the circle C. It is therefore impossible that the radius R of this 
circle of convergence bas a finite valne ; consequently the function ^ (u) is an 
integral fundion of u. 

Let us now consider the differential equation 

m I^ = (l-i/')(l-l'i/'), 

adopting for the right-hand side Legendre's normal form, and let us study the 
Integral X(ar) of this equation which is zero for z = and whose derivative is 
equal to + 1 for z = D. This function X(z) is analytic in the neighborhood of 
the origin. Let C be the greatest circle about the origin as center in the inte- 
rior of which the function X(z) is analytic except for poles, and let R be Its 
tadlus. If the nearest singular point of \{x) to the origin were not a pole, we 
ehoulcl take for C the circle through this singular point, and the function X(z) 
would then be analytic In this circle. 

Let us now consider Euler'e equation 

(35) , "•■ t-T "• = 0. 
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Multiplying the numerator and the denominaitor of the tight-hand ^de of the 
equation (06) (p. 29) by the conjagate of the denominator, and suppressing 
the common factor z^ — xft ^^ h&ye for Us general integral 

,««, ',Va-»j)(i-t^;)+j^V(i-»j)(i-t''^) „ 
"^ r::^^^^ =-''■ 

On the other hand, choosing the sign of the radioala suitably, the change 

of variables x^ = X{u),x, — \{>}) reduces the equatjon (85) to the equation 
du-i- dv = 0, whose general integral is u + n = C. V we make the same sub- 
stitution in the formula (36), we have a relation of the form 

X(ii)X-(.) + X(.!)V(») _ „, , , 
1 - t*X»(u)X'(«) ' "*" '' 

We can determine the fonn of the function F, as before, by supposing n = 0, 
which gives ^(u) = ^ (u) ; and we have the definite relaUon 



K(«)>-(.) + X(li)V(u) 
1 - *»X'(u) X»(r) 
Putting = u, we find 

-i<X<(u)' 



(37) X(« + .) = 

X(2u) = 



This fnnction is anal^ic except for poles in the circle of radius 2 B aboat the 
origin as center, since it is the quotient of two such functions. Moreover, it 
coincides with ^(u) in the interior of the circle C, by the relation (38). Hence 
the two functions X(u) and 4<{u) form a, single analytic function, and X(u) is 
analytic except for poles in a larger circle than C. It is therefore impossible to 
suppose that the radius R of this circle has a finite value, and consequently the 
function X (u) is analytic except for poles in the entire plane. 

The equation (37) conatitutes the formula for the addition of the argumenta 
of the function X(u). When k approaches zero, we find again at the limit the 
addition formula for sin u. The function sin u can, in fact, be conMdered as a 
degenerate case of X(u), obtained by letting k approach zero. 

70. Equations of higher order. The study of the properties of the functions 
defined by differential equations of higher order presents much more serious 
difficulties than those which arise in studying equations of the first order. These 
difficulties result in a great measure from the possible presence of movable 
essential singularities. These dngularities may be at the same time essentially 
singular points and transcendental critical points, as in the foUowing example, 
due to Palnlev^. The function 

(39) y =^[Log{4i+ fl); p„ ff,]. 
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(40) 






In the neighborhood of eveir Talue of x difierent fiom — B/A this function 
(39) is analytic or analytic except for poles. 

When X turns around the point — B/A, the function has an Infinite number 
of different values, unlesB 2iri is an aliquot part of one of the periods of the 
function p(u; g^, g^. On the other hand, when the variable x deacribea any 
sort of curve such that \Ax + B\ approaches zero, the point which represents 
I the quantity u ^ Log {Ax 4- B) describes a curve with an infinite branch. This 
I curve therefore crosses an infinite number of paralielograuB of periods of 
the function p(u), and consequently y does not approach any finite or infinite 
limit. Thus, although the general integral of the equation (40) presents neither 
fixed critical points nor movable algdiraic crUieal points, we cannot conclude 
from this that it is single-valued. This is on account of the presence of the 
movable transcendental critical point, z = — B/A. 

Beginning with equations of the third order, the movable truiscendental 
singular points may form tines. It is easy to see how an analytic function hav- 
ing natural boundaries may not have any critical points in its whole domain of 
existence without being on that account single- valued. Consider, for example, 
a function/(;c) analytic in the ring included between the two circles C and C 
described about the center a and having C and C as natural boundaries 
(II, Part I, § 87). The function F{x) =/(x) + Log [x — a) has the same circles 
C and C as natural boundaries, and it is analytic at every point between C 
and C. Nevertheless it has an infinite number of determinations for every 
value of z in this domain. 

For a long time these difficulties arrested the progresi of this theory, but 
Painl^ve, in recent investigations, has obtained algebraic differential equations 
of the second order which are integrahle by means of essentially new single- 
valued transcendentals. We shall cite only one of the equations given by 
Painlev^, 

y" = av* + fix, 

where a and j9 are constants {a§ ^ 0). The general integral of this equation is 
a transcendental function analytic except for poles.* (Bulletin de ta SociMi 
Matk^maliqiLe, Vol. XXVIII.) 

■ Starting with linear equations, it la easy to form systems of differential eqna- 
tlcins wbicb j^enerallze Riccatf *b oquHtjon, and whose Integrals have no other movable 
singular points than poles. Consider, lor example, a system of three linear equations 
of the first order, 

<a) ^ + a[(+6«+cu = 0, i'+aiv + 6,i+ci«-0, «' + aay + 6,1 + c,u-0. 
It wepnt yitiT, z°iuZ, Taud Zare integrals of the system of equations 

,„ rr+or+6z+c- r{air+ 6j2+c5)-o, 

LZ' + di !■+ 6,Z + c, - Z (Osy+ 6g Z + aj) -0, 
and it is irlear that the only movable Angular points ot thu Integrals are poles. But 
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III. SINGULAR INTEGRALS 

71. Angular integrals of an equation of the first order. We have 
already remarked on several occaBionB (§§ 10, 14) that a differential 
equation of the first order may have certain integrals which it would 
be impossible to obtain by assigning a particular value to the arU- 
trary constant which appears in the general integral. This result 
appears to contradict the theorem of § 26, from which we deduced a 
precise definition of the general integral. This leads us to consider 
again Cauchy's fundamental theorem and to determine by a closer 
examination whether or not the hypotheses of that theorem are 
necessarily fulfilled for all integrals. Let us consider, for definite- 
ness, an equation of the first order, 

(41) Fix,y,y') = (i, 

■where P ia an irreducible polynomial in x, y, y' of the mth degree 
in y'. To every system of values (x^, y^ the equation 

("') H'., y. y') = 

determines in general m corresponding distinct and finite values 
yli J/ij ■ ■ ■) y« ^'^^ y'- I^* us suppose first that this is actually true 
at a given point (x^, y^. Then, as x — x^ and y — y^ approach zero, 
the m roots of the equation (41) approach respectively y[, y'^, • • ; y'^, 
and each of them is an analytic function in the neighborhood of the 
point (a:„, yj. The root which approaches i/,', for example, is repre- 
sented by a power-series development of the form 

(42) y' = y', + a,{x - x„) + ^,{y ~ y^ + ■ • -. 

We can apply Cauchy's theorem to the equation (42), and we con- 
clude from it that that equation has one and only one integral which 
approaches y^, as |a; — ar^l approaches zero. This integral is analytic, 
and the development oty — y^ begins with the term y'i{x — x^). To 
each root of the equation (41') corresponds thus an integral of the 
given equation. 

it the moat general system of diffemntial eqoAtioni 

where R and Ei are rational lunctlona of Y and Z, which possess this propertr- 
In fact, let T=4,(Yi, Z,), Z-i/lY,, Z,) be relationa defining a Cremona Inuu- 
formaiion, such that we can derive Irom them the inverse telaUons I'l-^i {Y, Z), 
^i~'f'i (*'p Z), where *, f, *,, f, are rational functions. If we apply this trana- 
formation to the Kysteni 03), we are led to a system having the same property, which 
is surely of the form (v) bat not In general of the form (fi). 
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The equation (41) has therefore m and only m integrals which 
take on the value y^ for x = 3:,^, and these m integrals are analytic 
in the neighborhood of tlie point x^. In geometric language we may 
say that through the point M^^ whose coftrdinates are (x^, y^ there 
pass m integral curves with m distinct tangents, and that the point 
J/, is an ordinary point on each of them. Besides, all the integrals 
of the equation (42) which for x = Xg take on values differing only 
slightly from y,, satisfy a relation of the form ^(x, y\ x^, y^+ C) = 
(§ 26), and the'integral considered corresponds to the value C = 
of the arbitrary constant. 

If for x = x^, y = y„ a root of the equation (41') ia infinite, it 
■will suffice to regard y as the independent variable and x as the 
dependent variable. The equation (41) is replaced by an equation 
of the same fonn, Fj(x, y, x'^) = 0, which for x = x^, if = y^ has a 
zero root x' = 0. If this is a simple root, we derive from it a develop- 
ment for a: — a:^ in powers of y — y^ beginning with a term of at least 
the second degree. Conversely, the point ^^^ is an algebraic critical 
point for the integral which approaches y^ when \x — x^\ approaches 
zero (II, Part I, § 100). Through the point (x^^, y^ there passes an 
integral curve whose tangent at that point is the straight line x^x^^ 

The coordinates (x^, y^ of a point for which the equation (41) 
has a mnltiple root satisfy the relation 

(43) R(x,y) = 0, 

■which 13 obtained by eliminating y' from the two relations F=0, 
dF/dy' = 0. The equation (43) represents a certain curve (y), and 
for all the points of this curve the equation (41) has one or several 
multiple roots. Let (x^, yj be the coordinates of an ordinaiy point 
M^ taken on this algebraic curve. We shall suppose, in order to 
treat the simplest possible case, that the equation 

has a double root yj but no other mldtiple root finite in value. If 
this double root were infinite, it would suffice to interchange x and 
y in order to pass to the case where it is zero. When |a; — x^\ and 
I y — y,| are very small, the equation (41) has two roots which differ very 
little from yj. These roots are not, in general, analytic functions of 
the variables x and y in the neighborhood of the point {x^, y^), but 
their sum and their product are analytic functions,* so that these two 
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roots of the equation (41), which approach i/g as I* — x„[ and ]!/ — y„{ 
approach zero, are also roots of an equation of tiie second degree, 
(44) y" - 2P(x, y)y' + Q{x, y) = 0, 

where P(x, y) and Q(x, y) are analytic functions in the neighbor- 
hood of (Xj, y^. From the equation (44) we find 



(45) y' = P{x, y) ±Vi-(a:, y) ~ Q(x, y), 

and these two roots are equal for all the points of the curve (y,) 
whose equation is i* — Q = 0. This curve (7,) is necessarily part of 
the curve (y), and since it passes through the point {x^, y^), it coin- 
cides with (y) in tlie neighborhood of (x^, y^. In order to study 
the corresponding integral curve, we shall suppose that the origin 
has been transformed to the point Afj, which amounts to putting 
x^^y^= 0. Since the origin is a simple point of the curve (y), if we 
have chosen the axes of coordinates in such a way that the tangent 
at the origin is not the axis Oy itself, the equation I^—Q = has an 
analytic root y =^ y^ix) which approaches zero as x approaches zero. 
In general, the slope of the tangent to the curve (y) at the origin 
is different from the double root y^ = p(0, 0) of the equation (45) 
for x = y = 0. Let us first assume this point, which is almost self- 
evident, and return to it later. Then, if we pjit y = y^ + ii in the 
equation (45), it becomes 

i/i + s'-P (x, 1/, 4- ») ± Va*(x, a), 
where *(a;, «) is a power series in x and «. It is clear that a must 
be a factor under the radical after the substitution y = y^ + z, since 
y, is a root of the equation P* — Q = 0. If we arrange *(«, si) in 
powers of z, we have a development of the form 

where iji^, iji^, ij/^ are regular functions of x in the neighborhood of 
the origin. The function ^„(x) cannot be zero for x = Q, for other- 
wise the development of **(«, a) would contain no terms of the first 
degree in i, 2 ; whence the development of /* — Q would contain no 
terms of the first degree in x, y, contrary to hypothesis. Similarly, 
if we replace y^ by its development in the difference P(x, y^ + a) — yl, 
we have, after arranging in powers of a, 

P(x, y, + ^) - /i = *,(a^) + «*i(^) + • ■ •, 
where the first function ^|,(»:) does not vanish for a; = 0, since by 
supposition the derivative y{ is different from ^(0, 0) at the origin. 
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The equation (46) therefore reduces to ao equation of the form 
(46) «' = *.(x) + **.(a^) + - . ■ ± V; V^,(^) + z^^(x) +..., 

where neither of the functions ^g(x) and ^^(x) vanishes for x = 0. 
In this last equation let us put z =s u'. Selecting a determination 

of the radical on the light, we find 

W 2»s = «.W + "V,W+ • • ■ + « Vt,(«)+ «'♦,(«) + • ■ •■ 

The right-hand side is analytic in the neighborhood of the i>oint 
X = 0, « = 0, since ^,(0) is not zero. Moreover, this right-hand side 
is not zero for a: = 0, m = 0, since ^,(0) is not zero. The derivative 
du/dx is infinite for x = u=0. Hence the equation (47) has one 
and only one integral which approaches zero as x approaches zero 
(§ 63), and for which the origin is an algebraic critical point. 

It follows that the given equation (44) has an integral y = j/, + w' 
which approaches zero as x approaches zero. The adoption of the 
opposite determination of the radical in the equation (47) would 
amount to changing u to — u in that equation, and we should obtain 
the same function y^ + u'. The origin is an algebraic critical point 
for this integral. Let a^ be the term independent of x and of m in 
the development of the right-hand side of the equation (47), and let 
h^ be the coefBcient of u in the same development. Developing x in 
powers of u, we find 



Conversely, we derive from this a series for m in powers of x^", 

.=v.>*+|.+..., 

and the development of y, + u* contains a term in a^'*. The origin 
is therefore a cusp for the integral curve which passes through this 
point, and we can say now that the curve (y), represented by the equa- 
tion (43), 13, in general, the locus of the cusps of the iiUegral curves. 

Through a point of the curve (y) there passes, in general, an inte- 
gral curve that has a cusp of the first kind at this point, and the 
tangent at the cusp has for its slope the double root y'^. If the equa- 
tion (41) is of higher degree than 2, there pass through the same 
point other integral curves, corresponding to the simple roots of the 
equation F(x^, y^, y') =s 0, for which this point is an ordinary point. 

The discussion is entirely different when for every point (x^, yS) 
of the curve (y) the corresponding double root y^ of the equation (41) 
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is equal to the slope of the tangent to the curve (y) at this point. 
In this case we see first of all that the curve (y) is an integral curve 
of the equation (41). Moreover, it is an integral which is entirely 
unaccounted for in Cauehy's fundamental theorem, whatever may 
be the point chosen on the curve to fix the initial values of x and y. 
For if we take the point (x^, j/J, the equation 

n^, y, y') = 

has two roots which approach y'^ aa \x — x^\ and \y — y^\ approach 
zero ; but these two roots are not in general regular functions of the 
variables x and y in the neighborhood of the values x^, y^, and we 
cannot apply Cauehy's theorem. The integral thus obtained is said 
to be a singular integral. The investigation of singular integrals 
does not ofEer any theoretical difBcultiea, since it is evidently suffi- 
cient to determine whether the curve represented by the equation 
(43) satisfies the differential equation (41), and this necessitates only 
an elimination. It may happen that the equation (43) represents two 
distinct curves, one of which is a singular integral curve and the 
other the locus of the cusps of the integral curves. 

If the curve (y) is a singular integral, through each point of that 
curve there passes in general another integral cui-ve tangent to (y). 
Let us take for origin any point of (y). We know in advance an 
integral y, of the equation (46), namely, the singular integral for 
which we have simultaneously 

(48) y; = P(x,3/,), P=(3,,j/J = Q(x,y,). 

Putting y = y^-^- s,3i& above, the equation takes the form (46), but 
in this case the function •^^(x) is zero, since z = must be an inte- 
gral of this new equation. Retaining the other hypotheses, the func- 
tion if/^ix) is not zero for a; = 0, and if we next put s = it' in the 
equation (46), we are led to an equation all of whose terms are 
divisible by u. Dividing by u, there remains a differential equation 



(49) 2u' = ul4>,{x) + u'^^{x) H- . . .] ±V^,(x) + «Vx(^) + ..., 
to which we can apply Cauehy's general theorem. Since the func- 
tion ij/Jx) is not zero for x=0, the two determinations of the radi- 
cal are analytic f or « = 0, w = 0, The equation (49) has therefore 
two analytic integrals in the neighborhood of the origin which van- 
ish for a; = 0, and it is easily seen that these two integrals are 
deducible one from the other by changing m to — w It follows that 
the equation in y has another integral curve 

y = y, + A 
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wUch is tangent to tlie curve (y) at the origin. But there is an 
essential difference between these two integrals. In fact, we can 
apply the general theorems of § 26 to the equation (49), and the 
integral of this equation which is zero for z = belongs to a family 
of integrals which depend upon one arbitrary constant. The same 
thing is therefore true of the integral curve which is tangent to the 
singular integral curve at the origin, whereas the singular integral 
itself is in general an isolated solution. This ^t is easily explained, 
since we cannot apply to this integral the reasoning which proves 
the existence of a general integral (§ 21) from which we could 
obtain the former by giving a particular value to the constant 
which appears in the latter. 

The singular integral is therefore in general the envelope of the 
other integral curves. Lagrange had already noticed that the enve- 
lope of the curves represented by the general integral of a difEeren- 
tial equation of the first order is also an integral of the same equation, 
which is almost self-evident, since at any point of the enveloping 
curve the slope of the tangent is the same for the envelope and for 
the particular curve enveloped at that point We can also find in 
this way the rule which enables us to deduce the singular integral 
from the differential equation itself. In fact, let us first take a point 
M very near the envelope. Through this point M there pass two 
integral curves very close to each other. Moreover, the slopes of 
the tangents to these two curves differ from each other very little. 
When the point M approaches the envelope, these tangents approach 
coincidence, and the equation (41) has a double root in y' (see I, 
§ 208, 2d ed. ; § 202, Ist ed.). 

Summing up, we see that for an equation of the first order two 
entirely distinct cases may present themselves, according as the 
curve (y) is a singular integral curve or the locus of the cusps of the 
integral curves. It is natural to ask which of these two cases ought 
to be considered aa the normal case, A little attention will show that 
it is the second. In fact, the curve (y) is also the envelope of the 
curves represented by the equation Fix, y, a) = 0, where a, is the 
variable parameter. It the differential equation (41) had a singular 
integral, whatever the polynomial F might be, we should be led to 
assert a consequence which is manifestly absurd — that is, that at 
every point of the envelope of a family of algebraic curves the slope 
of the tangent is equal to the value of the parameter for the corre- 
sponding curve of the family tangent to the envelope at that point. 
If this condition is satisfied by a family of curves, it sufBces to 



)ovGoo<^Ic 



204 NON-LINEAR DIFFERENTIAL EQUATIONS [IV,S71 

change the parameter (putting, for example, a^ a' + 1) in order 
that this condition shall cease to hold. We see, therefore, that if 
we start from an equation of the first order in which the coeffi- 
cients of F are taken at random, i-athcr than from an equation fur- 
nished by the elimination of an arbitrary constant, the eases where 
there exists a singular integral must be considered as exceptional. 
If this result formerly appeared paradoxical to some mathemati- 
cians, that was no doubt because, up to the time of Cauchy's work, 
the equations studied had been principally those whose general inte- 
gral is represented by algebraic curves. As a family of algebraic 
curves has in general an envelope, it appeared quite natural to 
extend the conclusion to the integral curves of any differential 
equation of the first order. We have just seen that this induction 
was not justified.* Moreover, even in the case where a family of 
plane curves depending upon a variable parameter has an envel(^, 
the method which enables us to find that envelope gives also, as 
we have seen (I, §§ 207, 208, 2d ed. ; §§ 201, 202, 1st ed.), the locus 
of singular points, 

73. General commenta. Example 1. Let us take the equation 

(50) y«-|-2V-y = 0. 

The two values of y' are equal for all the points of the parabola 
y -\-3? = (i, and the double root is equal to — «, while the'slope of 
the tangent to the parabola is — 2ar. This curve is therefore not a 
singular integral curve. We shall show that it is the locus of the 
cusps of the integral curves. The equation (50) is a Lagrange 
equation. Applying to it the general method of § 9, we find that the 
coordinates x and y of a point of an integral curve are expressed in 
terms of a parameter p by means of the equations 

,„. C 2p 2C ^ 



* In the tbeory of envelopes we supposo tacitly tbat in tbe DelgbI)OrbiHid ol a 
Byatem of solutions (io> Va-, "o) of the two equations /(r, y, a) = 0, gf/3a = the 
Innctions/and S//5a, together with their partial derivatives, are continuous, so that 
we can apply to the tunctiona x and y at a defined by these two equations the reason- 
ing which we apply to implicit functions. Now, given a differential equation of the 
first order, we konw certainly that it lias an infinite numher of integrals depend- 
ing upon an arbitrary constant and represented in a certain region by an equation 
* (.X, V, C) = 0, but there is nothing to prore a priori tbat this function (i, y, C) 
satisfies the conditioDs which we have joat mentioned. We may even assert that it Is 
not true in general. 
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It follows that these integrals are represented by unicursal curves of 
the fourth degree. For the values of the parameter which are roots 
of the equation ^* + 3 (7 = we have dx/dp = dy/dp = 0, Each of 
theae curves has therefore three cusps, and the locos of these points 
can be found by eliminating p and C from the equations (51) and 
the relation J)' = — 3 C, which gives the parabola y + »" = 0. 

Example 2. Let ua ^ain consider Euler'a equation Xy'* = Y. The 
two values of y' are equal for all the points of any one of the eight 
straight lines represented by the equation XY=0. These eight 
lines represent the singular solutions, and form the envelope of the 
curves represented by the general integral. 

Example S. We can use the following method to determine whether 

singular solutions exist. From what we have seen, such an integral, 

if it exists, satisfies the equations 

dF 
Flx,y,y')=0, ^^ = 0, 

and consequently also the equation dF/dx + dF/dy y' = obtained by 
differentiating the first. Conversely, suppose that for all the points 
of a curve (y) the three equations 



(62) Fix,y,»)=0, j- = 0, 






have a common solution in m. Along the curve (y), x, y, and m are 
three functions of a single variable satisfying the three relations 
(62). We have therefore the relation between their difEerentiaJs, 

^dx + j^dy + ^dm^O. 

which, by (62), takes the form 

dy \ dx) 

If dF/dy is not zero at all the points of the curve (y), we have 
therefore y'-^m, and this curve is a singular integral curve,* If 
dF/dy = 0, we must also have ZF/dx = 0, and a direct verification is 
necessary to determine whether the curve (y) is an integral curve. 
This remark applies in particular to Clairaut's equation 

•F"(«, y, y') =/(y', y - «y')= O- 
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Putting, for the sake of brevity, u = y — xy', the three equationa 
which are to be compatible are here 

aiid they reduce to only two equations. A singular integral is there- 
fore obtained by eliminating y' from these two relations. 
Example 4. Consider the equBiUoii 

«' + tr* ~ 2 1 (i + mO + -^ (■« + «0' + *" = •>. 
whose general integral ia represented by the circles whichhave double contact 
with the conic i» (1 - m») + ^s + ff = 0, 

and which have their centers on the ir-axiB. This conic represents a singular 
solution. Moreover, the two values of y' become infinite for ever; point of the 
oiis of X. This straight line is not, however, a lociie o[ the cusps. Through any 
point of it there pass two integral curves t&ngent to each other, the common 
tangent being parallel to the axis of y. 

Example 6. In order that a curve C represent a singular integral, it Is not 
enough to require that at all the points of that curve the equation (41) shall 
have adouble root. It is also necessary that that double root shall be precisely 
the slope of the tangent to C. Let us consider, for example, the cissoids repre- 
sented by the equation (y — 2 o)* (x — a) — ic" = 0. The straight line x = is the 
locus of the cusps of these curves, and it represents also a particular integral 
obtained by supposing o = 0. At every point of this integral curve the corre- 
sponding differential equation has the double root y* = and an infinite root. 
It is therefore not a singular integral curve. 

Example 6. Let S be a surface having convex repons and also regions 

where its curvature is negative. These regions are separated by a curve r, the 

locus of the parabolic points, at every point of which the dtSereatial equaUon 

of the asymptotic lines (I, S 243, 2d ed. ; J 242, lat ed.), 

DduP + 2irdudti + ly'dtfi = 0, 

has a double root in dv/da. This double root furnishes the direction of the 
dngle asymptotic tangent. If the tangent to r does not coincide with tliis 
asymptotic tangent (which is the general case), the curve T is the locus of the 
cusps ot the Bsyroptotic lines : but If the asymptotic tangent at each point .V 
of r coincides with the tangent to r, the curve is the envelope of the asymptotic 
lines. This curve r, therefore, is at the same time an asymptotic line and a line 
of curvature, since the tangent is also an axis of the indicatrii. The tiormala 
to the surface S along r form, therefore, a developable mirface, and since the 
normal to 5 is the hinormal to the curve r, it follows that r is a plane curve 
(1, 5 236, 2d ed. ; g 231, Ist ed.) and the given surface S is tangent to the plane P 
of the curve r along the entire length of that curve. 

Let OS con^der, for example, a surface of revolution. In order that one of 
the principal radii of curvature at a point X at this surface be infinite, the 
radius of curvature of the meridian must be infinite or the tangent to this 
meridian must be perpendicular to the axis. In the Gist case the carve r is a 
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parallel each point of wblcb is a point of inflection for the meridian, the asymp- 
totic tangent is perpendicular to the tangent to r, and this parallel is a locus 
of the cuBpa of the asymptotic lines. On the other hand, in the second ca3e the 
curve r is a parallel in all of whose pointa the surface is tangent to the plane 
of this parallel, as in an anchor ring. It is also the envelope of the asymptotic 
lines. All these results are easy to verify directly from the difierential equation 
of the asymptotic lines in polar coordinates. 

78. Gconatiic intetpietatioD. The preceding discussion may be presented in a 
somewhat different form, which we shall rapidly indicate. We shall continue 
to employ geometric language, although the reasoning con be extended withont 
dllBculty to the domain of complex variables. 

We have already pointed out (§ S) that the integration of a differential 
equation of the first order F(x, y, y^ = l» equivalent to the determination of 
the curves r which lie on the surface S whose equation is 

(53) F{x,y,z) = 

and for which dy — zdx = 0. The projection c on the ij/-plane ot a curve T of the 
surface S satisfying the preceding conditiona is an Integral curve of the given 
differential equation, and conversely, We shall suppose in the dlscus^on that 
this surface S has no other singularities than the double curves along which two 
sheets of the surface cross with distinct tangent planes. Instead of studying 
the curves c in the xy-plane, we sliall study the curves r on tlie surface S. 

Let us consider first a point 3fg(Zg, y^, z^) of the surface £ not oil a double 
curve nor where the tangent plane is parallel to the z-a,xis. The tangent to the 
curve r which passes through JVg lies in the tangent plane at this point, 

and also, since we must have dy— zdx = 0, in the plane 

(55) Y-y^-z^{X-x^)=0. 

These two planes are distinct, since (dF/Sg)^ is not zero ; hence they intersect in 
a straight line not parallel to Oz. Through tiie point M^ there passes, therefore, 
one and only one curve r whose tangent is not parallel to the j-aiis. The 
projection c of this curve on the aj-plane passes through the point m^, the 
projection of Jtf„ and ntf, is an ordinary point for e. If the point M^ belongs 
to a double curv fS th p dingreasoningapplies to each of the two sheets, 
provided that n f h ta g t planes at M„ are parallel (o (h. Through the 

point 3f|, there pass th f two curves r corresponding to the two sheets 
of the surface S It m to find out what happens if the point M„ lies on 
the curve D of b 1 1 « f the pointa for which we have simultaneously 
F=0, dF/Bi = W h U ppose that this curve D is not a double curve. 
It is, then, the 1 us f h poi ts of S where the tangent plane is parallel to Oz, 
and one at least of the partial derivatives SF/dx, tF/ty is different from zero 
at the point M^. Hence the two planes (M) and (56) are parallel to the «-ax)s, 
and their intersection is parallel to Oz unless these two planes coincide, that 
is, unless we have 
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Let us first discard the case In nblcb this happens. The tangent to the 
curve r trhich paaseH through M^ is parallel to Ot, but this curve itself does 
not present an; singularity at the iKilnt M^. To aaaure ouraelvea of this, we 
shall replace the system of the two equations 

(57) F(x, :/, S!) = 0, dy = a*B 

\>y the syslem of the two simultaneous equations 

,,., dx dv ~ d! 



m: 



with the initial conditions x = x„,y = yg,z = z,. The two HfsteuiB are equiva- 
lent, lu fact, from the equations (68) we derive the iotegrable combinatioa 
dF= 0. Hence we have F(z, y, z) = Fix^, y^, z^) = 0. Now, since 

•m. 

does not vanish by hypothec, we derive from the e.quations (68) the develop- 
ments of z — Zg and ot y — y^ln powers of z — z, beginning with terms of at 
least the second degree, 

The point M^ Is therefore an ordinary point for the curve r which passes 
through this point, but the projection m^ of Mg on the plane xOy is a cusp (in 
general of the first kind) for the curve c, the projection of r. This results, more- 
over, from a general property, which is easily verified, that the projection of a 
space curve on a plane, in a direction parallel to the tangent at a point M of 
the curve, has a cusp at the point m, the projection of M (I, Exercise 13, p. 582, 
2d ed.). If d denotes the projection of the curve D on the zj/-plane, it followa 
that the curve d is the locus of the cusps of the integral curves c, as we have 
shown before. The preceding method has the advantage of showing us how this 
singularity disappears when we pass from the pl»ne to the surface S. 

The result is quite different when the relation (68) is satisfied at all the 
points of the curve J>. The two planes (54) and (56) are then coincident, and 
we have the case in which there exists a angular integral. Through every point 
of D there pass in general two curves r, the curve D Itself and the second curve 
whose projection on the x^plane is tangent to the singular integral curve d. 

74. SingnUi Intepvls of systems of differential equatlatiB. The theory of the 
singular integrals may be extended to systems of differential equations of the 
first order, and therefore also to equations of higher order. We shall study 
only a system of two equations of the first order (which covers also the case of 
a single equation of tbe second order), and we shall employ a process which ia 
the reverse of the preceding — that is, we shall consider first of all a syst«m 
obtained by the elimination of the constants.* Let 

(59) F{^,y,ii a,6) = 0, *(z, tf.z; a, 6) - 
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be the equations of a, family of plane or skew curves which dep«nd upon two 
arbitrary parameters a and b. Such a family la called a eongruenee of curves. 
Let us suppose, far simplicity, that the functions F and t are polyDomials. The 
curves of the congruence ara then algebraic. We shall first generalize the 
theorems established for the congruences of straight lines (I, §266}. If we 
establish a relation between a and b of arbitrary form b = ^ (a), we obtain an 
infinite number of curves F depending upon a single arbitrary parameter a. 
In general these curves do not have an envelope. In order that an envelope 
eiisl, it is necessary that the four equations (50) and (60) shall have a system 
of common solutjons in x, y, z (I, § 216, 2d ed. ; § 223, 1st ed.) : 

(60) ^ + !£^ = o, ^ + ^1^ = 0. 

* ' la Sb da ' ia, m da 

The elimlnaijon of x, y, z from these four equations leads to a relation 
between a, b, and db/da, 

that is, to a differential equation of the first order. If we have taken for 
& = ^(a) an integral of this equation, the curves T will generate a surface 2 
and will be tangent to a curve C lying on X. We shall call this curve the edife 
of regression of £, as in the case of line congruences. If the equation (01) is of 
degree m in db/da, every curve r of the congruence belongs, in general, to m 
surfaces similar to S, and it touches the corresponding edge of regression on 
each of these surfaces in a definite point. Thus there exist m remarkable par- 
ticular points on each c^irve F of the congruence, which vre call the foeal poinls. 
These focal points can be Obtained without integrating the differential equa- 
tion (81), for we need only solve the four equations (50) and (60) for x, y, t, 
db/da. We find first the relation (81), which gives db/da, and, eliminating db/da 
from the two equations (60), we have a new relation, 

(62) P(F,t) ^dFSi fFd*^^ 

^ ' Iiia,b) da eb Sb Sa ' 

which, together with the two equations (69) of the curve r, enable ns to calcu- 
late the coordinates of the focal points. 

The locus of the focal points is the /otal surface of the congruence. We 
obtain the equation of this surface by eliminating a and b from the three rela- 
tions (59) and (62). The focal surface is also the locus of the edges of regres- 
sion C of the surfaces S. In fact, any point of the curve C is a focal point 
for the curve of the congruence which is tangent to C at that point. It follows 
that every curve r of the congruence Is tangent to m sheets of the focal surface 
at the m corresponding focal points, since at each of these points it is tangent 
to a curve C lying on the focal surface. All these properties arc exactly analo- 
gous to the properties of congruences of straight lines. In general, if F and 4 
are any polynomials, the m sheets of the focal surface are represented by a 
tingle equation, but it may also happen that this equation breaks up into sev- 
eral distinct equations. In certain particular cases It may also happen that 
some of the sheets of the focal surface reduce to curves. In such a case the 
corresponding edge of regression C reduces to a point. 
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The conctusion which we caa derive from these propertiea with respect to 
differential equatioiiB is aa followB : The curves r are the inWgral curves of a 
system of differential equations which is obtained by elitoinating the constaatB 
a and b from the equations (66) and the equations obtained by differentiating 

ax Sv &z arsj/ ae 

(64) (?(«, V, *, y', sO = Ot t^i («. V, «, v', «0 = 

be the system of differential equations thus obtained. The equations (69) rep- 
resent the general integral of this system, since by hypothesis we can choose the 
constants a and b in such a way that the curve T paases through any point 
(Xg,Vg, Zg) of space. If through thi8pointtherepassncurvesr,theequations(59) 
determine n systems of values for a and b. The equations (6S) determine 
^ and j', and we see that for the point (a,,, j/g, z„) the equations (64) determine 
n systems of values for y' and z'. But the edges of regression C are also integral 
curves of the equations (S4), since in a point of C the values of z, y, z, y", z' 
are the same for C and for the curve r tangent to C at that point. The equa- 
tion* (64) have, therefore, besides the integrals represented by curves r, an 
infinite number of other integi-ale, not included in the equations (68), which 
are obtained by integrating the equation of the first order (61) ; these are the 
sxag\ilar iniegraU of the system. 

On closer examination we see that the existence of the focal surfaces does 
not in reality require that the curves r shall be algebraic. It is sufficient that, 
in the neighborhood of a system of solutions {Xg, y^, !„, a,,, 6,,) of ^^^ three 
equations 

(06) F{x, y, z, a, 6) = 0, ♦ {x, y, *,«,&) = 0, ^^ = 0, 

the implicit functions x, y, z of the parameters a and b, defined by these three 
equations, vrhich reduce to Zg, y,, z^, for a = «„, b = t>g, shall be continuous 
and have continuous derivatives in the neighborhood. In fact, let 
(66) Z-AK6), y=/,(a,6). i=/,(a,6) 



be these three functions. The sheet of the focal surface which passes through 
the point (r^, y^, z^) is represented in the neighborhood of this point by the 
equations (66), where the values of the parameters a and b are near a^ and bg. 
It is easy to derive from this the equation of the plane tangent to the focal sur- 
face. In fact, when the point x, y, z describes any curve on this surface, x, y, 
z, a, b are functions of a single independent variable which satisfy the equa- 
tions (66) ; hence the differentials of these functions satisfy the two relations 





S'" + 


_^ + _^ + _». + _»,0, 






s- 


^•'*'i-*i"*%''"'- 




M&kiiig use 




and 


we find the 


new relation 






■ (»I) 


D(i, 8) 







i3,Goo>^Ic 



IV, S«] SINGULAR INTEGRALS 211 

We huTe only to replace te, ly, Iz by X — !„, T— Vo, Z — i,,, respectively, in 
order to have the equation of the plane tangent to the focal surface. It is easy 
fa> show that this place passes through the tangent to the curve r. The prop- 
erties of the focal surface suppose, therefore, only that we can apply the 
theory of implicit functions to the equations (05), and in particular that the 
functions F, ♦, together witJS their partial derivatives, are continuous in 
the neighborhood of a B;Et«m of solutions Xg, ^g, t„, a„, bg. This is certainly 
true when F and t are polynomials, but it is clear that it is also true for 
many other functions. Let us also observe that if the curves r have singular 
poinU, the locus of these singular points forms a part of the focal surface. 
This is shown as in the case of the analogous proposition relative to plane 
curves (I, g 207, 2d ed. ; S 201, Ist ed.). 

Let us now eiamina the question frpm the opposite point of view. Given a 
system of two differential equations of the first order, such as the system (64), 
let us propose to determine whether this system has singular integrals. We 
shall suppose that i^ and i^, are polynomials. Let M^ he any point (*,, y^, z^) 
of space. IS x,y, g are replaced by Xg, y^, Zg, respectively, in the equations (64), 
these equations liave In general a certain number of systems of solutions. Let 
y'^, z'g be one of these systems. Let us assume first that, for this system of solu- 
tions, the JacobianIl(^, t^,)/i>(ir, O is not zero. From the equations (84), y' 
and € can be found as regular functions in the neighborhood of the point 
(I,, Vo, 2,), 

y' = v; -I- «(a-«o) -(-••■, 2' = <-l-a,(*-*^-t----, 
which reduce toyJand2j,reBpecti7ely,fori=i|„j=^i,,j=?,, The equations (64) 
have therefore an integral curve passing through the point M^ tangent to the 
straight line whose equations are Y -~ yg = y'^{X — x,^, Z— ij, = z'i^{X — x^. 
Moreover, this curve forms part of a family of integral curves depending upon 
two arbitrary parameters ($26). Tliis conclusion does not hold if we have 
■D(i^, t^i)/U(vJ, ^i) = 0; but this can occur only if the cobrdinates (z^, j/^, z^) 
satisfy the relation 

(68) R(i,l/,z) = 0, 

which is obtained by eliminating y' and z* from the three equations 
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is not tangent to S (which is the general case), there is an integral curve pass- 
ing through the point ^f,, and tangent to the straight line D. It has been shown 
that the point Jlf„ is in general a cusp for that curve. What is essential for us 
is that this integral curve cannot be on the surface, since its tangent is not in 
the tangent plane. In order that singular integrals may exist, in each point of 
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CHAPTER V 

PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

This chapter is devoted to the theory of partial differential equa- 
tions of the first order. We ahall consider for the moat part the 
reduction of the integration of an equation of this type to that of a 
system of ordinary differential equations. Although this reduction is 
not, in many cases, of any practical utility, it nevertheless possesses 
great theoretical interest, for it enables us to determine just hov 
dif&cult the problem is. Although not all the arguments require 
that the integrals considered shall be analytic, we shall restrict oor- 
selves to that case unless the contrary is particularly stated. 

I. LINEAR EQUATIONS OF THE FIEST ORDER 

75. General method. We have already seen that the integration 
of the homogeneous equation 

where X^, X^, ■ ■ ■, A', are functions of x^, x^, ■ • •, x,, and the integra- 
tion of the system of differential equations 



(2) 



dx, dx. 



are equivalent problems (§ 31). If /j, /^, ■ ■ ■,/,_! are (n — 1) inde- 
pendent first integrals of the system (2), the general integral of the 
equation (1) is an arbitrary function, 

»(/„/„■•■,/.-,), 

of these (n — 1) integrals. 

We can obtain the integral satisfying the Cauchy condition as 
follows : Suppose that the coeflicients -Vj are analytic in the neighbor- 
hood of a particular system of values ij, ij, ■ ■ -, a^, and that the first 
coefficient (_X^^ does not vanish at that point. Solving equation (1) 
with respect to 8f/8xj, we can apply to it the general theorem of 
§ 25. Hence there exists an analytic integral in the neighborhood 
mentioned, which reduces, for s'l = arj, to a given analytic function 
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2*. The equation H(x, y) = 0, obUioed by eliminating y" between the two 

relationfl F(i, y, j/') = 0, dF/dx + SF/Sy y' = 0, repreBenta the locus of the 
points of inflection of the integral curves. 

Deduce from tliie the theorem of | 72, in regard to the locus of the cuspa of 
the integral curves, hy means of a traiiBformation of reciprocal polars. 

[Dasboui, ^Ilefin de» Sciences Tiuithimatiguet, Vol. IV, 18T8.] 

3. Determine the dngolar integrals of the system of differential equations 

y = ly' + j^ + I', t^sfx-i- tft. [Sbbbbt.] 

4. Determine whether the diSerentlal equation of the second order, 

(1 + !») y"» - ^2 3^ + ^ j(" + y^ + x/ - V = 0, 

has singular Integrals, and find any that exist. [Laokanoe.] 

[Replace this equation Ijy a system of two equations of the fltst order.] 

5*. Given a differential equation of the second order, 
F(x,y,V,V') = % 
by eliminating y" between this equation and the relation ZF/Sy" = we obtain 
a differential equation of the first order P(x, y,y^ = f>, whose Integrals have 
in general the following property : Through each point if of one of these Inte- 
gral curves C there passes an integral curve of the equation F = 0, which has a 
cusp of the second kind at 3f, and whose cuspidal tangent Is the tangent to the 
curve C at this point. [Americim Journal ^f Mattiematiea, Vol. XI, p. 864.] 

6. Establish the properties of e* by starting with the general Integral of the 
differential equation dx/x + dy/y = 0, written In the algebraic form xy = C. 

Con^der the same question for the function tanx, finding first the general 
integral Id algebraic form of the differential equation 

-^ + -^ = 0. 
1 + x» 1 + j/» 

7'. Let y" = ii(x, y), where R(x, y) is a rational function of y whose coeffi- 
cients are analytic functions of i, be a differential equation of the first order 
having a general integral of the form 

(1) »„(^)v + ».(x)r-'+---+^W ^ p. ^, ^ c. 

V-oW !/• + V-iW I/— >+■■■ + lI'.W 
Prove that this equation can be reduced to a Riccatl equation by a substitution 
of the form u = R■^{x, y), where S^ is a rational function of y, [Paiklivk.] 

Note. It will be noticed that the equation (1) can be written in the form 
r + [A^{x) + B,(x)u] y—'+ ...+ [^,_i<a5) + K-,{x).u]y + m = 0, 
where u = (^, — C^s)/(0o — ^^o)i ^°^ ^^^ " satisfies a Riccatl equation, while 
the functions Ai, B{ are known. 

8. It we seek to determine the function /(a) so that the envelope of the 
straight lines x cosor + i/sln a =/{a) shall be a given curve C, we are led to 
a differential equation whose general integral is represented by the straight 
lines which pass through a fixed point of C. The true solution is furnished by 
the singular Integral. 
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Tfao DCT equation is of the form (1), and Its integration is equiva- 
lent to that of the>8yatem 



(9) 






hence we may state the following proposition : 

Ifu^, M,, - ■ ■, M, are n indepeTtdent first iidegrah ofthesyttem (9), 

every function z of the n variables x^, x^, • ■ •, x„ defined by a relation 
of the form 

(10) *(M„M,, ■■■,«,) =0, 

where ♦ indutates an arbitrary function of Mj, w,, ••-,«,, m an 

integral of the equation (6). 

We cannot conclude from this that we obtain all the integrals of 
the equation (6) in this way. In fact, in order that the implicit 
function defined by the relation (7) be an integral, it is not neces- 
sary that we have identically F{V) = 0; it is sufficient that the 
equation F(K) = be a consequence of the equation K = 0. If, for 
example, we take for V an integral of an equation of the fonn 
F(F) = iCr, where vindicates a constant different fi-om zero, the re- 
lation V = still defines an integral of the equation (6). It is quite 
in order, therefore, to determine whether or not the relation (10) 
gives all the integrals of the given equation. In order to prove 
that this is really the case, with certain exceptions which we shall 
state, let us suppose that in the n functions m„ u^, — , «, we replace 
z by an integral of the equation (6). The resulting expressions are 
n functions U^, U^, •■ ■, U, of the n variables x^, x^, — , a;,. If we 
prove that the Ja«obian of these n functions is identically zero, it 
will follow that we have a relation of the form 

^(f,. U^, ■■; tf.} = 0, 

and consequently that the integral considered satisfies a relation of 
the form (10) in which the function * is replaced by i^. This Jaeo- 
bian is of the form 

811, 811, 8u, 8u, 8u, 8u, 

^%.-.. .-.• (^-fe) 

Sr+^.-jT Tuf+f'-ik 
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Noting that certain determinants in the development of A have two 
columns identical and therefore vanish, we may write 

a("., »■■■■■,■.) , y-. m^,,^, ■■;«.) 



But, since u,, u,, •■-,«, ate n first integrals of the system (9), we 
have 



hence, by the theory of linear homogeneous equations, we have 

(^^) .(■;..,:..,., wr. ::.':.., =«■ 

D(x^, a:,, ■ ■ ■, a^) i>(ic„ • ■ •, a;,_„ z, ar(+„ • ■ -, ar.) 
ii=l,2,...,n) 
where Af is a function of x^, a;,, ■ ■ -, ar,, s which we can always otil- 

culate when we know the first integrals w,, «,, ■ ■ -, «,. Substituting 
in (11) the values of the determinants deduced from (12), we find 

(12') MA = R-Pj>^-P^^ P^.. 

If z is an integral of the equation (6), the right-hand side is zero ; 
hence this integral satisfies either the condition A = or else M=0. 
In the first case, as we have just shown, this integral is defined by 
a relation of the form (10), As for the relation Af = 0, it can define 
only one or more completely determined implicit functions. Hence, 
except for certain exceptional integrals which do not depend upon 
any arbitrary constant, all the integrals of the equation (6) satisfy a 
relation of the form (10). We shall hereafter say that the relation (10) 
represents the general integral of the equation (6). 

To see if an integral can satisfy the relation Jkf = 0, let na consider any point 
of that integraJ, (z^, x\, ■ ■ ■, z°, e^), and let us suppose that all the coefficients 
-f i> -''ti ■ - ■> P<l^ K are analytic In tbe neighborhood of this syntem of values 
without being all zerA dmultaneously for xi = x],t = z^. Let us assume, for 
example, tliat P, In not zero for this system of values. We can then solve the 
equation (g) for S V/3x,, and, by Caucby's theorems (§ 25), we can take tor u,, 
u,, ■ --lUa functions analytic in the neighborhood of tbis system of values. Now 
one of the equations (12) can be written in the form 

Since the detenninaDt on the right is analytic, and sinc« P, is not zero for 
Zi = 3?, z = Zg, it follows tbat this aystem of values cannot make if zero. Since 



lovGooi^Ic 



218 PARTIAL DIFFERENTIAL EQUATIONS [V,i75 

the point (ij, ■• ■, xl, x„) ia any point of the integral, we see that there cannot 
exist integrals satisfying the relation JIf = except in the two following caaes : 

1) There exists a function F(x^, z,, ' ■-, x,, x) such that every system of 
valuea of the variables a:,, z that makes the function V vaoish, aJso causes P,, 
Pii — 1 P'! ^"<^ ^ ''^ vanish. All these coefBcients are therefore divisible by 
the same factor, and it is clear that by equating this factor to zero we obtain 
an integral. This trivial case is of slight interest. 

3) The reasoning would again be fault; if the integral defined by the rela- 
tion V = were such that, in the neighborhood of every system of values 
satisfying that relation, some of the coefficients Pi, B ceased to be analytic. 
This case can actually occur, as we shall show presently. 

76. Gwmetric interpretation. The preceding general method is 

susceptible of a simple geometric interpretation in the case of an 
equation in three variables, which we shall write in the cnatomary 
notation, 

(13) Pj,+ Q, = P.. ^ = g, , = ?i, 

where P, Q, R are functions of the three variables x, y, z. Let S be 
any integral surface. Since the equation of the plane tangent to tiiis 
surface is 

Z-z=p{X^x) + q{Y-y), 

the relation (13) expresses the fact that this tangent plane passes 
through the straight line D represented by the equations 

Hence the problem of the integration of the equation (13) may be 
stated in geometric language as follows : 

To each point M of apace, whose coordinates are (x, y, a), there 
corresponds a straight line D through that point, represented by the 
equations (14). A surface S is to he determined so that the tangejU 
plane at each of Us points passes through the straight line associated 
with that point. 

The surfaces possessing this property constitute the general inte- 
gral of the linear equation (13). The three functions P, Q, R deter- 
mine the law according to which the straight line D moves when the 
point M changes its position. These three functions are usually 
analytic functions of x, y, z, but it is sufficient for the argument 
that they satisfy the conditions stated in our previons study of 
differential equations (§§ 27 fE.). 
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The preceding statement leads us to seek the curves T which are 
in each of their points tangent to the corresponding straight line D. 
We shall call these the characteristic! curves. We shall first show 
that every integral surface is generated hy characteristic curves. 
Consider, in fact, such a surface S. In each point M of that surface 
the corresponding sti-aight line D lies in the tangent plane. We can 
therefore propose to determine the curves on that surface which are 
tangent at each of their points to the corresponding straight line D. 
These curves may be obtained by the integration of a differential 
equation of the first order (§ 17). Through each point of S there 
passes in general one and only one curve, possessing this property, 
which lies entirely on the surface. It ia clear that these curves are 
characteristic curves, which proves the proposition. 

The converse is almost self-evident. If a. surface is a locus of 
characteristic curves, the tangent plane at any one of its points con- 
tains the tangent to the characteristic curve lying upon the surface 
and passing through that point — that is, the straight line D. The 
given problem is tlierefore reduced to the determination of the 
characteristic curves. 

The differential equations of these curves, by their very definition, 
are of the form 

,-„ dx dy dx 

Through each point of space there passes, therefore, in general one and 
only one characteristic curve tangent to the corresponding straight 
line D. Suppose that we have integrated these equations (15), 
Let u and v be two independent first integrals of this system. 
The general integi'al is represented by the equations 

(16) „(!,!,,.)-», „(^,,j,.)-i, 

where a and b are two arbitrary constants. The characteristic curves, 
which depend upon two parameters, therefore form a congruence. In 
order to obtain a surface generated by the curves of this congruence, 
we must establish between the two parameters a and h an arbitrary 
relation, say ^ (ra, J) = 0, and the corresponding integral surface will 
have for its equation ^ (u, v) = 0. This is exactly the result to which 
the general method of the preceding paragraph would lead us, for « 
and V are here two independent integrals of the equation 
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Exanqikl. Con^der tbeeqnittloiijiz-f ^ = nu. The diOerential ei^uBitioiis 
ol the characteristic curvea, 

dx _dy _dz 

have the two flnt integrals y/x = a, z/x~ = b, and the general equation of the 
integral surfaces iit = x^/{y/x). It m = 1, the cbaracteriatic curves are straight 
lines passing through the origin, and the integral surfaces are cones having their 
vertices at the origin. If nt = 0, the characteristic curvea are straight lines par- 
allel to the z^-plane and meeljng the z-axis. The Integral surfaces are conoids. 
Example 2. Consider the equation py — qx + a ~ 0. The diSereutial eqtia- 
tioQS of the characteristic curves, 

dx _ djf _ dz 

^ve the two integrabte comtiinatioiia 
xdx + j/dy = 0, 



x^ + V* 
and the characteristic curves are represented by the equations 

a»+j,> = a„ a-aarctan| = C',. 

These are helices with the pitch 2 va Ijing upon cyliudera of revolution hav- 
ing Oz for asis, and tbe general integral is represented by helicoids (the axes of 
coordinates being supposed rectangular). In the particular case where a = 0, 
tbe characteristic curves are circles having their centers on the z-axis and their 
planes parallel to the x^-plane, Tbe integral surfaces are surfaces of revolution 
about tbe z-axls. 

Example 8. OHhogoiuil trifjectories. Let 

(17) F{x, y,z)^C 

be the equation of a family of surfaces S which depend upon an arbitrary 
parameter C in such a way that tbrougli every point of space (or at leant of a 
portion of space) there passes one and only one of these surfaces. Let us con- 
sider the problem of finding another surface S, represented by the equation 

e^-t.(x,y), 
which cuts orthogonally at each of its points tlie surface Z through that point. 
Since the direction cosines of tbe normals to the two surfaces are respectively 
proportional to SF/Sx, 8F/Sy, dF/dz for 2, and to j>, g, — 1 for S, tbe condition 
of orthogonality leads to tbe linear equation 

,,o, dF , SF SF ^ 

(18) p ho = 0. 

^ ' ^ dx ^ By di 

The characteristic curves, whose differential equations are 
OB) ■ * = * = ±, 

^ ' IfH" HW HJf 



are tbe curves tangept at each of their points to tbe normal to the surface Z 
through tliat point. 
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Suppose, tor example, tb&t we have F{x, y, z) = tf{x, y), where /(z, y) is a 
homogeneous funttion of the mth degree. The differential equations of the char- 
acteristic curreH are here 

dz dy zdz 

7,~7,~~ 

By Euler'a reladoD, we have the Integrable combination 

xdz -(- ydy — tnzdz = 0, 
from which we derive the first integral i* + v* ~ ""^ = "■ On the other hand, 
3,y/3x is a homogeneous function of degree zero In the variables x, y. Hence 
we can obtain a new flmt integral by a quadrature (§ 3). 

Example 4. It is sometimes po»dble to determine the characteristic curves 
withont any calculation, merely from their geometric definition. Let it 1>e re- 
quited, for example, to determine the surfaces S such that the tangent plaiu at 
any point M of (me of these aurfaeea ineefs a fixed tlraight line A tn a poiid T, 
equally dittant from the point M and from a fixed point O on Uie atraigkt line A. 

Let Jf be a point in space ; there exists on the straight line A one and only 
one point T such that TO = TM, and this point is the inteisectioii of 4 with 
the plane perpendicular to the segment OM at its middle point. Let D be the 
straight line through the two points Jtf and T. The tangent plane to every sur- 
face satisfying the given condition and passing through the point M therefore 
contains this straight line D. Consequently these surfaces are obtained by the 
integration of a linear equation. Since the tangents to the characteristic curves 
all meet the straight line A, these curves are plane curves, lying in planes pass- 
ing through A, The characteristic curves lying in one of these planes are the 
integral curves of a differential equation of the first order, and it is easy to see, 
from their definition, that they are circles tangent to the straight line A at O. 
The required surfaces are therefore generated by the circles tangent at O to the 
straight line A 

We can dispose ot the arbitrary function ^(«, v) in such a way 
that the integral surfaue passes through a given curve T ; we shall 
obtain that surface by taking the locus of the characteristic curves 
passing through the different points of the given curve. If T is 
represented by the system of two equations 

(20) * (x, y, s) = 0, *^(x, y, z) = 0, 

the whole question reduces to finding the relation which must hold 
between the parameters a and J in order that a characteristic curve 
shall meet the curve F. It is clear that that relation may be found 
by eliminating x, y, « between the equations (20) and the equations 
It = a, w = J of the characteristic curve. The problem has only one 
solution, unless the curve T is itself a characteristic curve. In this 
singular case it suffices, in order to obtain an integral surface pass- 
ing through r, to consider the surface generated by a family of 
characteristic curves which depend upon an arbitrary parameter, and 
of which the curve F ia a member. 
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77. ConKTuenccB of characteristic currec. To every linear equation 
of the form (13J there corresponds a. congruence of characteristic curves 
formed by the characteristic curves of that equation. Conversely, 
every congruence of curves, that is, every family of curves depending 
opon two arbitrary parameters a and b, is the congruence of charac- 
teristic curves for an equation of the form (13).* Suppose, in fact, 
that the equations which define that congruence are solved for the 
two parameters a and b : 

Every surface S generated by the curves of this congruence, associated 
according to an arbitrary law, is represented by an equation of the 
form V = ■jr{u). Taking the partial derivativea with respect to x 
and to y, we find 

The elimination of ir'(u) leads to a linear equation 

fftr which the given congruence is evidently the congruence of 
characteristic curves. 

Let U3 now consider the general case of a congruence defined by 
two equations of any form whatever, 

(21) U(x, y, *, a, S)= 0, V{x, y, s, a, 6)= 0. 

If we set up an arbitrary relation <^ (a, 6) = between the two 
parameters a and b, we shall have the equation of a surface S gener- 
ated by the curves T of the congmience by eliminating a and b from 
the equationa (21) and the relation ^ = 0. All these surfaces again 
satisfy, whatever may be the function ^, the same partial differen- 
tial equation of the first order. To obtain this equation we may 
proceed as follows ; The three equations 

(22) 17 = 0, F=0, <^(a,i) = 

define three implicit functions z, a,b oi the independent variables 
X and y, and the last contains only a and b. Hence we have 
Ma, 



'We suppose, In addition, tbat through an; poiotoF space (or of s portion of space) 
there passes one of these curves, wbich woidd not happeD ii tbey were all dtaated 
upon the iiame surface. 
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On the other hand, if we differentiate the first two of the equa- 
tions (22) with respect to x and to y, we can derive from the result- 
ing relations expressions for da/dx, db/dx, da/dy, db/dy in terms of 
X, y, z, p, q, a, b, and, by replacing these derivatives in the determi- 
nant (23) by their values, we obtain a new relation, 

* (x, y, z, p, q, a, b) = 0, 
We need only eliminate a and b from this relation and the two rela- 
tions (21) in order to obtain an equation containing only x, y, z, p, q, 

(24) ■ F(x,y,it,p,g) = 0, 

which applies to all the surfaces generated by the curves of the 
congruence. It is easy to show, from the very way in which this 
equation has been obtained, that it breaks up into a system of linear 
equations in^ and q. The same fact results from its meaning. Let 
us suppose, for definiteneas, that through a point M of space there 
pass m curves of the congruence, and let D^, D^, ■ • •, D^ be the m, 
tangents to these curves at the point M. Every surface through the 
point M generated by the curves of the congruence must contain 
one of the m. curves of this congruence which pass through M; 
hence the tangent plane at the point M must pass through one of 
the straight lines !>,, D^, ■ ■ -, Z»„. Let Pf, Q,-, Hi be proportional 
to the direction cosines of the straight line /)(, Every surface gen- 
erated by the curves of the congruence must therefore satisfy one 
of the m equations, 

(26) £'( = Pj> + Q.-? - ii, = 0, (i = 1, 2, - - ., m) 

and the left-hand side of the equation (24) is identical, except for a 
factor independent of p and of q, with the product of the m linear 
factors Ej, Ej, ■ ■ ■, E„. It should be noticed also that it would be 
impossible, in genera), to separate these m, factors analytically. 

Similarly, certain problems of geometry may lead to partial differ- 
ential equations of the first order which decompose into a product of 
linear factors. Let us consider again, for example, the problem of 
the orthogonal trajectories to a fejiiily of surfaces whose equation 
F(x, y, z, C) = is of degree m in the arbitrary parameter C. To 
obtain the partial differential equation of orthogonal surfaces, we 
must again eliminate C between the relation F = and the condition 
dF , SF 8F ^ 

Through a point M of space there pass, by hypothesis, ut surfaces 
of the given family. Let D^, D^, — , iJ„ be the normals to these m 
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sorfacea. The tangent plane. to an orthc^onal sur^tce throtigh M 
must contain one of these straight lines. Hence the partial differen- 
tial equation decomposes into a system of m, equations which are 
linear in p and q. 

Conversely, given any equation of this type, to each point of 
space there correspond m straight Unea D^, D^, • ■ ., D^, and the 
plane tangent to any integral surface contains one of these straight 
lines. If we give the name charcieterigtie curve to every curve which, 
at each of its points, is tangent to one of the corresponding m straight 
lines, the reasoning employed above shows again that every integral 
surface is a locus of cliaracteristic curves. To obtain the differential 
equations of these curves, we are not compelled to carry out the 
decomposition of the left-hand side of the equation into linear 
factors. Indeed, expressing the fact that the left-hand side is divisi- 
ble by the &ctor Pj> + Qij — R, we obtain equations of condition 
homogeneous in P, Q, R, which furnish m systems of values for the 
ratios of these coefficients for each point (x, y, *). Replacing P, Q, 
R in these conditions by the proportional quantities dx, dy, dz, we 
obtain the differential equations of the characteristic curves, and 
the integration of the partial differential equation is reduced to the 
integration of a system of ordinary differential equations. 

The preceding theory explains very simply how a linear equation may have 
integrals which are not included in the general integral. Consider a p&riial 
differential eqnaljon of the form 



whose left-hand nde is the product of a certt^n number of linear factors in p 
and q that are not analytically distinct, and let 



be the differential equations of the characteristio curves of this systeni. The. 
curves which represent the general integral of this system form a conpuence, 
which is the congrnence of the characteristic curves of the equation (26), and 
the general Integral Is represented by the surfaces generated by the curves of 
this congruence associated according to an arbitrary la.w. But it may happen 
that the equations <2T) have singular integrals. This will happen if the con- 
gruence of the characteristic curves has a focal surface (S). Then through each 
point of this surface there passes a curve of the congruence of characteristics 
tangent to this surface. The plane tangent to (S) contains, therefore, one of 
the straight lines D,- relative to the point of contact, and consequently (S) is 
an integral surface of the equation (26). Moreover, it is not a member, at least 
In general, of the surfaces which represent the general integral ; that is, it is a 
ntiffutar integral sur/oce. 
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Condder, for example, the equUJou 

(28) p(i!'-i^ + q<.xy±z Vi» + |f»-«") = 0, 

whtcli in lealitj ia eqniTaleiU to two linear equations. We can write tha 
diSerentiat equatiou of the chaiActerisUc curves in the fonn 



i'-'iM'*®!- 



The int^ration Is Immediate, and the congruence of characterintic curves ia 
formed b; the straight lines 

e = C, V = C,*±a Vl+Ct, 
which are patalle] to the zy-plane and tangent to the cone z* ■)■ v> — z>. The 
general integraf is represented by the conoid surfaces generated by these straight 
lines, and there is a angular integral, the cone ilself . 

The coefficient of q in the equation (38) is not analytic In the neightwrhood 
of any point (Xg, y,, z^) of this cone, which confirms a previous remark (g 75). 

II. TOTAL DIFFERENTIAL EQUATIONS 

78. The eqnatioii (b = ^(Ir-|-Bd^. The existence of inte^rala of a 

completely irUegrable system of total differential equations was estab- 
lished in § 24. The integration of such a system reduces to the 
integratioD of several systems of ordinary differential equations 
with a single independent variable. The method, which we shall 
develop only in the simplest case, is extensible to the general case. 
Let the equation be 

(29) d!i=A{x,y,ti)dx-\-B (x, y, z) dy, 

where s is an unknown function of the two independent variables x 
and y. This equation is equivalent to two distinct relations 

(30) S-'lt"^!'.'). 5p-*(»^y>')- 

Every integral common to these two equations satisfies also the two 
new equations- 

dxdy dy dz ' dydx dx dz ' 
and consequently the relation 

dA dA „ dB , ZB , 



(31) 






If this relation does not reduce to an identity, there canbe no in- 
tegrals of the given equation (29), except [wssibly one or more of the 
implicit functions defined by the equation (31). Hence in this case 
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we can always deteiinine by substitution whether the equations (30) 
have a commou integral. On the other hand, in order that these 
equations may have an infinite number of integrals depending upon 
an arbitiary constant, the relation (31) must be satisfied identically. 
If it is, the equation (29) is said to be completely integrate. 

In order to obtain a,ll ita integrals, let us fiist disregard the second 
of the equations (30), and consider only the first. If we regard y 
as a parameter, this equation is a differential equation of the first 
order between the independent variable x and the dependent vari- 
able a ; hence it has an infinite number of integrals » ^= <^ (», y, C) 
that depend upon an ■ arbitrary constant C. We maj^ replace this 
constant C by any function u (j/) of the variable y, since the expres- 
sion for Sz/fte remains the same when we replace C by a function 
of y. The solution of the problem therefore depends upon the deter- 
mination of this function u{y) In such a way that the derivative of 
the function * = ^[a;, y, M(y)] with respect to y shall be equal to 
B(x, y, if)). This leads to the equation 



(32) 



■B[a:, y, *(a!,y, «)]- 



We shall show that the right-hand side of this equation depends 
only upon the variables y and u. It is sufficient to show that the 
derivative with respect to x is identically zero, that is, that we have 



(33) 



Su\dx'^8,^dx dxdy) [^^'^J''*) 8y\du8x"^' 



From the very manner in which the function ^(ar, y, u) has been 
obtained, we have the relation 

(34) |4 -.!(»:,!,,«, 

which is satisfied for all values of x, y, and u. It follows that we 
may write 

g*^ _dA dA d^ 
Sx dy dy 8^ dy 

• g*^ _dA Sif, 
dx Su d^ 8u 
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Replacing d<^/dx, d^^/dxdy, ^^/dudx by the preceding values, the 
lelatioa to be verified reduces to the form 

d^/SB ,SB _ ^ _ ££ „\ „ 
du \ dx dip dy d^ j 

The second factor is identically zero by the condition of integra- 
bility (31). The equation (32) is therefore of the form 

(36) 5^ -"&.«)■ 

Let M = fp(ji, C) be the general integral of this equation, where C is 
a constant independent both of x and of j/. Then if we replace m by 
lfr(y, C) in the function ij>(x, y, u), we obtain the genera! integral of 
the completely integrable equation (29), and we see that the integra- 
tvm of this equation reduces to the successive integrations of two 
ordinary differential equations (34) and (35). 

Example. CoimAet the total differential equation 

(36) dz = li^ili + ^iill?ld„ 

\ + xy l + xy 

which is equivBlent to the BjBten] 

aa 1+ itf dy \-\-xy 

The condition of Integrabllity Is verified, snd the first of the equations (3S^, 
which U linear in z and St/ix, has for its general integral 



where u{y) 1b an arbitrary (unction of y. Sul»itituting this value of z in the 
second of the equations (38'), it becomes du/dy + l/v" == 0, whence we derive 
u (y) = l/y -t- C. Hence the general integral of the equation (36) is 

(37) s = i+ C(l + xv), 

where G indicateH an arbitrary constant. 

The preceding problem can also be interpreted geometrically. 
In order to simplify the statement, we shall a^in call an integral 

surface any surface represented by an equation a =f(x, y), where 
the function f{x, y) is an integral of the equation (29), The two 
conditions (30), or 

p = A{x, y, «), q = B(x, y, z), 
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express tlie fact that the tangent plane to the integral surface S at 
a point (x, y, z) of that surface coincides with the plane P whose 
equation is 

(38) Z-z=A(X-x) + B(Y-y), 

BO that the problem of the integration of the equation (29) la 
equivalent to the foUowing geometric problem ; 

To each point of space (x, y, x) there corresponds a plane P through 
that point, which is represented by the equation (38). It is required 
to find the surf aces S whose tangent plane at eachpoint (x, y, z) is the 
plane P associated with that point. 

The proposition is analogous to that of § 76. But in the present 
case the problem does not always have a solution. If the condition 
of integrability (31) is satisfied, there exists, in general, one and 
only one integral of the equation (29) which takes on a given value 
z^ when x. and y take on given values x^ and y,. Through every 
point in space there passes, therefore, in general, one and only one 
integral surface. 

Let us consider, for example, a family of skew curves r which 
depend upon two arbitrary parameters a and b, and which are rep- 
resented by a system of two equations 

(39) .(>,,,,«) = ., .(«,,,,.)=» 

such that through every point of space (or of a region of space) 
there passes one and only one curve of this family. There does not 
always exist a family of surfaces S which has these curves T for 
orthogonal trajectories. In fact, the tangent plane to the surface S 
passing through a point would have to coincide with the normal 
plane to the curve F passing through the same point. We are there- 
fore led to a particular case of the preceding problem, which proves 
that the curves of an arbitrarily assigned congruence of curves are 
not, in general, the orthogonal trajectories of any femily of surfaces. 
The plane tangent to the surface S through the point (x, y, x) must 
be perpendicular to the planes tangent to the two surfaces (39) 
which pass through the tangent to the curve T. Hence we have, in 
rectangular coordinates, the two conditions 

du , dii 2m n 8v , dv dv - 

From these equations the values of ^ and q are found to be 
p=A(x,y,e), q=B{x,y,z), 
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and the condition (31) must be satisfied identically In order that the 
problem have a solution. 

Let U8 take, for example, the famllj of curves 



where X is a function of z alone, and Y and Z are respectlTel^ functions of y 
alone and of z alone. The preceding method gives the following values for f 

^_XZ^ rz' 

and the total differential equation can be written In the form 
Zda XAx Ydy 
Z- X' Y' 

It is clear that this equation is completely tntegrahle, and the general integral 
is obtiuued bj quadratures 



/|<i^+/|a«+/f* = o. 



TB. BUytr't method. The preceding method requires two succea^Te integra- 
tions. We can replace these two integrations by a single IntegraUon, as follows; 
Let us suppose, for definltenesB, that the coefficients A (x, y, n) and B(x, y, x) 
are analytic in the neighborhood of the point (i„, yd, z,,). Then there exists one 
and only one integral surface Sg tlirough the point (ij,, y^, z^) if the condition (81) 
Is satisfied. Mayer's method for obtaining title surface reduces to determin- 
ing first the sections cut from that surface by the planes parallel to the z-axis 
through the point (Zg, y^, Zg). Let r be the intersection of S^ with the plane 

(40) i,-i,, = m(i-z,), 

where m has any given value. Along this curve T we have d)/=:mdr, and, replac- 
ing y and dy in the equation (29) by the preceding values, we obtain the relation 

(41) *(={^[7,v,+ m(i-i„),*] + mB[i,i/, + m(z-z,),a]l(iE, 
which is also satisfied along the whole length of the curve r. Now this is a 
relation containing only the two variables x and z ; that is, it is a differential 
equation of the first order, the integration of which determines the curve r. Let 

(*2) « = *(«: VVo-V") 

be the Integral of this equation which reduces to z,, for x = x^. The curve r is 
represented by the two equations (40) and (42). Since the required surface 8^ 
is the locus of the curves F as the parameter m varies, the equation of this sur- 
face is obtained by eliminating ni from the equations (40) and (42). To accom- 
plish this it is sufficient t« replace m in the equation (42) by (y — [fo)/(z — i,,). 
This method presents an evident analogy with the one which has been indicated 
tor the Integration of the total differentials P(i, )/)dz+ Q(z, y)dy (I, § 162). 
We might generalize it still further by replacing the planes parallel to the 
z-azis by cylinders passing through a given point (x^, y„, x^) and having their 
generators parallel to Ox. 
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For exumple, let na again taka the equation (36), and let us suppose z, = j/, =^ 0. 
Substituting i/ = mz, dy = mdx, that equation becomes 
di _ 2naz 1 — mi' 
dx~ 1 + mi" l + ml*' 



Hence the surface S^ haa the equation ; = z -f- ^^(l + xy), whicli is the result 
obtained by the Gist method. 

80. The eqution Pdx + Qdy 4- Rdz = 0. The problem of the Inte- 
gratiou of a total differential equation can be put in a more general 
and more symmetrical form. Let P{x, ?/, *), Q(x, y,x), R(x, y, s) be 
three functions of the variables x, y, s. To integrate the equation 

(43) P{x, y, x)dx + (l{x, y, x)dy + K{x, y, z)dx = 

is to find a relation F(x, y, z)=0 between x, y, z such that these 
three variables and their differentials dx, dy, dz satisfy the given rela- 
tion. If the function F contains the variable z, we may regard x and 
^ in it as two independent variables and z as a function of these two 
variables, and we see that that function must satbfy the equation 

which is of the form (29). Replacing ^ by — P/R and B by — Q/R, 
andcarrying out the differentiations, the condition of integrability(31) 



This condition remains the same when we permute x, y, z and P, Q, ff 
circularly. Hence we should have obtained the same relation if, in- 
stead of regarding z as the dependent variable, we had taken one of 
the variables x or y for the unknown dependent variable. The prob- 
lem of the integration of the equation (43), therefore, does not differ 
essentially from the problem already treated; but when we write 
a total differential equation in this way, it is not necessary to 
specify which of the variables have been chosen as the independent 
variables. 

The condition (44) arises in a question which is closely connected 
with the preceding. Given an expression 

P{x,y)dx+Q(x,y)dy, 
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we have seen (§§ 12, 26) that there always exist an inlinit« number 
of factors f'ix, y) such that the product /i(Pdx + Qdy) is the total 
differential of a function of the two variables x and y. When we 
pass from two to three variables, this does not remain true in general. 
Let us consider, in fEi«t, three functions, P, Q, R, of the variables 
flr, I/, z. In order that the product iiiPdx-^ Qdy + R dz) be an exact 
differential, the factor /t(x, y, z) must satisfy the three conditions 

d(^a) _ d(p.R) ^ d(pLR) _ d(jtP) ^ 6(f,p) _ d(^Q) 

dz dy dx Zz dy dx 

If we add these three equations, after having multiplied them by 
P, Q, R respectively, and then divide by (i, we find again the con- 
dition of integrability (44), This condition is therefore necessary 
in order that the trinomial Pdx + Qdy + Rdz have an integrating 
factor. It is also sufficient. For if it is satisfied, the equation (43) 
is completely integrable. Let 

(45) F(x,j,,^)=C 

be the general integral of this equation. The values of dz/dx and of, 
^x/dy derived from the equation (46) must be identical with the 
values — P/R and — Q/R obtained from the equation (43), since we 
can choose the arbitrary constant C so that the integral surface 
passes through any point of space. For this we must have 

P ~ Q~ R^**' 
or 

dF = ti {Pdx + Qdy + R dz). 

The factor ft, which is equal to the common value of the preceding 

ratios, is therefore aii integrating factor, Kepeating the reasoning 
of § 12, we see, in a similar manner, that there are in this case an 
infinite number of integrating factors, which are of the form fiw^F), 
where n- is an arbitrary function. 

The condition of integrability (44) is invariaTit with respect to every change 
of variables. Consider, in fact, a transformatioD defined by the equa^ons 

(46) x=/Kr,u.), j, = 0Kr,«-), « = ^(u, «,«.), 

where the Jacobian of the functions/, <p, ifi with respect to u, d, w is not identi- 
cally zero. This transformation carries the trinomial Pdn + Qdy + Rdz into an 
eipresrion of the same form, P,du+ Qjdv + R^dui, where P,, Q,, B, are func- 
tions of u, n, w. If now the relation (44) is satisfied, the analogous relation 



(47) p,r-i^-"-p)-Ki, 



\0u cm/ \dti du/ 
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1b also MitiBfied Identically. We might verify this by a direct calculation 
(I, Chap, III, Ex. 18, 2d ed. ; I, Chap. II, Ex. 18, 1st ed.), but it also resultB 
from the meaniiig of the condition. In fact, if the relation (44) is saUafied, 
there eziat two functions >i(2, y, z) and F(z, y, z) aucb that 

*i(P(ir + Qdy + Rdx) = dF. 

If we cany out the change of variables defined by the equations (48), the 
functions u and F change into two functions fi^(u, v, te), Fj(u, v, u) of the new 
variables, and we have identically dF=dF^. Hence the preceding identity 
becomes 

*ii(P,(ta + Qidtt + jB,d«i) = dF,, 

and the trinomial P,du4-Qjdt) + li^dw has an integrating factor. ThiB shows 
that Pj, Q„ Kj satisfy also the relation (47). 

This remark enables us to present the method of integration of g 78 under a 
more general form. For let us suppose that the trinomial Pdx + Qdy + Bdz has 
been converted by a transformation into a binomial of the form P, du ■(- Qjdc, 
containing now only two diSerentials du and dn. In the relation (47) we must 
suppose B, = 0, and that relation reduces to 



= «i 






which shows that the ratio of the two coefficients F^ and Q^ is independent of 

ID. The integration of the given total diSerenUal equation is therefore reduced 
to the integration of an equation of the form iin + x(u, v)du — 0, that is, to an 
ordinary differentia) equation. 

Every trinomial Pdx +Qd^+Rdzcan be reduced to a binomial P,(fu+Q, do 
in an infinite number of ways. For example, we can proceed as follows ; We 
determine first two functions, ^(z, y, z) aud F(z, y, z), such that, whatever die 
and dy may be, 

!fda + |^dv = ,.[P(i,3,,«)dH-Q<2,v,«)di,l. 



This amounts in reality to integrating the diSerential equation Pdx + Qdy = 0, 
regarding « as a parameter. Again, we may wnt« the preceding equation in 
the form 

dF+f^fl-— )di = *.(Pdz+ Qdv+.Bd«). 

Then if we select a new system of independent variables, of which F(z, y, z) 
and z are two, we see that Pdz+ Qdf/ + Rdz\a actually replaced by an expres- 
sion in which there appear only the two differentials dF and da. This procedure 
can be varied in many ways. It is clear, for example, that we can begin by 
integrating either of the two equations 

qdy + Jide = 0, Pdx + Sdz = ; 

this last method Is in reality identical with the method of § 7S. 

We can also connect with the preceding remark an elegant method due to 
Joseph Bertrand. Assuming that the equation (43) is completely integrable. 
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let us begin by inMgra^ng tbe linear p&rtlal differential equation 

Let u and v be two independent integnla of this equation. If between the two 
relations „ 

X(u) = 0. J(r) = 

and the condition of integrobUitf (44) we eliminate the three differences 

8Q_aR 8B_1P ^_^ 



tu 


dv 


SU 


BX 


dv 


Bt 


dv 


dv 


da 


tx 


ev 


Sz 


p 


Q 


R 



e obtain the equalitf 



There exist, therefore, two functions X and fi for which we Imve 

^ ' Bx Bx. * By dv Bz Bt 

and we can write the given equation In the form 

\d», + lidv = 0. 
Now we have seen that the ratio \/n can depend only upon the veirieiblea u and 
o ; hence this equation is a differential equation in u and v. 

This method appears to be more complicated than the preceding, since the 
integration of the equation (48) requires first the integration of a system of two 
differential equations of the first order. But it is more aymmetdc, and it may 
be preferable if the given equation Is Itself symmetric in z, y, and 2. 

Consider, for example, the equation 

(f* + !/z + z') ds + (z' + zz + a:')dv + (ai* + iEV + V*)di! = 0. 
The condition (44) is satisfied, and the linear equation (48) Is here 



<'-'>s+"-'>g+*- 



The corresponding system of differential equations, 



dy 



dz 



«-y 



gives easily the two integrable combinations 

^(i + p + zj^O, xdx + pdy + zdz = 0. 

Hence we may take 

u = x + y + z, t = I* + J/' + **, 

and the values ol the factors X and /i derived from the equations (48) are 
., _ «+jH- z _ u 



= z* + 1/* + zi 



f I/a + ce = - 
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Tbe tTan^tormed equation in tt and e ia therefore 
(u'' + v)du — udii = 0, 
, iidv — edu ./i!\ 

* = ^5-- = ■<(;)■ 

It follows that the generaJ Int^ral ia u — o/u = C, or, returning to the t 



81. The parentbeeU (u, v) And the Inacket [u, v]. Any total differ- 
ential equation is really equivalent to two simultaneous equations 

p = A(x, y, z), q = B(x, y, e). 
Let us now consider any two equations, 

(50) F (x, y, s, p, s) = 0, * {x, y, z, p, q) = 0, 

in the two independent variables x and y, the unknown dependent 
function z, and its two partial derivatives p and q. 

If we can solve these two equations for p and q, we obtain two 
equations, p =f(x, y, z), q ^ <ft(x, y,z),oi a form which has already 
been studied, and it will be possible to determine whether these two 
relations are compatible. But we can determine whether the condi- 
tion of integrability is satisfied without first solving the equations 
(50) for p and q. We have only to apply the rules for the calcula~ 
tion of the derivatives of implicit functions. Let us consider, in faet, 
the relations (50) as defining two implicit functions,^ =/(*j ?» *)> 
q= (f,(x, y, 2), of the three independent variables x, y, z. Differen- 
tiating with respect to x, we find 

dx dp 8x dq dx ' dx dp dx dq dx ' 

and consequently 

I>(F,9) dq ^(^■*) ^o 

D{p,q) dx D(p,x) ~ ■ 
■e 

D(F, ^ ) ^Q D(F,9) dp J(f,») _. 

D(j,, q) dy D{y, q) " ' D(p, q) dz "*" D{z, q) " ' 

D{F, *) . 

-00, ?) '< 

Substituting the values of dp/dy, dpfdz, dq/dx, dq/dz 
dition of integrability 

dp dp dq dq 
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that Gondition becomes, after development, 

In general, if u and v ate any functions of x, y, s, p, q, n 



dx dx dx dy dy dz 

Swrfii^gvdit du dv dv du 
'- ' -' Zp dx dp dx dq dy Sq dy' 

and we shall call the expression [«, w] a bracket. The preceding , 
condition can then be written in an abridged form, 

(51) [F, *] = 0. 

In order that the two equations (50) shall form a completely inte- 
grable system, it mnst first be possible to solve them for p and q ; 
that is, it must not be possible to derive from them a relation 
between x, y, z independent of p and of q ; and, further, the con- 
dition [F, *] = must be a consequence of the two relations (50). 
If the bracket [F, *] is identically zero, the two equations F = a, 
* = 5 form a completely integrable system for any values of the 
constants a and b. If the relation [F, *] = is a consequence of the 
single equation F = 0, independently of the second equation * = 0, 
the two equations F= 0, * = i form a completely integrable system 
for any value of the constant h. 

If the two functions F and * do not contain a, the expression for 
the bracket [F, *] is simplified. The following expression, where u 
and V are any functions of x, y, p, q. 






is called 'Can pareniheaia (m, v). The condition that the two equations 

^{x> y, pt ?) = <>> * («. y, p,s) = ^ 

be compatible is, by what precedes, that the equation 

(F, *) = 

shall be satisfied, either identically or as a consequence of the 
lelationa F = and * = themBelves. 
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lU. EQUATIONS OF THE FIRST ORDER IN THREE 
VARIABLES 

82. Complete Integrals. We shall now consider the integration of 
a partial differential equation of the first order, of any form what- 
ever but with only two independent variables, and we shall first 
present some very important results obtained by Lagrange. Let 

(52) F^x, y,z,p, y)= 

be the given eqaatioa. The fundamental result obtained by Lagrange 
is the following : If we know a &mlly of integrals which depend 
upon two arbitrary parameters, we can derive all the other integrals 
from them by differentiations and eliminations. Let 

(53) V(x, y, z,a,b) = 

be a relation which contains two arbitrary constants a and b, and 
which defines an integral of the equation (p2) for any values of 
those constants. The values of the partial derivatives p and q of 
that integral aie given by the equations 

8V dV dV SV 

w ■£+^-£">' i^'i-o- 

By hypothesis, the function z always satisfies the equation (52) for 
any values of a and b ; hence the elimination of the two parame- 
ters a and b from the three relations (53) and (54) will lead to the 
equation (52) and to that one only.* 

We shall now show that this equation (52) expresses the neces- 
sary and sufficient condition that the three equations (53) and (54) 
be satisfied by a system of three functions a, a, b of the two varia- 
bles X and y, where p and q denote the partial derivatives of z with 
respect to x and y respectively. When this has been proved, it will 
be evident that the problem of integrating the single equation (52) 
is equivalent to the following problem : To find three functions *, a, 
b of the two independent variables x and y which satisfy the three 
equations (53) and (54). 

If « =f(x,y),a-=f^(x,y),b =f^{^,y) form a system of solutions 
of these three equations, the function f^{x, y) also satisfies the 
equation (52), which is a consequence of these three relations. 

* lo tact, it the elimination of a and b led to another relation i (z, y, t,p, q) — 
difFereut from F—0, the two simultaneouB equations ^—0. 4> — 0. would have a com- 
mon Integral K-0 depending upon two arbitrary parameMra a and b, vhlch tg 
imposaible <§ 7S). The given integral would therefore depend in reality npou only a 
tingle parameter. 
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Conversely, if f^(x, y) is an integral of the equation (52), the 
three equations (63) and (54) are eonaistent when we replace z 
by/^(a;, y), andp and q by the partial derivatives of /^ (a;, y). Hence 
■we can derive from them as values for a and b two other functions 
a=f^{x, y), b=f^(x, y), which form with /^(a:, i/) a system of 
solutions of the equations (€3) and (54). 

The new problem, although apparently more complicated than the 
original, is easily solved. In fact, if we differentiate the relation 
(63) with respect to x and to y, regarding now x, a,b aa unknown 
functions of x and y, the relations obtained reduce, by (64), to the 
two equations 

da dx^ db dx ' da Sy 8b dy ' 

and the system formed by the equations (63) and (66) is equivalent 
to the system formed by the equations (53) and (64). 

We see at once that this system is satisfied by taking for the un- 
known functions a and b any two constants. This gives as the value 
of z the integral already known, which Lagrange called the complete 
integral. In order to treat the problem in a general way, let na 
observe that the equations (55) are linear and homogeneous in 
d V/da, d V/Bb. Hence the three equations (63) and (55) are satisfied 
if we set 

(56) v=o, ^ = 0, ir=^- 

If these three equations are consistent, they define three functions 
«, a, b of the two variables x and y. This gives an integral « = f^(x, y) 
of the equation (52) which does not depend upon any arbitrary 
parameter, and which is commonly called the siiigular integral. 

If dVjda and SV/db are not zero simultaneously, the equations 
(5«) si" „,„ >> 



which proves that there exists between the functions a and b at least 
one relation independent of x and of y. If there exist two relations 
of that kind, a and b reduce to constants, which gives again the com- 
plete integraL If there exists only one relation between a and b, at 
least one of the functions a and b does not reduce to a constant. 
Assuming that a is not constant, we can write the relation between 
a and b in the form 

(67) S-*(o), 
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and the two equations (66) become 

Since a is not a constant by hypothesis, these two relations reduce 
to a single relation, and the three equations 

(68) Y(x,s,^,^l,)=0, J = ♦(«), II + 1^ «<■)=» 

define a new system of solutions of the equations (53) and (64). In 
particular, the function « ^/^(x, y) defined by (58) is an integral of 
the given equation (52). It is evident that this integral depends upon 
the arbitrary function ^{a). We shall call it the general tniegraL 

In order to obtain the relation between x, y, z, the arbitrary 
parameter a must be eliminated from the two equations 

(68') F[a:,!,,=.,.,*(«)] = 0,' |j + s|^ *'(«)= »■ 

Q^bis elimination can be made only after the function <^(a) has been 
chosen, but the equations (58") always enable us to express two of 
the coordinates of a point of an integral surface as functions of a 
third coordinate and of a parameter a. 

The preceding. method is related in a very simple way to the 
theory of the surface envelopes. Consider, in fact, the family of sur- 
faces S which represent the complete integral (63) and which depend 
upon two constants a and b. It we choose an arbitrary relation of 
the form 6 = ^(re) between the two parameters a and b, we obtain a 
family of surfaces which depend upon only one parameter a, and the 
envelope of this family of surfaces is obtained precisely by eliminat- 
ing a from the two equations (58"). The process by which we deduce 
the general integral from the complete integral consists, therefore, in 
taking the envelope of a one-parameter family of complete integrals 
obtained by choosing an arbitrary relation between the two param- 
eters a and b. Similarly, the singular integral is obtained by taking 
the envelope of all the complete integrals, as the two pai'ameters a 
and b vary independently * (I, § 212, 2d ed.; § 220, Ist ed.). 

■ We have seen above (S 71} that all considerations founded on tils tbeory o( 
envelopes in the study of differential equations are quite troublesome. All the diffi- 
culties pointed out In the stud; of the aiagalHr solutioaa of a.n ordinary dlSerentlal 
equation of the first order arise again for partial ditferentinl equations of the first 
order. The final conclusioo is Just as before: a partial differential equation of the 
first order, given a priori, does not normally have any singiilat integrals. This 
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It would seem from what preeedea that we ought to distinguish 
three categories of integrals : the complete integral, the general inte- 
gral, and the singular integral. But Lagrange's theory itself shows 
that there exist an infinite number of complete integrals. Indeed, 
if we establish between the two parameters a and b a relation of a 
definite form b = Tr(o, a', b'), containing two constants h' and &', the 
corresponding general integral will depend upon these two constante 
a', b', and may be considered as a new complete integral. The 
original complete integral will now be included in the general inte- 
gral, and will correspond to the relation i = Tr((i, a', 6') established 
between the two jtarameters a' and b'. There is, therefore, no essential 
distinction between the general integral and the complete integral. On 
the contrary, the singular integral, as can be seen from its geometric 
meaning, does not depend upon the choice of the complete integral. 

Example 1, Consider the generalized Clairaut's equation 
n = px + qy + f(p, q). 
It is easily seen that it has a complete integral of the form 

This complete integral is represented by a family of planes which de- 
pend upon two arbitrary parameters a and b. These planes envelop 
a non-developable surface 2, which is the singular integral surface of 
the given equation. In order to obtain the general integral, we must 
choose an arbitrary relation between a and b, say b = ^(*), and we 
must find the envelope of the planes thus obtained. This envelope, 
■which is represented by the two equations 



ia a developable surface tangent to the surface 2 all along a curve r. 
It is evident that we can choose the arbitrary function ^(a) in such 
a way tliat the curve of contact r shall be any preaasigned curve on 2. 
Example 2. Consider the equation 

? =/(?). 
of which a complete integral is 

^ = «»+/(■.), + 4. 

conclusioD does not cootradict the reasoniug of the test, foe we have assumed tliat 
we can apply the theory o( Implicit functions to the system of tliree equations (9H), 
and the conelusioDS are correct only when that condition is satistied. (See the paper 
by Darbonx, Sur lei aolatioTia jinjuKeres des egualiona aux ilerivees partieiles du 
premier ordre {Memoirea dea Savaata itrangera. Vol. XXVII),) 
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This equation represeats a plane, and the general integral, which ia 
given by the system of two equations 

(59) z = ax + yf{a) +*(«), = a: + k/"(«) + *'(«). 

is represented by developable auifaces, which can be defined geomet- 
rically in a very simple way. Draw through a fixed point of space 
(for example, the origin) the planes parallel to the planes which form 
the complete integral ; these planes depend only upon the parameter 
a, and coosequently envelop a cone (7^ whose vertex is at the origin. 
It follows that the edge of regression of the developable sur&ce (59) 
has its osculating plane constantly parallel to a tangent plaqe of the 
cone (T). Hence the generators of this surface are parallel to the gen- 
erators of the cone juat mentioned (I, § 227, 2d ed.; g 221, Isted.). 

The equations (56), which determine the singular integral, are in 
this case inconsistent, for the last reduces to 1 = 0. There is there- 
fore no singular integral. 

Example 3. Consider a family of spheres with a given radius R, 

whose centers remain in a fixed plane. These spheres depend upon 

two arbitrary parameters, and if we take a system of rectangular 

axes with the fixed plane for the airplane, they are represented by 

the equation im . » bs n 

(a: — «)» + (y - 6)» + s» — fi* = 0. 

The corresponding partial differential equation is obtained by elimi- 
nating a, and b from this equation and the following two, 

x~a -\-pz = 0, y — h + qz = 0, 
which gives the equation 

(1 +i>' -I- q*)^ -R* = 0. 
Creometrically this equation expresses the £aet that the portion of 
the normal included between any point of the surface and the xy- 
plane is constant and equal to R. The general integral is a tubular 
surface, the envelope of a sphere of radius if whose center describes 
an arbitrary curve in the a^y-plane. There is a singular integral 
surface formed by the two planes z =± R. It is evident that these 
two planes are tangent to all the other integral surfaces. 

83. Lagrange and Cbaiplt'a method. To sum up the preceding, in 
order to determine all the integrals of an equation of the first order, 

(60) F(x,y,z,p,q) = 0, 

it is sufficient to know a complete integral, that is, an integral depend- 
ing upon two arbitrary constants. In order to determine a complete 
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integral, let m suppose that, by any means whatever, we have 
obtained another function 9(x, y, e,p, q) such that the two equations 

(61) F=0, * = a 

can be solved for p and q, and form a completely integrable system, 
for any value of the constant a. If this is the case, then by solving 
the two preceding equations for p and q, and substituting these 
values oip and q in the equation dsi=pdx + qdf/,we obtain a com- 
pletely integrable total difEerential equation 

(62) d^ = f(x, y,!(,a)dx + ^ (x, y, z, a) dy. 

The integration of this equation introduces a new arbitrary constant 
b, and in this way we obtain an integral of the given equation which 
depends upon the two arbitrary constants a and b. 

Lagrange and Charpit's method of integration consists precisely 
in adjoining to the equation F — another equation ^ = a such that 
the system (61) formed by these two equations is completely inte- 
grable. For this it is necessary and suf&cient (g 81) that [F, 4] = 0, 
that is, that 

where, for brevity, we have set 

x-£^ r-^, ^-^, P-^, o-!f 
OX oy oe &p dq 

The auxiliary function * (x, y, z, p, q) must therefore satisfy a linear 
partial difEerential equation in five independent variables. The inte- 
gration of this linear equation reduces in turn to that of the system 
of ordinary differential equations 

_ rfy dx —dp — dq 

~ Q ~ Pq + Qq~X+pZ~ y+qZ' 
But, for the purpose which we have in view, it is not necessary to 
find the general integral of this system (64) ; it is sufficient to know 
one first integral * = a of this system, such that we can solve the 
two equations F = 0, * = a for p and q. 

We can therefore state the following general rule : 

To obtain a complete integral of the equation (60), we first find one 
Jirst integral 9 ^ a of the auxiliary system (64) for which the Jaco- 
hian D(F, ^)/I^(p, q) is not zero ; then we solve the two equations 
F = 0,9 = a for p and q. Substituting the expressions obtained for 
p and q in the equatioii' dx =pdx + qdy, we obtain a i 



(64) 
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itttegrahle total differential equation. The general integral of this 
equation contains a aeeond arintrary evnetant b, and is a complete inte- 
gral of the equation (60). 

We know in advance one integral of the equation (63); that is, the 
function F itself. This integral cannot be used directly, but the 
knowledge of it redoces the integration of the system (64) to the inte- 
gration of a system of three differential equations of the first order. 
The precise nature of the problem to be solved is thus made clear. 

When the function F does not depend upon the unknown function 
e, we may also suppose that the function * does not depend upon s, 
and the condition that the system (61) be completely integrable 

"""" «») = o, 

or 

Hence the auxiliary system (64) takes the form 

^^> P~ Q~ X ~ Y 

If we know a first integral 4 = a of this system for which 
D(F, ») 
Dip, 9) 
is not zero, we are led to a total differential equation of the form 

ds =f(x, y,a)dx + ^{x, y, a)dy, 
which is integrable by a quadratuie. The difficulty of the second 
part of the problem is therefore diminished in this case. This is also 
true of the first part, for we know a first integral F = C of the sys- 
tem (64") ; we can therefore replace this system by a system of two 
differential equations of the first order. 

Example 1. Let ua con«dder an equation containing only one of the three 
Tariables x, y, z (for example, the variable v) ■ 

■Pd/, P. ?) = 0. 

In this caaB X = Z = 0, and the equaUoDB (64) give the integrable combination 
dp = 0. Hence the two eqaatJons F(^, Pi g) = 0, p = a form a completely inte- 
grable syatem, as is easily verified. For if we solve the given equation for q, 
the total differential equation to be integrated takes the fonn 

(fz = acin-/(y, a)»Iy. 
Hence we obtain a complete integral by a quadrature : 
a = <» + //(?, a) <fj/ -1-6. 
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Example 2. An eqaation of the form F{2, ji, g) = can be reduced to the 
preceding form by taking j/ and z for the independent Tarlablea, but we can dis- 
pense with this change of variables. For in this case we have X = T= 0, and 
tbe equations (64) give 

P q ' 
whence a firot Integral iiq = ap. rrom the two equaUons 

q = ap, F{z, p,q} = 
we then derive 

P =/(!. "), ! = •/(•. •), 
and tbe total differential equation 

dj=/(i,«)(di + (i<l,) 
can be integrated by a quadrature : 

= 0. Adjoining to it the equation 

P = -W|. 9 = "\i' dz^-J^idx + ady); 

hence a complete integral is given bj the equation 

ica = (x + ay + 6)', 

which representB a family of parabolic cylinders tangent to the zy-plane along 

the entire length of a generator. The zy-plane represents a singular integral. 

The equations (64), in the case where F — pq — s, have also the first integral 
P — y = a. Starting with this integral, we are led to the total differential 
equation . 

dz = {y + a)dx + ^. 

ivhlch can also be written In the form 

dx = d(^—). 

This fumishea a new complete integral z =:{y + a)(x + 6), which represents a 
family of hyperbolic paraboloids tangent to the x]f-plane. 

Example 8, Let the equation be of the form/(i, p) —f^{y, q) = 0. The dif- 
ferential equations (&4') 

dx _ dy _-~ dp _dq 

3p tq Sx Sy 

have the firat integral f(x, p) = a. If we adjoin this equation to the given equa- 
tion, we derive from the two relations 

/(x,p) = a, /,(!/, 9) = a, 

the values for p and 9, p — <P(x, a), q = <ti,{y, a), and the total differential 
equation 

dz = </,{!, a)dx + *,(i;, a)dy 
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can be Integrated hy two quadratures aa followa : 

* = J* (I, a) dr + J*i (V, a) d]/ + 6. 

When an equation of the first order is of tbe preceding form, we eay that 
the variableB are tqoaraUd. For example, let us consider the eqoation 

pg - uy = 0, 
which can be written la the form 



Equating theee two qnotlenta to a constant a, we oht^n the total differential 
equation 

dz = axdx + - dy, 
whence a complete Integral in 

,=??! + Jd+6. 

2 2o 
Example i. Lei ua propose to find the functions F{x, y, ji, q) for which the 
equations (64) have the flrat integral py ^qx = a. For this it Is necessary and 
sufficient that the relation pdy + ydp — qdx — xdq = shall be a consequence 
at tbe relations (64') ; that la, that the function F shall Itself be an integral of 
tbe linear equation 

dF bF , 3F eF f. 

Sq ^ dy tp 

The corresponding system of differential equations 

ite _dy _ dp _dq 

-~y~ X ~-g~p 

has tbe three first integrals 

i" + j/s = C, P* + 9» = C', 1^ - gi = C", 

and the function F is therefore of the toita F(py — qx, x'' + y\p' + q*i- The 
investigation of the equation F = for a complet« integral is thra«fore reduced 
to the int^ration of two simultaneous equations of the form ' 

p» + g» =/(*» + y*, pp _ qx), py-qx~ a. 
Making use of tbe identity 

(p> + 3*) (x» + j/0 = (py - qx)* + (pi + qy)*, 
we derive from the tvfo preceding equations 

px + qy = V(a* + j*«) /(/' + y', a)-a»~>i, (x* + y\ a). 
Solving for p and q, we obtain the values 

p ^ ay4-ic»(x' + y'. a) ^ ^ - <a + y<l, {x^ + y^, a) _ 



whence we obtain a complete integral by a quadrature, 
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It is sometimes poesible to find a priori, by geomotric cooHiderations, (»TtaJn 
integrable combinations of the difierential equations (64). Suppose, for exam- 
ple, ttiat we wisli to find tlie surfaces S wlioee tangent plane at an; point J£ 
meets at a coostant angle V the plane passing through M and Oz. It la clear 
that If a aurface iS saitlafies this condition, all the surfacea obtained from it by 
a belicoldal movement around the j-aiis, for which the pitch of the belli la 
equal to A, will Silso aatisfy the condiUon. Hence tba surface envelope 2 will 
also be an integral of the aame equation. This envelope Z Is evidently a 
belicoidal surface of pitch ft. Since we may tranaiata it any diatance what- ■ 
ever parallel to the c-axia, it follows that the partial difierential equation of 
tite problem and the partial difierential equation of the belicoldal surfaces 
j>y — 31 = a (S 72) liave, for any value of a, an Infinite number of common 
inl«gra1a which depend upon an arbitrary constant. Consequently the differ- 
ential equations (04) corresponding to the partial difierential equation of the 
surfaces 8 have a first integral pi/ — gx = a, and the complete integral can be 
obtained by a quadrature. 

Note. It sbould be noUced that it is not necessary that the relation (03) 
shall be identically satisfied In order that the Byslam (61) be completely int»- 
grable ; it is sufficient that It be satisfied by virtue of tbe relation F = itself. 
We can sometimes make use of this fact in the search for the function f. In 
fact, the problem of finding an Integrable combination of the equations (04) 
reducea essentially to that of finding five functions \„ X,, X,, \f, X, of the 
variables x, y, z, p, q such that 

Kdx + Xydj/ + \^ + Xpdp + M? 
shall lie an exact differential d4 and such that we have also 

If this last equation is not satisfied except by virtue of the equation F = 0, the 
function t is not, properly spealcing, a first integral of the system (64). How- 
ever, since the multipliers X,, \, ■ ■ - are equal to the partial derivatives of *, 
the two equations F = 0,t = a still form a completely integrable system, for 
the equation (63) is then a consequence of F = 0.* A similar remark applies to 
thesytom (ei*). 

■ When tile eqnatloD F^ can be solved tor one of tbe variables z, y, t, p, q, we 
may suppose that the function 4 does not contain that variable, and It will also not 
appear In any of the coefllcleuts X, T, Z, F, Q. For definlteness, let na take an equa- 
llonrfth.^™ ,+/b,v,z,,).0. 

To find a complete Integral, we need only adjoin another equation ^(z. y, z, a) — a, 
which forms with tbe first a completely integrable system. In this case the condition 
[P +/. *1 - takes the tonn 

te 5q Dy V !>q ■' } Sz \oy ^ St) iq ' 
In which the letterp dues not appear- 
More generally, let ns suppose that we can satisfy the relation F- by putting 
p-/(z, y, z, X), (-*(!, y, *. X), 
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84. Conchy's problem. Given lui equation 

(65) P=fix,y,z,q) 

in which the right-hand side ia analytic in the neighborhood of a 
system of valnes (a;,,, y^, z^, q^, and a function ^(y) analytic in 
the neighborhood of the point y^, such that we have <^{y^ = z^, 
^'(.Vv) ~ %> ^^ proved in § 25 that this equation has an anaJytie 
integral in the neighborhood of the point (a;,, y^ which reduces to 
the given function ^(y) for x = x^. Let C be the plane curve rep- 
resented by the two equations x = x^,z= ^{y). Geometrically this 
result may be stated as follows : Tksre exists one and only one anor 
lytic integral surface of the equation (66) passing through the curve C 
Thm proposition is capable of generalization. Let us first consider 
an equation of any form, 

(66) F(x,y,z,p,q) = (i, 

and let us propose to determine an integral surface passing through 
a plane curve, such as C, which lies in a plane x = x^ parallel to the 
yz-plane. Let s = <^(y) be the equation of the cylinder which pro- 
jects C upon the ys-plane. Since the function ^ is analytic in the 
neighborhood of the point y,^, the equation 

where *j| = <l>(y^, ?o = ^'(^o) and where we regard/) as the unknown, 
has a certain number of roots. Let^^ be one of them. If the func- 
tion F is analytic in the neighborhood of the system of values (x , 
Vo* *!)' ^0' ?!))' ^"*^ '^ ^^^^ *^^ partial derivative (SF/dp)^ is not zero 
for this system of values, the equation (66) has a root^ =f(x, y, ", ?) 
which is analytic in the neighborhood of the system of values (x^, y^, 
%• 1«) (I. S 193j 2d ed. ; § 187, 1st ed.). Hence we are led back to 
an equation of the form (65), which shows that the equation (66) 
possesses an integral surface through C. As a matter of fact, the 
reasoning proves that this equation has m integral surfaces which 
satisfy the conditions if the equation (67) is of degree m with 
respect to^. There is no possible exception unless one of the roots 

where X denotes an aailliary pamraoter. We need only replace X b; a tonctlon of 
*, y, I such that tbe equation d%-fdx^^dy Ib completely intcgrable, vhJch again 
leads to a linear equatioD [or X (x, y, z) ; 

(AnTONARi, BuUetin Oe la SooUti Xathimaliqve, Vol. XIX, p. 104.) 
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of tlie equation (67) satisfies also the relation dFJdp = at all the 
points of C, since «„, y^, «, are the co5rdinates of any point of 
this curve. 

Let us consider finally any curve V, represented by a system of 
two equations 

(68) x=X(y), « = /*0/), 

and let it be required to determine an integral surface of the equa^ 
tion (66) which passes through r. This problem, in torn, can be 
reduced to the preceding by meana of a change of variables ; for if 



e put 



vKy). 



the relation dz'=pdx + qdy becomes 

dsi=pdX+pX.'(Y)dY + qdr, 
and from thia we derive 

i""?!' -!'*'(>') + « "af- 

The equation (66) is then replaced by the equation 

and it remains to find an integral of this new equation which 
reduces to fi(Y') tor X =0. Hence we see that in general an inte- 
gral surface of an equation of the first order is determined if we 
assign a curve lying on that surface. There may be several integral 
snrfacea satisfying this condition if the equation similar to (67) has 
several distinct roots, just as an ordinary differential equation of the 
first order and of degree m in y' has in general m integral curves 
passing through a given point. We shall return later to the excep- 
tional case in which this reasoning fails. 

The problem of determining an integral surface of a partial differ- 
ential equation of the first order through a given curve has been 
called Cauchy's problem. This name is used to remind us of the 
close relation just explained existing between this problem and 
Cauchy's general theory. We shall now show how Cauchy's problem 
can lie solved by an elimination if we know a complete integral, and 
this will furnish also a verification of the preceding results. 

^"^ F(x, y, it, a,b) = 

be a complete integral, and let r be a given curve not situated upon 
the singular integral surface nor upon one of the integral surfaces 
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obtained by giving to a and to b constant values. Caochy's problem 
reduces to determining tlie function ^ (a) in sucli a way that the given 
curve r shall lie upon the surface S defined by the two equations 

(69) v:x,^,,,a,4,{^)] = 0, g+g|^^'(„)_0. 

Let us suppose that the coordinates x, y, te of a point of V are 
expressed as functions of an auxiliary parameter A, 

(70) «=/,(X), !/=/,(i), »=/.(i), 

and let f7(X, a, b) be the result obtained by replacing x, y, z in 
V(x, y, e, a, b) by the preceding expressions. The two simultaneous 
equationa 

"-■ du 

determine the values of X and a which correspond to the points of 
intersection of the curve F with the surface S. If the surface S 
passes through the curve r, these two equations form an indeter- 
minate system. Hence, eliminating A from these two equations, we 
obtain an identity. This elimination leads to a relation between a, 

*(.'), ♦'(•), 

(72) n [«,+(«),+'(«)] = 0, 

that is, to a differential equation of the first order for the determina- 
tion of ^(a). It would seem, therefore, that the problem has an 
infinite number of solutions, contrary to Cauchy's result. But it is 
easy to deduce from the equations (71) another relation not contain- 
ing <f>'(a). In fa<3t, let us suppose that the curve T lies entirely on 
■ the surface S. When a point moves on r, « is a function of A which 
satisfies the two equations (71) simultaneoualy. Hence, if we differ- 
entiate the first of these two equations with respect to X, it follows 
from this result and the second that 

This equation contains only X, a, ^(a). Eliminating A from the two 
equations t/ = 0, dU/d\ = 0, we obtain an equation which determines 
the function -^(a). The method to which we are led has an evident 
geometric meaning. In fact, the equation U(k, a,b)=0 determines 
the values of A which correspond to the points of intersection of the 
curve r with the complete integral. If we also have dlT/B\ = 0, this 
equation has a double root, and the complete integral is tangent to r. 
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Eliminating X from the two equations U(\, a, 5)= 0, dU/dX. = 0, 
the condition obtained, *{«,&)= 0, therefore expresses the fact that 
the complete integral is tangent to r, and the desired integral surface 
through T Tnai/ be defined as the envelope of the complete integral 
surfaces tangeiU to the curve T. This result is geometrically almost 
intuitive.* 

85. Characteristic curveB, Cauchy's method. Cauchy'a method is 
independent of the theory of the complete integral. We shall now 
present it in a geometric form. For this purpose, let us first consider 
the meaning of a non-linear partial differential equation 

(T4) F{x,y.z,p,q)^<i. 

This equation may be regarded as a relation between the direc- 
tion cosines of the tangent plane to an integral surface S through a 
given point (x, y, a) of space. Hence this tangent plane cannot be 
any plane passing through the point {x, y, z). Since the possible 
tangent planes form only a one-parameter family, they envelop in 
general a cone (T) whose vertex ia the point (x, y, «). It follows 
that the tangent plane at any point M of space to each integral surface 
S passing through this point is also tangent to a certain coTie (T) 
whose vertex is at M. 

The cone (T) depends, of course, upon the function F, and also 
upon the position of its vertex. In order to obtain the equation of 
the cone (T) whose vertex is {x, y, z), we must, by its definition, 
find the envelope of the planes 

(76) Z-z=p{X~x)-i-q(Y-y), 

where the j)arameters p and q are connected by the relation (74). We 
must therefore eliminate p and ^ from these two equations and the 
new relation (I, note, § 208, 2d ed.; g 202, 1st ed.) 



• It is easy to obtain the general integral ol the differential equation (73). In fact, 
if we replace \ by an arbitrary constant \,, the function ^ (u) defined by the equation 

(e) (7[\Ha,0(a>]-O, 

also satiafiea the equation 

Hence *(a) aatlsfles also the ©quaUon obt^ned by eliminating \i from (e) and («'), 
but the resulting equation is exactly the equation (T2). Tlie relation («) therefore 
represents the general integral of the equation (T2). There Is also a singular inte- 
gral, which is indeed precisely the desired solution of the given problem. 
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The two equations (76) and (76) repreeent the characteristic direc- 
tion, that is, the generator of the coce (T) which is the line of con- 
tact of the tangent plane. If we suppose that the axes of coordinates 
are rectangular, we can obtain immediately the equation of the 
normal cone (iV), which is generated hy the normals to the different 
integral sur&ces passing through the point M. For, since the equa.- 
tions of the normals are 

X-x+p(Z-i:) = 0, r-y + q(Z-!!) = 0, 

the elimination of p and g gives the equation of the cone (iV) in 
the form 

(77) .(„,,_|5|,_l5|)=„. 

If the given equation (74) is linear in p and q, the cone (iV) is a 
plane and the cone (7^ reduces to a straight line A. We have seen 
(3 76) that the integration reduces in this case to the search for the 
curves which are tangent in each of their points to the correspond- 
ing straight line A. We are led to Cauchys method by extending 
this process to non-linear equations. 

Let S be an integral surface represented by the equation 

"/("',!')■ 
At each point M of this surface the tangent plane is also tangent 
to the cone (T) along a generator (G). We shall give the name char- 
acteristic curve to every curve C of the sur&ice S which is tangent 
in each of its points to the corresponding generator G. Through 
each point of S (excepting the singular points, if there are any) 
there passes one and only one curve of this kind. The name eharao- 
teristic curves will be justified later (§ 86). 

The key to Cauchy's method is that we can determine these curves 
by a system of ordinary differential equations without knowing the 
function /(z, y). In the first place, the tangent to the curve C coin- 
cides with the straight line G represented by the two equations (75) 
and (76), which may be written in the form 

P Q Pp+Q9 

in the notation of § 83. Along a characteristic curve x, y, a, p, q 
are functions of a single independent variable, and we may write the 
relations between the differentials dx, dy, dx in the form 



(78) 



Q Fp + Qq 
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where u is a conventional auxiliary variable which ie introduced 
merely for symmetry. Along this curve C we have also 
dp = rdiB + ady, dq = sdx + tdy, 

where r, », t are the uaual second derivatives of the function /(«, y). 
On the other hand, since sc=j\x,y) is an integral of the given 
equation (74), the partial derivatives r, «, t also satisfy the two 
relations 

X +j)Z + Pr+Qs = 0, r+qZ + Pa+Qt = (i, 
which are obtained by differentiating (74) with respect to x and 
with respect to y. Replacing the differentials dx and dy by Pdu and 
Udu respectively, the expressions for dp and dg become 
rfp = (JV + Qa)du, rfj = (Ps + (U)du, 
or, using the preceding relations, 

dp=~(X + pZ) du, (ij = - (r + qZ)du. 

Adjoining these equations to the equations (78), we arrive at a 
system of ordinary differential equations 

^' ' P Q Pp + Qq X+pZ y + qz ^ 

which is identical with the system (64) to which we are led by 
Lagrange's method. 

This system of differential equations is absolutely independent of 
the integral considered. We derive from it the following conclusions : 
Let (x^, y^, «J be the coSrdinates of a point M^ of S, and let^^ and 
q^ be the values of p and q for the tangent plane at this point. If 
the function F ia analytic in the neighborhood of this system of 
values, and if not all the denominatora of the quotients (79) vanish 
simultaneously for x^^, y^, x^, p^, q^, the equations (79) have one and 
only one system of integrals which take on the values x^, y., «»,^|,, J„ 
for w = 0, It follows that if two integral gurfaees are tangent at a 
point (x^, y^, *j), they are tangent along the entire length of a common 
characteristic curve through that point. 

For convenience we shall call every system of values assigned to 
the five variables x, y, «, p, q an element. Thus, an element may be 
thought of as consisting of the set of a point whose coordinates are 
(x, y, x) and a plane through that point whose position is defined 
by the values of p, q. Along an entire characteristic curve, ic, yj'^tP, 
ajid q are functions of an independent variable «. To each point of 
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a characteristic curve there correaponda, therefore, an element com- 
posed of this point together with the plane through this point defined 
by the values oip and q. But from the equations (79) we have 

— — —u. ^ 

du du du 

so that this plane contains the tangent to the curve at the point 
(x, y, s). When the point (x, y, s) describes the characteristic curve, 
the corresponding plane envelops a developable surface passing 
through this curve, which is called the oharacteristle developable 
surface. Thus, to each characteristic curve there corresponds a char- 
acteristic developable surfciee through that curve. We shall hereafter 
use the words characteristic strip to denote the combination of the 
curve and the developable surface, and we shall refer to the ciirv© 
as the ehai-aeteristic curve, to avoid any possibility of ambiguity. 
With this understanding, a characteristic strip is composed of an 
infinite number of elements which depend upon an independent 
variable, and the infinitesimal variations of x, y, z, p, q are con- 
nected by the relations (79). A characteristic strip is therefore 
completely defined if we are given one of its elements, and the 
theorem stated a moment ago can again be expressed in the follow- 
ing exactly equivalent form : 

If two integral surfaces have a eom/mon element, they have in com- 
mon all the elements of the characteristic atrip to -which the given 
common element belongs. 

The totality of all characteristic strips depends upon three arbi- 
trary parameters. In fact, a characteristic strip is determined if one 
of its elements (a;^,, y„, z^, p^, q^ is given. One of the coSrdinates, 
x^ for example, may be assigned a given numerical value, and, more- 
over, by definition the relation F(x^, y^, z^, p^, q^ = is satisfied. 
Hence only three parameters remain arbitrary. 

In order to determine the characteristic strips, let us observe first 
that F = const, is a iirst integral of the equations (79), Hence, if 
F(x, y, z, p, q) vanishes for the initial element (x^, y^, x^, p^, jj, F 
vanishes throughout the entire length of the characteristic strip 
through that element, as we see also from the derivation of the 
equations (79). In order to find the characteristic strips of the given 
equation, we can therefore adjoin to the system (79) the relation 
F^ itself, which reduces that system to one of three differential 
equations of the first order. 
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Let us suppose that we have obtained the equations of the charac- 
teristic strip in finite terms ; and, for definiteness, let 



(80) (ll=f/.':,''..y.,'.,P„li. 



= /.('. 



be the equations of the characteristic strip through the element 

The two first equations of (80) represent the characteristic curve 
itself, and every integral surface, being a locus of the characteristic 
curves, will be obtained by supposing that a-,,, y^, s„, p^, q^ are func- 
tions of an auxiliary parameter v. We are therefore led to investi- 
gate how these five functions of v may be chosen in order that the 
surface generated by these characteristic curves shall be an integral 
surface. We shall introduce with Darboux an auxiliary variable u, 
and write the equations in a symmetric form. Let 



(81) ]y = *.(«-^„.y„-v;'„,?o). 



f 82) /^ ^ ** ^"' '^'" '•'•" *"' ^o' ^°*' 

be the equations which represent the integral of the system (79) 
which taies on the values x^, y^, a^, p^, j, respectively for w = 0. 
If we replace x^, y^, z^, p^, q^ in these expression by f t n fa 
second auxiliary variable v, the equations (81) p nt g ral 
a surface S, u and v being regai'ded as two ind pe I t bl 

In order that the surface S be an integral su fic nd that the 
curves V = const, be the characteristic curves, tl quat n (82) 
must give precisely the values of p and q which determine the 
tangent plane to that surface; and, moreover, the relation ^" = 
must be satisfied at every point of S. Hence the five functions 
*i yi *i Pi ? of the two variables m and v must satisfy the three 
conditions 



(84) 
(86) 
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Since the five functione ^^ are integrals of the system (79), we have, 
as remarked above, F(x, y, z, p, q) = F(x^, y^, z^, p^, j J. Hence the 
relation (83) will be satisfied if 

The relation (84) is identically satisfied, for it is a consequenoe of 
the differential equations (79). Cauchy transforms the condition (85) 
as follows : Indicating by H the left-hand side of (85)j and difEeren- 
tiating with respect to u, we find 

du dudv dudu ducv do du do du 
On the other hand, differentiating the relation (84) with respect to v, 
we have also 

^ S'z IPx ify dp Zx dq dy 

dudo dudi) dudv dv du dv du' 

whence, subtracting, 

dH _dpdx dq8y dxdp dydq 

du dv du do du dv da dv du 

or, replacing the derivatives with respect to it by their values 

obtained from the relations (79), 

Srt_ 0^ Sy S^ S^ / dx dy\ 

du dp dv do dv \ dv dv/ 

Finally, observing that the five functions x, y, z, p, q ot v satisfy 

the relation „, , „ 

F(x,y,z,p,q)=0, 

and that we therefore have also 

00 00 Co dv du 

we may write the preoeding value of dH/du in the form 

We derive from this relation the following value for H, 

(88) H = ny^^'^, 

where H^^ denotes the value of H for u = 0, that is, when a;, y, a, p, q 
reduce respectively to x^, y^, z^, p^, q^. Since the function F, and 
consequently also the partial derivative Z, is supposed analytic 
in the neighborhood of the system of values x^, y^, s^, p^, q^, the 
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necessary and sofflcient condition that H be zero is that H^ be zero, 
that is, that (pg/8v\=p^{dx/Sv\ + q„{dyjdv\. 

Summing up, to obtain an ijUegral surface * Uis sufficient to replace 
'^t' V<,> *in Pm ?o *'™ '^ equations (80) or (81) by functions of an 
auxiliary variable v which satisfy the two conditions 

This method leads veiy easily to the solution of Cauchy's problem. 
In fact, if we wish to determine an integral surface through a given 
curve r, we may take for x^, y^, z^ the cotirdinates of any point of 
that curve expressed as functions of a variable parameter v, and the 
equations (89) then determine p^ and y^. The solution may also be 
stated in geometric language as follows ; The first of the equations 
(89) expresses the fact that the plane through the point (x^, y^, z^ 

• The argument preaumes, however, that thn deaomiDatora P, Q, X*pZ, r+ gZ 
•re not all lero tor the initial valneB ^oi Va, ^. Pa. 9d- I" case thay ace, the equa- 
tions (HI) and (82) reduce to i - ig, v — i/g, z - zg, p - pg, 9 — fo. whereas it we suppresa 
the auxiliary variable u, the equatioDS (TB) may have inl^grals nbinh take on the 
given initial valuea (j31, Note). Hence tbe integrals of the given equation which 
satisfy also tbe four equations 

p-0, e-0, x+pZ=o, r+7Z=o 

are not given by the general method. Such integrals, if there are any, are tiagvlar 
integrals. There eiist normally no such Integrals for an equation given a priori and 
not formed by eliminating constants. 

The reasoning can be arranged so as to put in evidence tbe hypotheses necessary 
for the validity of the concluBlonB. Let us suppose first of all that the function 
Fix, y, I, p, q) is an analytic function of x, y, z,p, q. In order to show that every 
Integral z^/(x, y) represents a locus of charactertBtic curves, it Is not necessary to 
sui^iose that that inlegrui is analytic ; it Is sufficient to assume that it baa continuous 
partial derivatives of the second order r, (, t, since only these derivatives appear in 
the proof. The characteristic curves, being defined by a system of analytic differen- 
tial equations, are necessarily analytic curves, and, consequently, on every integral 
surface, whether it is analytic or not, tliere eilats a family of analytic curves, namely, 
the characteristic curves. The functions ipi, 1^. ■■■, ^,, vhicb represent the general 
integral of the equations (T9), are analytic functions of » and of the initial values 
^1 Vn. 'oi Pdi 7o (S ^)- In order that the caleulationa which follow, and their con- 
clusion, be rigorona, it la eufficient that these initial values be continuous functions 
of a parameter ti, and that they liave continuous derivativea, bat it Is not necessary 
that tbey shall be analytic functions of u 

This Is quite In accord with the method h aria n of constants. It the com- 
plete integral V{x, y, t, a, b) la an ana y an n ts ai^uuienls, the same 
will he true of ^(i.p, z,p, 9),bat nothag n h ag m nt requires that the arbi- 
trary function h-0(a) shall be an analy fun A similar remark applies 
to the genernl integral of a linenr equa F m d tails on this subject see 
E. R. Hbdrick, Ueber den analylUchen Ch d Ld ungen von Diferenlial- 
gleidmngen {Inaugiiral-Diasertation, Gfl ny n 90 
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deteimined by the values p^ and q^ is tangent to the cone (7") whose 
vertex is that point ; and the second of the equations (89) expresses 
the fact that this plane paases through the tangent to the curve r. 
Hence the whole process may be formulated as follows: Through 
the tangent at the point M to the curve V pass a plane tangent to the 
cone (T) whose vertex is M ; lei C be the characteristic curve through 
the element thui determined ; the surface generated by this charac- 
teristic curve, as the point M describes the curve T, is an integral 
surface through the curve T. 

.There will be as many surfaces fulfilling these conditions as there 
are tangent planes to the cone (T) through a tangent to the curve T. 
It is also clear that we should associate tangent planes which form 
a continuous sequence. 

Let U9 consider first the general case where the tangent to the 
curve r is not a generator of the cone (r). Since p^ and q^ fix the 
position of the tangent plane to the cone (7"), the direction cosines 
of the element of contact of (T) with that plane are proportional to 
P^' Qa' ^oFo + '^oS'o' ^y ^^^ formulae (75) and (76). Since the differ- 
ence P^(dyjdv)— Q^(dxjdv) is not zero, the values of p„ and of y^ 
derived from the equations (89) are analytic functions of v in the 
neighborhood of the given point of T. On the other hand, we can 
solve the first two equations of (81) for m and v, for the functional 
determinant 0x/du Sg/dv — dyjdu dx/dv reduces for m = to 



KdulA^vl XdulAd. 



that is, to Pg(pyJ^v) — Q^(dxjdv). Substituting these values of u and 
V in the third of the equations (81), we see that s is an analytic 
function of x and y in the neighborhood of the given point (see S 84). 

If tbe tangent at a particular point of the curve r coincides with the element 
of contact of {T) with the plane determined by the values p,,, q^ at tliat point, 
this point is in general a singular point for the corresponding integral. If the 
same tbing happens at every point nfT, we must distinguish two caaes, according 
as the curve r is a characteristic curve or not. 

If the curve r ia a characteristic curve, it is tangent at each of its points to an 
element G of the cone (T) whose vertex is at that point, and the characterielJo 
developable surface is the envelope of the tangent plane to the cone (T) along 
the generator G when the vertex Jf describes the cnrve r. The characteristic 
curve through each of the elements thus determined coincides with the curve 
r itself, and the equations (81) do not define a surface. But it is clear that in 
this case the problem is indeterminate. For let Jf he a point of r, let P be the 
plane tangent to the cone (T) whose vertex is Jlf along the tangent G tor, and 
let r' be another curve through M whose tangent at Jf is a straight line of the 
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plane P different from G. From what we have ju*t proved, the integral surface 
through r' containB the curve r. 

If the given equation (T4) is not linear in p and q, aa we shall suppose, the 
curve r can be tangent at each of its points to a generator G of the correspond- 
ing cone (T) viithout t>eing a characteristic curve. The family of curves 
having tbia property depends, in fact, upon an arbitrari/ fiuutUm. Let 



*h,v. 



Y-y Z-z 



be the equation of the cone (7^ whose vertex is (x, y, z). In order that a curve 
r he tangent at each of its points to an element of (T), the coordinates x, y, z 
of a point of that curve must be functions of a variables satisfying the condition 

If vie take x, for example, as the independent variable, we may choose arbi- 
trarily y =f(x), and then, substituting /(x) for y in the preceding relation, we 
have a differential equation of the Hrst order tor the determination of z as a 
function of x. Every curve not a characteristic satisfying the condition (90) 
will be called an integral curve. 

Now let us suppose that the curve r, for which we wish to solve Cauchy's 
problem, is an integral curve. From each point 3f of r there issues a character- 
istic curve tangent to r, and it follows from the preceding arguments that the 
surface S generated by these characteristic curves is an integral surface. Indeed, 
it is sufficient to take for i,,, y^, z^ the coiirdinatea of a point of r, and for p,,, 
9g the coefficients p and q of the plane tangent to ( T) along the tangent to r. 
But this curve r Is a singular line on the surface S ; for if it were not, the 
derivatives r, «, ( would have finite values in a point of r, and, since we have 
QgdXg = P^iy^, the arguments of page 251 to establish the equations (79) would 
apply without modification, and we should conclude that the curve r is a 
characteristic curve, which is contrary to the hypothesis. This oi'Tve r, which 
is the envelope of the characteristic curves of the surface S, is the analogue of 
the edge of regression of a developable surface. 

Note. Cauchy's method also leads readily to a complete integral} 
for we can satisfy the conditions (89) by putting x^ =a, y^ = b, 
e^ = c, where a, b, c are any three constants and where p^ and q^^ 
satisfy the relation F(a, h, e, p^, q^) = 0. The integral surface thus 
obtained is the locus of the characteristic curves starting from the 
point (a, h, c), which ia evidently a conical point for that surface. 
If we regard one of the coordinates a, &, c as a numerical constant, 
we have a complete integral. 

Example 1. Let us consider the equation treated by Cauchy, pq — xy = <i. 
Making use of the equation itself, we see that the differential equations of the 
ctiaracteristic curves can t>e written in the form 
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We derive from them succeHsiTelj the Integrable combfnationi 



dp ^dx dq _ 



and the characteriBtic Htiipthroiightheelement (Zg,Vot^nt7DiQi)) Ib represented 
by the equations 

where lo, y^, p^, g^ are connected by the rMation p^^ = x^^. In order to 
obtain the integral which, for z = Xg, reduces to 0(v), «e shall put, as In the 
general method, ^^ = c, Zg = # (v). In tliie case the equations (89) give 



9o = *'(")> 



*'(") 



The required integral is therefore represented b; the tdmultaneoos ByBtem of 
Z-#(D) = -^f2»-l^) = *^ (!,»-»»). 

which define c and z as functions of z and y. These two equations may be 
replaced by the equations 

[r- «H]^ = (x»_ zj)(y«_ r»). [z- *{=)]#■{") = "(»:'- i'S), 

of which the second may be obtained from the first by differentiating with 
respect to the parameter n. The desired integral can be obtained by eliminating 
I, and it follows that this result is quite in accord with Lagrange's theory. 
Example 2. Let ub consider a^in the equation of page 240, 

which states ttiat the length of the segment of the normal cut oft by the 
3^-plane is equal to R. Hence, in order to obtain the normal cone (N) at the 
point if of space, we need only describe about the point ii as center a sphere 
of radius if, and then talce the cone of revolution whose vertex is M through 
the circle In which the xv-p'ane cuts this sphere. The corresponding tangent 
cone (T) is the cone of revolution whose vertex is M. We know here a com- 
plete integral, the spheres of radius R having their centers In the xy-plane. 
The characteristic curves, which are the limiting positions of the intersections 
of two spheres that are an infinitesimal distance apart {see § 86), are tliere- 
fore circles of radius R, whose planes are parallel to the x-aiis and whose 
centers are in tlie i^-plane. Every integral curve, as we have seen, may be 
regarded as the envelope of the characteristic carves on an integral surface. 
These curves are therefore represented by the system of three eqoations, 

(« ~ a)» + IV -*(«)]* + z*- IP = 0, 

a;-a + [i'-«(a)]*'{a) = 0, 

1 + ^-i (a) + # (a) #"{a) - y 4>"{a) = 0, 

where ^(a) is an arbitrary function. 
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S6. TIm dwnctoistic mrra doJTBd bum a lom^eto latepal. Tbe concept of 
chaiKcteriBtlc curves can be derived in a veiy Datoral maoner from Lagrange's 
theory. We have seen, in fact, that if F = Ifl a complete integral of a f^ven 
equation of the first order, we obtain an int^;ral surface b; eliminating a from 
tbe two equations 

(81 ) V [X, y, z, a, * (a)] = 0, ^ + -Jf- *'{a) = 0, 

da S0(a} 

where ^(a) Is an arbitrary funcUon. If we give to the parameter a a constant 
value, these two equations represent a curve whose locus is the integral surface. 
The equations of this curve are of the form 

da Ht 

where a, 6, c are arbitrary parameters. These curves form a conyplex, and we 
see that the integral surfaces are generated by the curves of this complex 
associated according to a suitable law. The name ctiarafteriatic curve* is self- 
explanatory, since they are the curves of contact of tbe complete integral with 
its envelope. 

The characteristic developable surfaces also appear In a natural manner. 
Let us con^der a characteristic curve cDrrespondiiig to the values a^, h^, Cg of 
the parameters a, b, c. All the integral surfaces obtained by means of func- 
tions 0, such that we have b^ = ^(a^), Cg = •l>(a^, pass through this curve and 
are tangent to each other along this entire curve, for the values of p and q, which 
for any point of an Integral surface are given by the relations 

bz bz by ix 

are the same for i^l these surfaces. It is therefore natural to associate with 
each characteristic curve a characteristic developable surface passing through 
this curve. Tbe four equations (92) and (03) enable us to express four of the 
variables x, y, z, p, q in terms of one of them and of the three arbitrary con- 
stants a, b, c. In order to prove the identity of the forms thus defined with 
those of the characteristic strips deduced from Cauchy's method, let us suppose 
that the complete integral is represented by an equation of the form 

«=:*(z, V, a, 6). 
Tbe equations (02) and (93) then become 



The relations (M) and (06) enable us to express the five variables (x, y, z, p, q) 
In terms of one of them (z, for example) and of the three arbitrary conatanta 
a, b, c. The proof reduces to showing that these functions satisfy the dlftereu- 
tial equations (M). Since the function ♦(!, y, a, 6) is a complete integral of 
tbe equation F = 0, we have already between these functions the two relations 

(90) F{x, y, z, p, 5) = 0, dz = pdx + gdy. 
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On the other hand, we deduce from the second equation of (M) 

' ' \8aBx asat/ Wbv Sbdy) " 

Now II we diDerentiate with respect to the constants a and b the identity 



4-S'3-". 



and consequently, by eliminating Z, we have 

' ' \Sadx afcW VsaSj' Bbdj// 

A comparison of the two relations (ST) and (98) shows that we have dx/P^dv/Q. 
The remiuning equations of (M) are established as in § 86, by comparing the 
relations ^^ g,^ ^^ g,^ 

dp = dx H dy, da = dx + — - dv, 

wliich are deduced from the equations (96), with the relations 

Bx ftc* ^&eBii ' 

dv BxBy 5y 
which in turn are obtluned by differentiating the identity 

V '*' 'to dy! 
with respect to the variables x and y. 

Note. The theory of the complete integral applies to linear equations as well 
as to the non-linear equations. It seems at first sight, on the contrary, that 
Cauchy's method is altogether diSerent tor linear equations and for non-linear 
equations. In fact, the characteristic curves of a linear equation, or of an 
equation which separatee into several linear equations, form a congruence and 
not a complex. But if we associate with each characteriBtic curve a charac- 
teristic developable surface, the paradox disappears. Each characteristic curve 
belongs, in fact, to an infinite number of characteristic developable surfaces 
which depend upon an arbitrary constant, so that this family of characteristic 
strips does depend upon three arbitrary constants. Let us consider, for example, 
the equation of the cones j>x + 9V-~^ = I- The equation t — ax + by represents 
a complete integral formed by all planes P through the origin. Tiie character- 
istic curves are the straight lines passing through the origin, and the character- 
istic developable surfaces are the planes P themselves. We shall therefore 
obtain a characteristic strip by associating with a straight line through the 
origin a plane through that straight line ; this set actually depends upon three 
arbitrary ci 
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87. EztenBionofCancby'smethod. Caucby's method can be extended 
without difficulty to an equation in any number of independent 

variables, 



(99) 



Let a = *(!,, a:,, ■ ■ ■, le,) be any integral of the equation (99); we 

shall designate as an element of this integial the set which consists 
of a system of particular values a^, x?^, ■ ■ ■, a"! of the independent 
variables, together with the corresponding values z", pi, ■ ■ •, pi of 
the function 4 and its partial deiivativea. Let ua suppose that an 
element of the integral, starting with certain initial values x^, z", p^, 
varies so as always to satisfy the differential equations 

(100) ^=^=... = ^, 

where, as in § 83, 

x='^, p =^, z = ??. 

dx^ * dp^ dz 

It is clear that these equations determine completely a family of 
curves (or one-dimensional manifolds) on each integral. T'or if « is 
known as a function of x^, x^, ■ ■ ■, x., the same thing is true of the 
partial derivatives pi, and consequently of the functions P,. These 
relations (100) form, therefore, a system of (n — 1) differential equa- 
tions of the first order between the n variables (x,, x,, — , x,). By 
the theory of differential equations, through each point of the inte- 
gral surface theie passes in general one and only one of these mani- 
folds. If to each point (x,, Xj, • ■ ■, x„ z) of one of these manifolds 
we associate the corresponding values of p^, p^, ■ ■ -, p,, we have a 
simply infinite sequence of elements, which we may again call a char- 
acteristic strip. We sbalJ show that, without knowing the expression 
for the function z, we can adjoin to the relations (100) other differ- 
ential equations enabling us to define completely the variation of 
the variables Xj, z, p^ along a characteristic curve. 

Let us start from an element of the integral (xj, «°,^t), and let us 
consider the characteristic strip through this element. Along this 
characteristic strip the variables x^, z, p^ arc functions of a single 
independent variable satisfying the relation F = 0, whose differen- 
tials satisfy the equations (100) and also the relations 

dz ssp^dx^ + • • • ■¥ Pm'^x^, dpi ^Ptidx, H — ■ +pi^dx^, 



?a:,3xi 



(i- 1,2, •■■,») 
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whicli result from the definition. Differentiating the relation F = 
with respect to the variable x^, we find 

Xf+p^Z + P^,, + ■ ■ ■ + P^i. = 0. 

Indicating by du the common value of the quotients (100), and 
replacing /', in the preceding relation by dxjdu, we find 

{X^ +PiZ)du +Piidx, + ■■■ +p^dx, = 0, 
that 13, (X,+p,Z)du + dp, = 0. 

This shows ua that the elements of an integral satisfy, along the 
entire length of a characteristic strip, the system of differential 
equations, 

~ ''" = du. (t, ft = 1, 2, ■ ■ ., ») 



■ + P,P. Xt + Zpt 



These equations do not depend upon the function 4 ; hence we 
can determine the successive elements of a characteristic strip, pro- 
vided that we know a single element (zj, xf, pi). We conclude from 
this, just as before (g 85), that if two tntegraU have a comttwn eU- 
menC, they have in cojmnon all the elements of the eharaeteriatie 
strip through that element. 

If, as we shall assume, the denominators of the equations (101) 
remain finite and are not all zero for the initial values, we derive 
from these equations 

= A(n,x'i,ApX), 
(102) \p, = <i.,(u,:^„>^,pX), 



(x^=f,(u,xi^,p'j:), 

\p, = <i.,{u,:4,^,pX), 



where arf, s°, p% denote the initial values corresponding to the initial 
value M = of the auxiliary variable n, and where the functions/;, 
^^, tji are continuous differentiable functions of u and of the initial 
values, at least within certain limits. 

Since each integral is a locus of characteristic curves, it is clear 
that every integral will be represented by the equations (102), where 
«j, a°, pi must be functions of n — 1 independent variables, so that 
these equations represent, in fact, a manifold of n dimensions. But 
in addition these 2n + 1 functions a;,, 2, p^ of n independent vari- 
ables must satisfy the relations 

(103) I ■^'^^" ''^*>= ^(^1- ■ ■ ■■ ^.> *; Pv ■ ■ ■.?-)= 0. 



L (is — p,dx^ — p^dx^ - 
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Since the difFerential equations (101) have the integrable combina- 
tion dF = 0, the first of the relations of (103) will surely he aatisfied 
if F(xi, z", pi) = 0. On the other hand, we also have from the equa- 
tions (101) 

de dx^ dx^ 

du ' du du 



Since the initial values af , ^, p\ are functions of n — 1 independ- 
ent variables r,, v,, ■ ■ ■, r,_i, we must aUo have 

t7 = fo-^j&Ci J'.to. = 0> 

where the letter 8 denotes the differentials corresponding to arbitrary 
increments Ac,, — , Su,_i of these variables. By proceeding as in 
the case for n = 2, we have necessarily 

dr7 = d8«— ^,rf&r, Af'Sa;, — rfjp,S«, rfj'.Sa;,, 

dx =p^dx^ + ■ ■ ■ +p^dx^, 
idx =pj&dx^ H \-p,idx, + %),(&, H 1- Sp.rfa;., 

and, since we may interchange the order of the operations d and 8, 
rftr = V S Sp(dXf - dpi&x^} 

= S J P< Spi + (^.- + PiZ) Sxt i du. 
Since z, Xi,p^ satisfy the equation F= 0, we hare 

2 (P,8pi + X,hx^ = - ZSx 

and, consequently, 

dU = ~ ZUdu. 

From this we find the following espression for U: 

In order that U shall be zero, it is necessary and sufBcient that U^ be 
zero, that is, that we have 



To sum up, in order that the equations (102) repreaeitt an integral, 
it M neceMary and sufficient that the initial values (x^, z", ^) be 
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fuTietions of n^\ independent variables acttiefying identically the 
eondition» 

(104) PiA,ApV)=^, 

(105) &• ~i)!K -p%^2 pi^, = 0. 

Every system of 2 n + 1 functions (xj, i^, pX) of » — 1 variables 
satisfying these conditions defines an (n — l)-dimensionaI maaifold 
of elements. Again, we may say that every integral of the equation 
F = is generated by the characteristic curves throi^h the different 
elements of a manifold of this kind. 

In particular, to obtain Cauchy's integral, which for x^=3^ reduces 
to a given function ^{x^, ■ • •, x,), if we take x^, a^, - ■ -, a^ for inde- 
pendent variables (xj being supposed constant), the relation (105) 
gives the values of s°,^°, ■ ■ ■)Pn> 

The value of pj can be obtained from the relation (104). If F% is not 
zero (as we must assume in order to apply the general existence 
theorem of I, § 194, 2d ed. ; § 188, lat ed.), pi will be an analytic 
function of a;|, ■ ■ ■, a^ in a certain region, and the equations (102) 
will give, for z, X(, p^, analytic functiona of u,xl,-- -, a^. Moreover, 

the Jacobian 

i>(x„x„---,x.) 

D(u, 3^, - ■ -, a^^ 
is not zero, for it reduces to PJ f or m = 0. Hence we can solve the 
first n equations (102) for m, ar^, ■ ■ ■, ^, and, putting these expres- 
sions in the last of the equations (102), we obtain for z an analytic 
function of the variables x^, x^, ■ • ■, x,. 

Note. It may happen that tbe application of the preceding general rule doea 
not lead to an integral. For example, it might turn out that the inanifold of 
elements defined hy the equations (102) does not really depend upon n arbitrary 
parameters. Tbia is what would happen il the manifold formed by the elements 
(ij, z", J>J) were composed of characteristic strips ; in thie case, in fact, the 
manifold defined by the equations (102) would coincide with the manifold of 
the elements (ij, i°, pi). 

Disregarding this case, it may also happen that the elimination of tbe param- 
etera u, Vj, '■■,i>a_i from the equations (102) leads to several distinct relations 
between the variables z,, ■ ■ ■, z,, s. In order not to reject such solutions, we 
c^ee with Sophus Lie to enlarge the definition of the integral and to designate 
as an integral of the equation F=:(3 every system of os" elements (ij, z, pi) sat- 
isfying the relations 

(106) J'{n,j,jn) = 0, dz = p^dx^+ ■.. + p.dx,. 
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rV. SIMULTANEOUS EQUATIONS" 

88. Unear taomogeneoiu aystems. Let us conaidet a syatem of 
q linear honK^oeous- equations in one unknown, /, 



(107) 



■*&, "Sa;, "'^, 



W)-».,g + v^ + -+.,g-o, 



where the coefficients a^ are functions of the n independent variables 
Xp x^, •■ ■, x^ and do not contain the unknown function /, Th« q 
equations (107) are eaid to be independent if there does, not exist 
any identical relation of the form 

where A^, A,, ■ ■ ■, A, are functions of z„ x^,---,x, not all zero. It is 
clear that every system of q equations that are not independent can 
be replaced by a system of q' independent equations (?' < q) equiva- 
lent to the first, and that no system can contain more than n ind&: 
pendent equations. 

We can therefore always suppose the q equations (107) inde- 
pendent and q Sn. 

If 7 = n, and if the equations (107) are independent, the deter- 
minant of the coefficients a^ is not zero, and these equations have 
no other common integral than the trivial solution f-=C, which we 
shall hereafter discard. If q is less than n, we can always find tlie 
integrals common to the equations (107) by succesBive integrations. 
In &ct, let us suppose that we have integrated one of these equar 
tions (the first, for example), and let ^„ y„ — , y,_i be a system of 
n — 1 independent integrals. Again, let y^ be another function si^oh 
that the Jacobian i>(y,, y,, ■ ■ ■, y^/D(x^, x^, ■ • ■, «,) is not zero. 
Then we may take y,, y,, ■ ■ -, y, for new independent variables, and 
the equation Xj(/)= becomes df/dy^ = by this change of vari- 
ables, while the equation Xf(f) = (i > 1) is replaced hy an equation 



■ We shall limit onnwlree to fin indicatioii of the principal metbodB in ttaeit esste^ 
Hxl featorra. For furthei details the reader is referred to E. QonnsAT, Sur TinM- 
gration det iquatUm* aw dirMe* partiellM du premier ordm (Paris, Hennann 
et fils, 1893). 
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of the B&mfl form, in Vtiiob the term in d//dy, ma; be snppreased. 
This new eqnatioii may be vritten in the form 

where the ooafSoients btf are fonctions of y^ Vy" •, y^ If ve snp- 
poae the coeffioiente b^ arranged according to powers of y^ this 
equation can be written in the form 



4'|^-^^--&)+''-<- 



whete the coefBoients <\i, eJi, • ■ - are independent of y,. Since the 
Onknown f tmctlon / must be independent of y^, this function muat 
satisfy all the linear equations which are obtained by equating to 
zero all the coefBcients of the different powers of y,. Supp(»e that 
we proceed in this way with all the eqnstions Xi(/) = (t > 1). If 
the system formed by all the independent equations which we thus 
obtain eontains » — 1 equations, the only solution is /= C. If not, 
the System will be composed of r linear independent equations 
(r < n — 1). We may operate in the same way on an equation of the 
new System, and so on in the same manner. Since at each operation 
the number of independent variables is diminished by unity, it is 
easy to see that the given system has no other integral than /= C, 
or else it reduces to a system composed of a single linear equation. 

This method, which may be easily applied in certain cases, is 
erideatly very imperfect from a theoretical point of view, since it 
does not enable us to determine a priori whether the equations 
(107) have eouunon integrals other than/= C. We shall now show 
that this question can be settled without any integrations. 

Let / be an integral common to the equations (107), This func- 
tion satisfies the two relations Xi(/) = 0, Jt(/) = 0, where « and k 
are any two of the indices 1, 2, ■ ■ ■, q. We also hare 

and, consequently, 

We have already observed that this new equation oontains only derivft- 
tivee of the first order (§ 36), and that it may be written in the f(»m 
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Suppose that we form all the equations, similar to the preceding, 
obtained by combining any two of the given equations. These equa- 
tions have all the integrals of the system (107). Let us indicate by 

all those of these new equations which are independent of each 
other and which form with the equations (107) a system 



(108) {Jf^ = '' ■■■' ^'^ = 



n(/) = 0, ■■-, ^o.(/) = 
of independent equations, li q + g = n, the system (108), and con- 
sequently the system (107), has only the solution/= C. ltq+3<n, 
we repeat on the system (108) the operations performed on the first 
system, and so on in the same manner; Continuing in this fashion, 
we finally obtain either a system of n indeptendent equations, in 
which case the system (107) will have only the solution /^ C, or 
else a system of r independent equations (r < n) such that all the 
combinations ^i[-Xt(/)] — A'i[A',(/)] are linear combinations of 
Xj(/), ■ ■ ■, X^(J). Such a system has been called by Clebseh a 
eomplete gystem. 

It follows, then, that the search fw the integrals of a system of 
the form. (107) leads to the integration of a complete system. 

Since it is clear that every system of n linear independent eqna^ 
tions 13 a complete system, we may say that every linear system 
reduces to a complete system. 

89. Complete systems. The theory of complete systems rests upon 
the following properties : 

1) Every complete system, is transformed into a complete system 
by any change of variables. 

'"'' «, = ♦,&„ y,, •■■, !l.) (i-1,2,...,,) 

be the formulge that define a change of variables such that we can 
express also the variables y^, y^, ■ ■ ■, y, in terms of the variables 
■, x^. By means of such a transformation every symbol of 



the type 



x(f)-- 



.,^+... 



where a,, a^, • ■ ■, a, are functions of x^, x^, ■ ■ -, x,, changes into an 
expression of the same form, ¥(f) = b^cf/8y^ + ■ • • + b,df/dy„ 
where J„ b^, - ■ -, J, are functions of y^, ■ ■ ■, y^. We have identically 
X(f)= Y{f), where the letter /on the left-hand aide denotes any 
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fanction of x^, x,, ■ • -, x,, and on the right-hand side the same func- 
tion expressed in terms of ihe variables ^,, y^ ■ ■ ■, y,- 

Now let 

(109) J,C/)«0. ■■■. Ji,(/)=0 

be a complete system. By means of such a transformatiOD this 
system goes over into the system 

(110) Y^(f)=0, ..., Y,(f)=0, 

where Xi{f)= Y,(f) identically, with the understanding just men- 
tioned concerning the interpretation of /on the two sides. Tku new 
tystem, ia alio a complete tystem. For, since we have identically 

for any function /, we also have 

Jt.KOT] - i-.KC/)] - i-.ti-.V):. 

and, consequently, 

xptifn - ^.KCO] - i-.Ci-.OT] - i-.Ci-.CT)]- 

Since by hypothesis the system (109) is complete, we have for any 
two indices t and h 

^.[^.(/)] - ^*[^iCO] = Kx,if)+ ■ ■ ■ + Kx.if). 

Hence, after the transformation, we have 

I'.ci'.c/)] - y.ium - iii-iixn- • ■ ■+Ky.ij), 

where X^, • ■ •, X indicate the results obtained by replacing a;,, a:^ - - •, 
a^ in X,, ■ • -, X, by their expressions in terms of y^, • ■ ■, y,. The new 

system is therefore a complete system. 

2) Every system equivalent to a complete system is also a complete 
system. 

A system of r linear homogeneous equations in Kf/dxi, 
(109-) Z^(f)=0, ..., Z,(f)=0, 

is said to be equivalent to the system (109) if we have r identities 

of the form 

Z.(f) = ^i,X,(f)+ A,,X,(f) +... + A^X^if), (A = 1, 2, .... r) 

where the coefficients A^ are functions of i,, «,,■■■ *, whose deter- 
minant is not zero. In that case we can express X^(f), ■ ■ -, X^{f) 
linearly in terms of Z^(f), ■ ■ ., Z,{f), and the name equivalent 
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system* is self-explanatory. The difference Z,[Zj.(/)] -- Z,[Z,(/)] 
can now be written in the form 

hence It ia equal to a sum of tenaa of the form 

A,,A^\X,iX,(fy\-XlX,if)-\\+A,,X,{A^)X,{f)~A^lA,:)X,{f). 
If the system (109) is complete, this difference will therefore be a 
linear function of X^{f), ■ ■ ■, X^(f), since all the difEerences 

are, by hypothesis, linear functions of X^(J^, ■ • -, X^(f). Since the 
two systems (109) and (109') are equivalent, all the differences 

2.[^.(/)]-^.KC0] 

can be expressed linearly in terms of ^,(/), ^Jif), ■ ■ ■, Z^if). 

It ia clear that every complete system can be replaced by an 
equivalent system in an infinite number of waya. We say that the 
complete system (109) is a Jaeohian system if all the expressions 
X([A"j,(/)] -.Yt[^((/)] are identically zero. We shall now show 
that every eom/plete system, is equivalent to a Jaeobian system.. 

Since the r equations (109) are independent by hypothesis, we 
can solve tbem for r of the derivatives of f, for example, for the 
derivatives 0//Sa:,, ■ ■ ■, df/dx,. Since the system thus obtained, 



(111) 






is equivalent to the system (109), it also is a complete system. Nov 
if we form the expressions Z,[Zt{fy] — Z^[Zi{f)1, it is clear that 
only the derivatives ?//&:, ^^„ ■ ■ ■, 3//ftr, will appear, and conse- 
quently the new equations Z([Zi(/)] — Z^[Z,{f)'] = can be 
linear combinations of the equations (111) only if the left-hand sidea 
of these new equations are identically zero. The system (111) is 
therefore a Jaeobian system. 

The reasoning proves that every complete system of the special 
form (111) is a Jaeobian system, but it is clear that a Jaeobian sys- 
tem is not necessarily of that form. 
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3) Every complete sj/stem of T equations in n indepeiident variables 
can be reduced by the integration of one of the equations of the syatem 
to a complete system ofr — 1 equatioJis inn — 1 independent variables. 

Suppose that we have integrated one of the equations of the sys- 
tem, for example, the equation ^^(/)= 0, and that we choose a. new 
system of independent variables (y^, y^, ■ • -, y,), as in the preceding 
paragraph, in such a way that y^, y^, ■ ■ ■, y, are re — 1 integrals of 
X^(/) = 0. The system (109) is replaced by a new complete system 
in which the first equation reduces to <>f/dy^ = 0. Solving the »■ — 1 
remaining equations for the r — 1 derivatives df/dy^, ■ ■ ■, dfjdy„ for 
example, we obtain a complete system, 





■+H. 


-'1- 


^■^^-l--^-- 


■ +''r.. 


-|-« 



which is of the special form (111) and which is therefore a Jacobian 
system. Now we have 

n[^,(/)]-^,K(/)]=^;5|^+-+^g. 

and since this expression must be identically zero, we see that the 
eoefBcients c,-j'of the new system are independent of the variable y^, 
Moreover, for i > 1, i > 1 we have identically 

consequently the r — 1 equations 

(113) ¥,(/) =0, r,(/) - 0, . . ., r,(/) - 

form a Jacobian system oi r — 1 equations in n — 1 independent 
variables y^, y^, ■ - -, y„, which establishes the proposition. 

The system (113) can in turn be reduced to a complete system of 
r — 2 equations in m — 2 independent variables, and so on in this 
way. Continuing in this manner, we finally reduce the given com- 
plete system to one linear equation in n — r + 1 independent vari- 
ables. We conclude from this that every complete system of r equations 
in n independent variables has n~ r independent integrals, and the 
general integral of the system is an arbitrary function of these n — r 
particular integrals. 



lovGooi^lc 



(114) 



V, 5 89] SIMULTANEOUS EQUATIONS 271 

The preceding reasoning shows also what are the integrations to 
be carried out in order to obtain these integrals. Moreover, it is clear 
that this method can be applied in a variety of ways. We may, in fact, 
replace the given complete system by any other equivalent system, 
and begin, by integrating any one of the equations of this new sys- 
tem. For example, if we replace the complete system by a Jacobian 
system of the form (111), we know at once r — 1 particular integrals 
Xj, ■ • -jX,. of the equation Z^{f')= 0, and it is sufficient to integrate 
a system ot n — r ordinary differential equations in order to have 
the general integral. For complete details of other methods of inte- 
gration of complete systems, the reader is referred to special treatises. 

EximpU. Let it be required to integrate the sjstem 

Fonni:^ the combination X,[Xj(/)] — Xj[X,{f)], we are led to add to the 
given equations a new equation df/Sx, + x, If/ix^ — 0, and the system of three 
equations thus obtained is equivalent to the system 



which is a Jacobian Sfstem. The Eystem (114) has therefore only o. 
ent integral. The general Integral of the last equation of this system is an arbi- 
trary function of a;,, ij, and i, — a!,ij. If we take for independent variables 
■*!' '^i 'i' """^ " = ij — ^i^si every function /(Zj, ij, i^, z,) changes into a 
corresponding function 0(i[, ij, i,, u), and the system (115) 1b replaced by the 
system 
(118) ^ + 8.i5» = o, ?»+,,!» = o, !» = o. 

The first two equations of (110) form a new Jacobian system of two equations in 
three independent variables x^, 2g, u. The general integral of the second is an 
arbitrary function of ii and of u — i^. 

Let us now tahe for independent variables i,, x^, and u — ic^2 = o. Every 
function 0(zi, I,, u) changes into a corresponding function ^(Zj, Zj, v), and 
the first two equations of (116) become 

The general integral of the first is an arbitrary function of e — a;}, and, conse- 
quently, returning to the original variables, we see that the general Integral of 
the system (114) is an arbitrary function of 
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90. Oenemllzatloii of tli« ttaeny of the oomplMo integnlB. Let us 
coufiider an eqnatioa 

(117) V(x^, x„ • • ■, a;,, *; a^, a^, ■ ■ -, a._,+,) = 

defining a function s of the n independent variables x„ x„ ■ ■ ■, x„ 
which depends also upon (n — r + 1) arbitrary parameters a,, a^, 
• • ■> *i.-rti- If ^™ suppose that definite values have been assigned 
to these parameters, and if we eliminate them from the relation 
(117) and the relations obtained by successive differentiationB, 

we obtain tn general only r independent relations between «, x,, — , 

(119) Fj(3!„...,a;., a,iJ„.--,iJ.) = 0, F,= 0, ■ ■ -, j; = 0. 
Limiting ourselves to this case, which is the general ca£e, we shall 

say, as above (§ 82), that the function a defined by the relation (117) 
is a complete integral of the system of partial differential equations 
(119). We shall show that, in this case also, the knowledge of a 
complete integral of the system (119) enables us to find all other 
integrals. In fact, since the equations (lid) arise from the elimina^ 
tion of ffi„ a,, ■ ■ -, a,_,+i between the equations (117) and (118), 
finding an integral common to these r equations (119) reduces to 
finding a system of functions », o„ — , a,_,.+i of the variables as,, 
a^a' ■ ■ 'i ^« satisfying the equations (117) and (118), It is obvious 
that we can replace the system of equations (117) and (118) by the 
system consisting of the equation (117) and the equation 

dv dv dv 

(120) —da. + f-da^+... + ■ (ia. _ . + 1 = 0, 

0a, ' 9(1, * P««_r+i 

which is obtained by differentiating the equation (117) and making 
use of the equations (118). We can satisfy the equations (117) and 
(120) in a variety of ways : 

1) By supposing that a,, a,, ■ - ',a,_rtiaJ^ constants, which gives 
precisely the complete integral. 

2) By putting 

The elimination of a^, a^, ■ • -, a^^^+i from these equations, if it is 
possible, furnisheB an integral which does not contain any arbitrary 
constant, and which we shall call, as before, a singular integral. 
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3) If all the coefficients c V^ a?,, are not zero simultaneously, there 
exists at least ooe relatjcm between the unknown fum^tions <t„ o,, 
■■-, «,-, + , of the TOxiables r^ (I, § 55, 2d ed.; § 28, 1st ed.). 
Suppose that there exist k and only k independent relations between 
these fnoctiMis, 

(121) /,K--,«.—,) = 0. ■■■. /.("„■■„■■■,«.-,«)= 0. 
Since the relaticm (120) most be a cxinsequenoe of the relations 
dff = 0(i = 1, 2, - - -, k), there exist k coefficients X,, A,, ■ ■ -, A* such 
that we hare identically 

sv sv 

g^ da, + . . . + ^ <fo._,ti = Ajrf/, + ■ ■ - + )^if^ 

This relation b equivalent to n — r + 1 distinct lelationa. 



da, ^ ca, da, 



SV ^ cf, g/y 



The elimination of a,, a,, ■ - -jO.-r+i. A,, A^, ■ ■ ■, X^ from the equations 
(117), (121), and (122) will lead, in general, to a single relation 
lietween a:,, a-,, • ■ •, a-,, and z, that is, to an integral common to the 
equations (119), which depends upon the arbitrary functions chosen. 
The set of integrals thus obtained, by making the number k vary 
from 1 to » — r, and by taking the functions /^, f^, ■ ■ ■, f^ arbitra- 
rily, constitutes the general integral of the aysteiu (119). It will 
be observed that the complete integral will be obtained by supposing 
k = n-r+l. 

If r = l, the system (119) reduces to a single equation. Con- 
versely, given any equation of the first order /'(""*• * i Pt) = ^i >* 
follows from the general existence theorems tliat it always lias an 
infinite number of integrals which depend upon as many arbiti-ary 
parameters as we wish, and consequently an infinite number of com- 
plete integrals. The preceding method, which is a direct generaliza- 
tion of that of § 82, enables us to find all the other integrals of the 
equation F = when we know one complete integral. 

If r > 1, the system (119) is not the most general of its kind, for 
a system of r equations of the first order with a single dependent 
variable does not necessarily have any integrals. We shall show in 
the following paragraphs how to determine whether such a system 
is consistent, and how te find the integrals when they exist. 
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91. Involntory aystema. Let 

(12S) Fj(Xj,x^,-.;X.; p^,p^,---,p.)=0, F^ = 0, ■ • -, F^=0 

be a system of r independent partial differential equations of the 
first order, not containing the dependent variable z. The general 
case can always be reduced to this particular case by the device 
used in § 75. The problem of finding an integral common to the r 
equations (123) is equivalent to the following problem : To find n 
functions pf = ^,(a:„ ■ ■ ■, a;,) satisfying the relations (123) and the 
conditions dp^/dx^ = dpJZx,. 

If we know a system of n functions ^lix^y ■ ■ ■, i,) satisfying these 
conditions, we can derive from them, by quadratures, an integral of 
the equations (123) which depends upon an arbitrary constant. 

Let F and H be any two functions of the 2 n variables a:,-, p^ 
Using the notation (see § 81) 

we shall call the expression (F, If) a Poisaon parcjithesis. We now 
have the following theorem ; If the two equations F = 0, H ^ Q have 
a common integral, that integral also satisfies the equation (F, H) = 0. 
For let us suppose that p^, p^, ■ ■ -, ^, are functions of the n vari- 
ables Xj, • • •, X, satisfying the two equation^ F^O, H^= and the 
conditions Sp^/Sx^ = Sp^/Sx,. Differentiating the relation F = with 
respect to x^, we find 

Multiplying this equation by SH/dpi and adding all the similar 
resulting equations, we find 

V — — -4- V V — — ^ = 
a ^Xi Spi ^ ^i ^Pi ^t ^^i 

Permuting the letters F and H and observing that we may permute 
the indices i and k m the double sum, we have also 

V — ^ 4- V V ^ ^ ^ - n 
.^ 8x; dpt '^ ^, ^^ dp^ dp, dx^ 

Subtracting the two results term by term, it follows that 
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If /•„ — , p, are the partial derivatives of the same function, we 
have, for any two indices i and k, cp-Jdx^ = dp^dxi and, consequently, 
{F, 11) = 0. 

This theorem contains as a particular case the one which vaa 
proved above (§ 88) for linear homogeneous equations inp^, ■ ■ ■,/>,, 
and its li^ical consequences are also anal<^ous to those of S 88. For 
every integral of the equations (123) is also an integral of all the 
equations (F„ Fp)= which can be formed from pairs of the equa- 
tions (123), Hence we can adjoin to the given system all of these new 
equations which form with the original equations a system of inde- 
pendent equations. Continuing in this way, we must finally obtain 
either a system of independent equations whose number exceeds «, 
in which case the system has no integral in general, or else a system 
of m, equations (m ^ n) such that all the equations (F„ Z"^) = 0' are 
satisfied identically or are algebraic consequences of the preceding. 

Such systems are similar to complete systems. It is always possi- 
ble either to show that the given equations are inconsistent or to 
reduce them to a system for which all the parentheses (F„ Fp) are 
identically zero. In fact, let us suppose that we have solved the r 
equations (123) for r of the variables /»j, ■ - ■, p,, which must always 
be possible, for otherwise the elimination of p^, ■ ■ ■, y, from these r 
equations would lead to a relation between the variables x^, ■ • -, x^, 
and the given system would evidently be inconsistent. Let 

(125) r,-f,(p,„, ■ ■ -.p.; a:,, ■ ■ -, «.)-0, . .., y, -/,(■ • ■)- 
be the equivalent system thus obtained. The parenthesis 

<.p.-f.,p,-f,) 

does not contain any of the variables p^, ■ • ■ , ^, ; hence the equations 
obtained by equating these parentheses to zero cannot be conse- 
quences of the first, and they furnish new equations if the paren- ■ 
theses are not identically zero. Solving these new equations for 
certain of the quantities Pr+i, • ■ -jptt ^nd continuing in the same 
way, we finally either demonstrate the impossibility of the problem 
or else obtain a system of m eqnations of the first order {m S n), 

(126) ^1 = 0, •■■, J^« = 0, 

such that all the parentheses (F„, Fg) are identically zero. 

Such systems, which are similar to the linear Jacobian systems, 
are called involutory systems. It follows from what precedes that 
the search for the common integrals of a system of equations of the 
first order reduces to the integration of an involutory system. 
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This integT&tion is immediate if m = n, as the following proposi- 
tion shows : Let F^, F^, • • •, f, be functions of the 2 n variables Xf, 
Pf., such that all ike parentheses (F^, Fg) are iderUicallif zero, and 
au€& that the Jaeobian A = D(^F^, ■ ■ -, F^fD(^p^, ■ ■ -fp^ is not zero. 
Jfwe solve t/ie n equations 

(127) i^, = «,. J^. = «.. ••-. f.='a., 

where o„ o,, ■ ■ ■, o, are anff constants, for p^, p^, • • -, p,, the expres- 
sion Pydx^ + ■ ■ ■ +Pn'^„ w an exact differential for the resulting 
values ofthep's. 

Forwehave ,„ „ p .\~fj? p\-a 

and, by what precedes, these » functions 7)j,^j, ■ ■ ■,p, of then varia- 
bles Xj, x^,---,x, delined by the n equations (127) must satisfy all the 
relations , . „ , „ 

Let us take -all the n relations of this kind in which the index /3 
retains the same value. These relations can be written in the form 

iT, *! a ^pt V'l >'J 

If we take for unknownB the n expressions 






(i = l,2,'...,») 

the determinant of the coefficients of these unknowns is precisely 
the determinant A, which, by hypothesis, does not vanish identically. 
It follows that we have, for any two indices t and fi, 

Similarly, taking the n equations of this kind in which the index » 
has a definite value, we evidently have iipi/Zx^ = Zp^jdx^, which 
proves the proposition. 
The function 

= *(»!„.. -,3^; ffl„-",o.+i) 



(128) 



= \{Px^x- 



■■^p,d;x;)-\-a 



where a,+i is a new arbitrary constant, represents the complete 
integral of the involutory system (127). If we regard the r con- 
stants ttj, a,, ■ . ■, a, as having definite values, while the constants 
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«i-+ii ■■■> <h*i remain arbitrary, the fonnula (128) repreaents a 
complete integral of the involutory Bjatem formed from the first r 
equatiooa of (127). This is a true complete integral, for, from the 
way in which we have obtained the function *, the equations 

P^ = dl,' ■■■' -P-^a^ 

form a system equivalent to the system (127), and the only inde- 
pendent relations not containing Hr + u ■ ■ -, ", which can be deduced 
from them are evidently the first r equations of this system. 

92. Jocobi'a method. Let us consider an involutory system of r 
equations (r < n), 

(129) P,(*„ ■■■,x,;p^,.- ., p.) = «„ ■ . -, F,(x^, . . ., p.) = a„ 
where the constants o,, ■■-,«, have definite values. To obtain a 
complete integral of this system, it is sufficient to adjoin to it » — »• 
new functions Pr+i, • ■ ■, P„ such that the Jacobian 

^(J".. ■ ■ ■■ ^0 

is not zero, and snch that the new system 

(130) fj = a,, ■■-, F, = a„ /*,+, = «,+„ • ■ ■, F, = a, 
is itself involutory. Indeed, the complete integral of this system (130) 
will furnish, as we have just seen, a complete integi'al of the system 
(129). If r = 1, this method ia merely the extension of the method 
of Lagrange and Charpit to an equation in n variables, 

Jacobi's method for solving this problem depends upon a noted 
identity dne to Foisson. Let /, ^, ^ be any three functions of the 
2n variables a:^, p^; then we have identically the relation 

(131) ({/, «,« + ((+,«,/) + (», /),*)- 0. 

In fiict, each term on the left-hand side is the product of a partial 
derivative of the second order and two partial derivatives of the 
firet order. Hence, to show that it vanishes, it is sufficient to show 
that it does not contain any derivative of the second order of tlie 
function /, for example, since the three functions /, ^, ^ appear in 
it symmetrically. The terms containing the second derivatives of/ 
can arise only from ((/, *), ^) + ((,/., /), 4.) = (^, (4., /)} - (<^, (^, /)). 
Observing that (<^, /) and (^, /) are two linear homogeneous expres- 
sions in the derivatives of/, and setting 

(*,/)-- r(/), (*./)= !-(/), 
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the preceding expression can be written in the form 

i'[jr(/)]-x[F(/)]. 

Now we saw in g 8S that this expresaion does not contain any second ■ 
derivatives of f. It follows that all the terms of the left-hand side 
of the equation (131) cancel each other in pairs. 

Finally, in order to integrate the involutory system (129), let us 
first try to find a function * independent of F„ ■ ■ -, F, satisfying 
r linear homc^neons partial differential equations of the first order, 

(132) (F„ *) = 0, (F„ *) = 0, . ■ ., (F„ *) = 0. 

These r equations form a Jaeobian system-. For if we set 

-?((*) =(Fi, *), 
Poisson's identity, 

((F„ Fp), *) + ((F^, *), F,) + ((*, Fa), Fp)=: 0, 



^.[■?<.C*)]-^<.[-?.(*)] = o- 

since (Pfl, Fb) = 0. 

Let F,.+i be an integral of this Jaeobian system which forms with 
^11 • ■ -1 Pf ^ system of independent functions of p^, ■ ■ •, p^. We 
next proceed to form the new Jaeobian system of r + 1 equations, 

(F,, *)=0, ■-., (F^ti. *)=0, 
and to find an integral of this system which is independent of 
Fj, ■ ■ ■, F^i^^ as functions of the pi; and we continue in the same 
way. Finally, when we have found an integral of the last Jaeobian 
system, 

(F,,*)=0, .... (F,.„*)=0, 

we can obtain a complete integral of the given system by a quadra- 
ture, as we have seen above. 

V. GENERALITIES ON THE EQUATIONS OF HIGHER ORDER 

93, Elimination of arbitrary functions. The study of partial differ- 
ential equations of the first order in a single dependent variable haa 
led us to the following conclusions : 1) The integration of an equa- 
tion of this form reduces to the integration of a system of ordi- 
nary differential equations. 2) All the integrals of this equation are 
represented by one or more systems of equations iu which appear 
explicitly one or more arbitrary functions and their derivatives. 

These properties are not extensible to the most general partial 
differential equations of order higher than the first. The problem 
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of the integration of such an equation cannot, in general, be reduced 
to the integration of a system of ordinary differential equations. 

We can easily generalize, however, the method of the elimination 
of arbitrary functions which leads to a partial differential equation 
of the first order (§§77 and 82), but the equations of higher order 
which we obtain in this way form only a very special class. 

Thus we have seen that the general integral of a lineai equation 
in two independent variables Pp + Qj = B is obtained by associating 
the curves of a congruence according to an arbitrary law. Let us 
now consider a family of curves F that depends upon n + 1 arbitrary 
parameters aj, a^, ■ ■ ■, a,+i,/w >l)f 
(133) Fix, y, z, a„ - . -, a.^,) = 0, *(x, y, x, a^, ■ . ., «,^.) = 0. 

If we establish n relations of arbitrary form between these n + 1 
parameters, we obtain a family of curves V that depends upon only 
one parameter. These curves generate a surface S, and all these 
surfaces S satisfy, whatever may be the n relations established 
between the n-\-l parameters, a partial differential equation of the 
mth order, which is called the partial differential equation of the 
family of surfaces S, To prove this, let us observe that instead of 
establishing n relations between the n 4- 1 parameters o,-, it amounts 
to the same thing to take for these parameters arbitrary functions 
af(X) of an auxiliary variable X. The two equations (133) then define 
two implicit functions z=f{x, y), \ — tp(x, y), and we have to 
prove that the function s=:/(3r, y) satisfies a partial differential 
equation of the nth order, independent of the form of the arbitrary 
functions «; (X). Differentiating the first of the equations (133) with 
respect to x and then with respect to y, we obtain the two relations 



£-if^4?"=«- 


■+£;<"W]^ = «. 


¥-S^-K»;«+- 


•■+lf^«UiW i^;-o, 


wMch Te derive 

SF 


, 8F 
+ -&' 



From the second of the equations (133) we derive, similarly, an 
expression for the quotient \'JK, which is deduced from the pre- 
ceding by replacing in it F by *. Equating these two expressions, 
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we adjoin to the equations (133) a. new equation containing x, y, », 

(134) *,(*, y, *,P,q, a,. ^'■■■'"■♦i) = <*- 

Operating on this new equation as on the equation F = 0, we derive 
from it an expression for A^/Xi which depends upon x, y, z, p, q, r, 
3, t, a^, • ■ ; a.^j. Equating this new expression to one of the expres- 
sions already obtained for this same quotient, we obtain a new 
relation containing the second derivatives of «, 

(135) %(x, y, z,p, q, r, a, t, o,, a„ . ■ -, «,^.,) = 0. 

After n similar operations we adjoin to the system (133) a system 
of n relations containing a^, a^, • ■ ■, «,+,, x, y, z, and the derivatives 
of z up to those of the nth order. The elimination of a^,a.^, ■ ■■, fli,+i 
from these n + 2 equations will lead, in general, to one and only one 
equation between x, y, z, and the partial derivatives of s up to those 
of the nth order. This is the partial differential equation of the 
surfaces generated by the curves T. 

Example 1. U the cnrvea r are the straight lines paraUsl to the zy-plane, 
the equELtiona (138) are 

Applying the general method, let us suppose that Oj, a,, a^ are functions of a 
parameter X. From the two preceding equations ne derive for the quotient 
^X^ the two values jj/7 and — a,, which leads to the relation p/g + a, = 0. 

Differentiating this last relation with respect to x and then with respect to 
y, and dividing t^e oorrespondlng ddes of the resulting equatiouB, we find 

Equating this value of the quotient to the expreatdon q/p already obtained, we 
find again the partial differential equation of the ruled surfaces which have the 
lEy-plane for the directing plane (I, Ex. S 88, 2d ed. ; S 24, Ist ed.), 

?•)■ — 2pg« + p'( = 0. 

« r are all possible straight tines, the equations (133) 

Applying the general method, we derive from them succesdvely 



Oij) + (»,?- 1 = 0. 
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from thlB new equation we then derive 

<A) aJr + 2a,iI.B + aJ( = 0. 

This last equation gives in turn 

or,' clearing of fractions, 

(B) a\p^ + 3 ala^p^, + 8 a^i^p^^ + oJPoi = 0. 

Eliminating the quotient a,/a, from the relations (A) and (B), we obtain the 
partial differential equation of all ruled surfaces. We see that this equation 
contains only deTlvatives of the second and third orders. B; its derivation 
we see that it states that at each point of the surface one of the asymptotic 
tangents has contact of the third order with the surface (I, j 228, 2d ed. ; 
5 238, 1st ed.). 

Exan^ftle 3. Let ns consider the plane curves r represented by the two 
.,«.Uo,. .=/„,,,.„....„.,, , = a.„. 

Instead of applying the general method, let ua suppose that a, , Og , ■ • ■ , a, are 
functions of the last parameter a,+i. The surface S generated b; these curves 

r h.. to. If .,u.tion ,.fi,,,,tM.-.*.m. 

where *i, ■•■, ^ are arbitrary functions of j/. The alimination of these n func- 
tions from the preceding relation and the relations which give dz/^, Ifz/dx^, 
• ' ■ , d'z/ds'^ leads to a partial differential equation of the nth order, 

in which only derivatives with respect to z appear. 

Conversely, every partial diCerential equation of this type can be Integrated 
as an ordinary differential equation containing a parameter. If z =/(iCt Vi ^i> 
Cj, — , C,) is the general integral of such a differential equation, it will suffice 
to replace C,, Cj, " -, (7, in It bj arbitrary functions of y in order to have the 
general integral of the same equation, considered as a partial differential equa- 
tion in two independent variableB z and y. 

The general integral of a partial difTerential equation of the first 
order, of any form, in two independent variables, is obtained by tak- 
ing the envelope of a two-parameter family of surfaces when we 
establish an arbitrary relation between these two parameters (§ 82). 
To generalize this result, let us consider a family of surfaces 2 
irhich depends upon n + 1 parameters, 

(137) F(x, y, z, a,, a„ ■ ■ -, a.+i) = 0. (n > 1) 
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If we establish n arbitrary relations between these n + 1 parame- 
ters, oi, what amounts to the same thing, if we replace a^, Oj, ■ ■ ■, 
*n+i ^y arbitrary functions of au auxiliary variable X, we have a 
family of surfaces S which depends upon a single parameter. The 
envelope of this family of surfaces is a sui'face A' which satisfies a 
partial differential equation of the nth order, independent of the 
form of the arbitrary functions a,(X). For we should obtain the 
equation of this sur&ce by eliminating X from the two equations 

(137) and (138) 

(138) |£„',(x)+...+J^<,,(X) = 0. 

But these two equations may be considered as defining two func- 
tions z =f(x, y) and \ = ^(x, y) of the two variables x and y. The 
partial derivatives ^ and q are given by the two equations (I, § 41, 
2d ed. ; § 25, Ist ed.) 

Applying to this syat«m (139) the method applied to the system 
(133), we can adjoin to it, step by step, b — 1 new relations between 
"■ii *ji ■ ■ ■! "■■+11 ^1 Vt *i B'Hd the partial derivatives of z of oi-dera 
2, 3, ■ ■ -, n. The elimination of a^, a^, ■ ■ -, (i,+, from these n — 1 
equations and the equations (137) and (139) will lead, in general, to 
a single relation independent of a^, a^, ■ ■ -, «,+„ in which will 
appear x, y, «, and the partial derivatives of z up to those of the 
nth order. 

Example. If the surffhce 2 is a plane, we find again the equalion of the 
developable surfaces a^ — rt ;= 0. If the surface Siaa, sphere with the constaiit 
radius R, the equations (137) and (139) Itecome 



f (X- a,)» + {y- a,)" + (j - a,)> - B^ = 
\a! ~ a, + (2 - a,)P = 0, j/ - o^ + (z - oj 



Suppose that Oj, a,, Og are functjous of a parameter X. Equating the values 
of the quotient X^A^ derived from the last two equations (140), we obtain the 
relation 

(141) (rt-»^{*-a,)H[(l + p')( + (l + 9»)r-2i>g«](«-a,) + l + pH?»=0. 
We shall obtain the desired equation by elim inating Oi. Oi, Ot from (140) and 
(141). From the first we derive i — a, = iJ/Vl + p" + 9', and, replacing z — a, 
by this value in (141), we obtain the partial difterentiaJ equation of the tubular 
tur/aoes, 

(142) (rt-a«)B*+[(I+p»)i+(l+7=)r-2j.38]iiVl+p"+9= + (l+p"+7')*=0- 
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The geometric meaning of this equation ii eanly Terifled, It sutee thftt 
one of tbe princtpal radii of cnrrUure of the mrface !■ equal to A (I, { S48, 
2ded. ; S 241, 1st ed.). 

Note. Given a function of aeveral variables which depends apon 
one or more arbitrary functions, it is not always possible, as in the 
two cases which have just been examined, to deduce from them 
one and only <me relation, independent of the form of the arbitraiy 
functions, between the independent vaxiablea, the function a and 
its partial derivatives up to a given order. Let us consider, for 
eUunple, a function z = F(x, y, X, Y), wheie F is a given func- 
tion of the four aigamentB which appear in it, and where X and 
Y are arUtrary fanctions of the variables x and y respectively. The 
five derivatives p, q, r, i, t of the firsi and second orders depend 
upon X, X', X", Y, Y', ¥", and it is in general impossible to elimi- 
nate these six quantities from the six equations. Ent if we continue 
up to derivatives of the third order, we have, in all, ten relations 
ccmtaining eight arbitrary qnantitiea, X, X', X", X'", Y, Y', Y", y", 
and the elimination will lead to a system of two equations of the 
third order.* 

94. General existence theorem. The proof given for a system of 
partial differential eqdatioDs of the first order (§ 25) can be extended 
readily to the meet general systems of the normal form, studied by 
Madame Kovalevsky, 1 

5|* = F,(^., x„ . - ., ^,; «„ V ■ ■, V • ■). 
dx\i '^ ' ' ' " ' ■" 

■7—' = F,(aj, a;,, . . ., X,; «„ «„ •■•,«„■• ■), 



etej' 



= FMv *»■■■' =^i *.' «=' ■■■-«,.■■ ■). 



in which the right-hand sides contain Uie independent variables x^, 
^v ' ' '' "'" ^^ dependent funotiona e^, - • ■, e„ the partial derivatives 
of 2, up to and including those of order r^, the partial derivatives i>i 
«j of orders np to and including those of order r^, - ■ -, and so on, 

* 8m HsbbiTk, Covra iFAnalVM, pp. 319-239. 

t Jimmal da Oralla, Tol. LXZX. In her proof, Madame Ko*al«vsky redocGs tin 
esBual CM* to the eiue of a Knaar ByBtem of th« firat order, bot for oa It will be 
safflcient to KdQce the general case to the case of a B;atem of tlte first ordet of any 
form irhatevei. 
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but none of the derivatjves i^-^x-Jdyf^, ^tajdx\t, ■ ■ •, 3'»»^/fti:j». We 
may then state the general theorem as follows : ' 

Rogarding the quantities x^, x^, ■ ■ ■, x^, z^, a,, — , *^, 

a«,+-,+ ■■■+«., 



which appear in the functions F, as independent variables, let 

be any system ofvaiuet of these variables in whose neighborhood the 
functions F, are analytic: On the other hand, let 



^n ^i ^11 ■ ■ ■» ^i' 'j 
^. ^if ^j — ) ^~'i 



(IM) 



be functions of the » — 1 variables x^, x^, ■ • ■, a!,, regular m the 
neighborhood of the point a^, • • •, a„ and such that we have 



■"-"•' &!.... aj. -"■.-.■■-. 

ybrx, = a,, ■ ■ •, X, = a.. Then the equations (113) have one an^ 
only one system of integrals, analytic in the neighborhood of the point 
(Oj, Oj, — , o,), and such that ice have, for a:, = o„ 

"=*•• ^-n- ■■■' 5^=*'"' (•■-i.2.---.i') 

To prove this we observe first that the equations (143), and those 
which we obtain from them by successive diSerentiatloiis, enable ua 
to express all the partial derivatives of the dependent variables in 
terms of the independent variables, the dependent variables, ajid the 
partial derivativeB 9"i*' *''Zi/dx^i • ■ ■ dx^; where a^ < r^ for t = 1, 
ttj < r^ for t = 2, -, ■ ■, a, < r^, for i =p. This follows, step by step, 
by a process of reasoning exactly like that of § 25. Now the ini- 
tial conditions determine immediately for x^=i a^, ■ ■ ■, x, = a, the 
numerical values of the derivatives in. terms of which all the 
others are expressible. Hence the coefficients of the developments 
in power series of the integrals whose existence we wish to prove 
can be calculated by the operations of addition and multiplication 
alone, in terms of the coefBcients of the developments of the func- 
tions F( and of the functions of the array (144). 
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To finish the proof, it remains to establish the convergence of the 
power series thus obtained when the absolute values of the differ- 
ences Xf — a,- are sufficiently small. We have already proved this 
convergence when all the numbers r„ r,, — , r,, are equal to unity. 
We shall now show how to reduce the general case to this particular 
ease by considering as dependent variables the functions z^, — , a„ 
and their partial derivatives up to those of order rj — 1, inclusive, 
for «;(( = 1,2,. ■■,;>). 

Let us put 

The right-hand sides of the equations (143) contain the variables 
a^j, - • ■, a:., the dependent variables «„ ■ ■ -, «,, the new dependent 
variables, and certain derivatives of the first order of these new 
dependent variables. But, by hypothesis, the derivatives of the varia- 
ble z, of order r^ which can appear are different from the derivative 
4(, 0, 0. - ■■-, 0- Hence at least one of the numbers "j, «,, — , «■ is differ- 
ent from zero. If, for example, a^ > 0, we can replace *l,j,^..,«. by 



when Oj + dj + . ■ ■ + tr, = rj, and similarly for the others. We can 
therefore write the given equations (143) in the equivalent form 

(145) ^<-^- • -*,('..■■■.»■) V-. ',■■■). (i-l,2,...,rt 

the right-hand sides containing only the independent variables and 

the dependent variables with some of the partial derivatives of the 
first order taken with respect to one of the variables x^, ■ • ., x,. To 
these equations must be adjoined those which give the derivatives 
with respect to x^ of the new dependent variables, other than those 
which we have already written. If we have Aj +0^-1- ■ — f-a, ^rj— 2, 



(146) ^,^. = ,,^^,^.„..,, 

and. we have a^ + \ + a^-\- ■ • ■ -\-a,Sr, — l,ao that the right-hand 
side is one of the dependent variables. If we have 
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we must suppose a, < r^ — 1, and, consequently, one at least of the 
numbers a,, ■ ■ ■, a, is different from zero. If, for example, we have 
a. > 0, we shall write 



(147) 



and the right-hand side is the derivative with respect to x^ of one of 
the auxiliary dependent variables. The equations (145), (146), and 
(147) form a normal system of equations of the first order. The 
initial conditions which must be satisfied by the integrals of this 
new system result immediately from the initial conditions imposed 
upon the integrals of the original system, and it is clear that the 
power series obtained for the integrals z^, «j, ■ ■ ■, *, of the new sys- 
tem will be identical with the power series obtained for the integrals 
of the given system. These series are therefore convergent (see g 25) 
in the neighborhood of the point (a^, a^, • ■ ■, a,). 

For example, the equation of the second order r =/(*, y, i, p, q, », t) can be 
replaced by a, sjEtem of three equations of the first order in the normal form, 



dp dq\ 
Sy' dy/' 



If it is required that z = ^(y), dz/dx = <l> (y), {oiz = x^, the integrals of the 
auxiliary system must reduce respectively, for z = ij^ to the functions # (y). 

This general theorem does not famish a reply to all the questions 
which can be proposed on the existence of integrals of any system 
whatever of partial differential equations, for it applies only to sys- 
tems in the normal form considered. The most general systems have 
been the subject of a great number of studies, the most recent of 
which, due to Tresse, Riquier, and I>ela8sus, have led to the gen- 
eral solution of the following problem ; Given a system of m partial 
differential equations of any order in any number of independent 
and any number of dependent variaHes, to determine whether this 
system has any integrals and, if it has, to define the arbitrary quan- 
tities (constants or functions) upon which the integrals depend.* 

To sum up, every partial differential equation of any order in 
which both sides are analytic functions of their arguments has an 
infinite number of analytic integrals, but we cannot say, in general, 
as in the case of ordinary differential equations (§ 26), that all the 
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integrals are analytic functions of the independent variables. We 
have seen above (p. 255, ftn.) that it is not ti-ue for an equation 
of the first order. It is, moreover, easy to see this by elementary 
examples such as the equation p = 0, whose general integral is ant/ 
function of y. 

The methods of the calculus of limits do not apply to the nou- 
analytic equations. Let us consider, for example, the equation 

(148) p + ,/<,:,,, J) ~0, 

where f(x, y) is a continuous non-analytic function satisfying the 
Lipschitz condition with respect to y. We have proved in §S 27-30 
that the differential equation 

has an infinite number of integrals which depend upon an arbitrary 
constant C. In order to conclude from this, as in S 3I| the existence 
of an integral of the equation (14S), it would be necessary to prove 
that all these integrals are defined by au equation of the form 
^(x, y) = C, where the function ^ possesses continuous derivatives 
of the first order. We shall return to this question in the next 
volume. 

EXERCISES 

1. InMgraM the partial differential equations 

aac*p + (1*1 + ax*y — ai^y') g = 2 ax*vz — laV. 

(x - 9k)p + (\<ix~y)q = 6 jf« - 4a:« - 86si/- 

2. Find the general equation of the surfaces which cut at right angle* the 
Inheres represented bj the equation 

Z*+I/' + !^ + 2(K=0, 

where a is a variable parameter. 

Deduce from the result obtained some systems of three families of orthogonal 
surf sees. 

3. It is required to £nd the partial differential equation of the surfaces 
described by a straight line which moves so that it always meets a fixed straight 
line at a given angle. Integrate this partial differential equation, 

{Licence, Paris, July, 1B7S.] 

4. Given a plane F and a poim. in the plane, find the general equation of 
all the surfaces such that, if we draw the norma) mn at any point m of one of 
them meeting the plane P at n, and then the perpendicular mp to this plane, 
the area of the triangle Onp will be equal to a given constant. 

[Lfcence, Paris, November, 1871.] 
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fi. The Bame question as in Es. 4, supposing, faowever, that the angle nOp is 

[Lifxnee, Rennes, 1883.] 

6. Determine all the surfaces which satisfy the condiUon 

Op X mn = XCto", 
where X denotes a given constant, O the origin of coordinates, in any point of 
one of the surfaces, p the foot of the perpendicular dropped from upon the 
tangent plane at m, and n the trace of the normal on the plane xOj/. 

[Licence, Paris, 1875.] 

7. Find the general equation of the surfaces such that if we draw the 
normal mn from any point m of one of them terminating in the xji-plane, the 
length mn will be equal to the distance On. 

[Licence, Poitiers, 1883.] 

8. Find the integral surfaces of the equation 

Determine the arhitniry function in such a way that the characteristic curves 
form a family of asymptotic lines of the integral surfaces, and find the 
orthogonal trajectories of the surfaces thus obtained. 

[Licence, Paris, July, 1904.] 

9. Consider a family of skew cur.ves r represented by the two equations 

z* + 2 ji« = az'', x> + J/* + *" = da, 
where a and b are two valuable parameters. 

1) Prove that these curves are the orthogonal trajecMries of a one-parameter 
family of surfaces 8 ; 

2) Find the lines of curvature of tliese surfaces S ; 

3) Show that these surfaces form part of a triply orthogonal system, and find 
the other two families of this system. 

[Licence, Paris, July, 1901.] 

10. Form the partial differential equation which has the complete integral 
j/^ix" — a) = (2 + 6)', and integrate this equation. 

11. Determine the surfaces such that the segment mn of the normal included 
between the surface and the point of intersection n with a Gzed plane P pro- 
jects upon this plane into a segment of constant length. 

12. Let n be the point where the normal at m to a surface meets the xi/- 
plane. Find the surfaces such that the straight line On will be parallel to the 
taneent plane at m. 

* '^ [iicence, Poitiers, July, 1884.] 

13. It is required to determine the surfaces which cut at a given angle F all 
the planes passing through a fixed straight line. Show that the characteristic 
curves are the lines of curvature of the integral surfaces. 

14. The integral curves of the partial differential equation for which a com- 
plete integral is (i ^a^)x + k(l + a'')z + 2ay + b = 0, 

where a and 6 are two arbitrary constants, satisfy the relation 
itc' -I- dji' = fc«di'. 
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16". Ever? integral curve of a partial differential eqasftionF(x,y,z,p,q) =0, 
tangent at a point JIf to a generator G ot the cone T with lie vertei at M, 
ba« contact of the second order witb everj integral surface tangent at Jtf to the 
plane tangent along the generator G to the cone T. 

[SoPHUS Lie.] 

16. From a point M of a, surface S a perpendicular MP is dropped upon tbe 
fixed ails OO", then from the point P a, perpendicular PN upon the normal to 
the surface at M. It is required to determine the surfaces S such that the 
length M!f will he a given constant a. 

Study in particular the surfaces S which are helicoids having 00" for axis. 
[Licence, Paris, October, 1908.] 

17. It is required to find the general form of tbe functions F(x, y, z, p, q) 
such that the dlfEerential equations of the characteristic curves of the equation 
F= win have tbe integrable combination d{q/p) = 0. 

Applieation. Determine tbe surfaces S such that tbe distance of any point 
M of one of them to the x^-plane is equal to the distance from tbe point to 
the tangent plane to the surface at the point JIf. 

18. Given tbe partial differential equation 

(I) Pp+Qq=Sz^+ Si+ T, 

where P, Q, R, S, T depend only upon the variables r- and y, show that the 
anbarmonic ratio a of any four particular integrals of the equation (I) satisfies 
tbe equation 



Knovring four particular integrals z,, Zj, z„ z, of tbe equation (I), c 
derive from them tbe general integral ? 

19. Ponrilel aafaees. Let $ (z, y, z) be an integral ot tbe equation 



©'-©'= 



Prove that the equation S(x, y,z) = C represents, in rectangular coiJrdlnates, 
a family of parallel surfaces. 

Note. We observe that tbe equation {E) has tbe complete integral 



tf = V(x-o)»+(y-6)" + (z-c)*, 

and tbe general integral is obtained by finding Hiie envelope of the sphere of 
radius S whose center describes a surface or a curve. It is clear that by 
making the radius 6 vary we obtain a family of parallel surfaces. 

Conversely, in order that the equation u («, y,z) = C shall represent a family 
of parallel surfaces, it is necessary and sufficient (Ex. 9, p. 42) that u(a, y, z) 
satisfy an equation of the form 

©■*(S)'-(S)*=""'' 

which we may reduce to the form (E) by putting 6 = ^(u). 
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20. In order th&t the expresaion dz + Adx + Bdy ahall have ah integrating 
factor independent of z. It Ib oeceHsar; and sufficient that it be of tlie form 

dz + zd* + e-*(f^, 
where ^ and ip are functJons of x and y. 

il. Apply the method of J. Bertrand <p. £32) to the equation 
P(fa + Cdi/ + Hdz = 0, 
where P, Q, R are linear functions of x, y, z satiafTing the condition of 
integrabilitf. 

22*. Given a compIefeZj/ ird^rable ayatem of the form 
dz =pdx + qdy, 

dp = (a,ji + 0,7 + a,z)dz + (c^p + e,g + i^z)dy, 
dq = {c,ji + c,3 + e,i) dx + (6iP + 6,9 + b,':)dy, 
where a^, fs, Cf are functions of x and y, the general integral is of the form 
z = Cii^ 4- CgZ, + CgXf, where 2,, «,, «, are three liQearly independent inte- 
grals, and where Cj, Cj, Cj are arbitrary constanM." 

23. Find the necesaary and Bufficient conditions in order that the equations 
r=f,{^,y), »=f,(x,y), t=f^(x,y) 
be consistent. 

Application. Find what condition the functions A{z, y). Biz, y), C(x, y) 
must aatiafy In order that the integral curves of the differential equation 
Adx* -f 2 Sdxdy + Cdy* = be the projections on ttie xy-plane of the two 
families of asymptotic lines'of a surface. 

■ Affbll, Journal de Liouville, 3d series, Vol. VIII, p. 193. 
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42 ; 116, 42 
Adjoint ^atem of equatloaB i IS6, 67 ; 
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18S, 67 ; 199, 71 ; SOI, 71 
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Analytic integrals: 
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43, 22; 49, 23; 
SS, 24; 54, 26; 
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Aniomari: Z46, ftn. 

Appea : 41, ftn. ; 116, 42 ; t90, ttn. 

Approximate Integration of differen- 
tial equations : 64, ftn. 

Arbitrary conatanta: 74, 31; see ai»o 
Elimination of constants 

Asymptotic Unea : 4S, ex. 16 ; 91, 3& ; 
SOG, Bi. 

Anitliary equation, polynomial : JS, 8 ; 
117, 43 ; ie4, 45 ; igJ, 60 ; roots of : 
119, 4S ; for a system of equations : 
158, 68 ; 163, 60 
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Bernoulli's equation: 11, 6 
Bertrand: 41, ftn. ; «3£, 80; t9Q, ex. 21 
Bertrand's method : fj£, 80; £90, ex. 
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BeMel : 1S6, 40 ; idf, 52 ; 169, ez. 6 
Bessel's equation : ise, 46 ; 149, 63 ; 

i69, ez. 8 
Boole: eie,OT. 1 
AninUafcy : 44, ez. 21 
BracliBt [u, v] : £34, 81 ; S41, 83 
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4J',22;equaUonsofthenth order: 49, 
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183. 67 ; 198, 71 ; SOS, 71 ; (system 

of equations) : 48, 22 ; S17, 76 ; par- 
tial differential equations; S4, 26 
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C«iit«ri of integral curves; ISO, 65; 
of elmiUtude, 8, S 

Characteristic curve*! S19, 76; $$4, 
77; £49, 85; £50, 85; S59, 86; 
S6I, 87 ; Cauchy'B method : S49, 85 ; 
g57. Bote ; B59, 8fl ; ?60, Note ; 
£61, 87 J congruence of; Siff, 76; 
2fO, 76; ^«2, 77; derivation from 
complete integral : £59, 86 ; differen- 
tial equations of t S19, 76 ; £££, 77 ; 
£S4, 77; £51, 86; we alio Char- 

Characteristic developable surface : 
S52, 86 ; £69, 86 ; £60, Hole 

Characteristic direction ; S50, 85 

Characteristic equation: i5(*,47 ; 1S9, 
50; MO, 61; J«,6S; M7,fA; 165, 
61; lee, 62; /79, 65{ elementary 
divisors! IS£, ftn.J roots ofj ISO, 
47 ; i5J, 48 ; 159, 50 ; 149, Note 3 

Characteristic exponents: 147, 64; 
250,55 

Characteristic numbers: 147, 54 

Characteristic strip : £5£, 85 ; «9, 86 ; 
S60, Note; ^fiJ, 87; differential 
equation of : i6£, 87 

Circles, differential equation of : 5,1; 
of double contact with a conic; 
£06, ex. 4 

CisBOid ; £06, es. 5 

Ciairaut : 17, 10 ; 41, ftn. ; 44, ei. 20 ; 
£05, 72 ; SIS, 74 ; ^39, ex. 1 

Clairaut's equation ; 17, ]0 ; 41, ftn. ; 
44, ex, 20; £05,12; generalized: 
£I£, 74 ; £5», ex. 1 

Cldtach: S67,SS 

Complete integral : tS6, 82 ; £S9, 82 ; 
S41, 83 ; ^47, 84 ; 360, Note ; £77, 
91 ; £7S, 02 ; generalization of the- 
ory : S7S, 90 ; geometric interpreta- 
tion: £SS, 82; of involutory systems: 
377, 91 ; see aUo Cauchy's method 
aiid Lagrange's theory 

Complete systems: £67, 88 and 80; 
equivalent ; £6S, 89 ; Jacobian sys- 
tems; £69, 89; i70, 89; £71, ex.; 
275, 91 ; £7S, 92; method of inte- 
gration: S70, 89; change of varia- 
bles: «67, 89 



Completely integrable total differen- 
tial equations: 5S, 24; £S5, 78; 
system of equations : 5S, 24 ; see 
idfo Condition for integrabitity 

Complex of curves; £5S, 86 

Condition for incompresslbility of a 
fluid : se, 33 

Condition for integrabitity of total 
differential equations : 5S,2i; SS5, 
78 ; £S0, 80 ; the bracket [u, d] : 
SS4, 81; ^41, 83; invariance of: 
SSI, 80; involutory systems, Pois- 
son's parenthesis: S74, 91; the 
parenthesis (u, v) : £S4, 81 

Confonnal representation: ££, IS 

Congruence of curves: £09, 74; £19, 
76 ; £££, 77 ; focal points of, focal 
surface; £09, 74 ; ££4, 77 ; see alto 
Characteristic curves and Edge of 



Conical point ; £57, 85 

Conies, differential equation of; 5, 1 ; 
having circles of double contact; 
£06, ex. 4 

Conoids ; ££0, ex. 1 

Constant coefficients in differential 
equations: 117, 43; (system of equa- 
tions): 157, 68; 160, 68; D'Alem- 
bert'8 method ; 1££, 44 ; 161, 58 

Constants of integration : 74, 31 ; see 
also Elimination of constants 

Continuous one-parameter groups ; 
*7, 84 ; see also Groups 

Corresponding homogeneous linear 
equation : 107, 89 

Coaj)ii: 64, Itn. 

Covariant ; SO, Note 2 

Cremona transformation : 198, ftn. 

Critical points, algebraic : 173, 63 ; 
ISS. 67 ; 199, 71 ; £01, 71 ; infinite 
number of : 1S3, ftn.; linear equa- 
tions : 1£9, 47 ; non-linear equa- 
tions: 17S, 63; permutation of 
integrals about: 1£9, 47; ISS, 49; 
transcendental : 197, 70 

Curves, asymptotic lines; 43, ex. 18; 
SJ,35; 206, ex.0; circles: see Cir- 
cles; cissoid: £06^ ex. 5; complex 
of : £59, 86 ; congruence of : see 
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Congruence of curves; conies: tee 
Conies; cycloid: 41, 20; edge of 
regression : S09, 74 ; £1S, 74 ; HO, 
ex. 3; S57, 86) elastic apace cur" 
99, ex. 7; ellipse: 18, 10; en' 
lope; «ee Envelope; family of : S, 
helices ; SSO, ex. 2 ; isotbermal : 4S, 
ei, la ; orthogonal : U,T ; S5, 17 
SSO, ei. 3i «2*, 78; parabola: 6, 
1; parallel; 4S, ex. 0; similar 
3; straight lines: 4,1; trajectories; 
14, 1 ; 34, 17; 9S, 36; unicursal 
quartic: JP, ex. 2; £05, 72 ; see aim 
Cuaps Integral curves. Lines of 
Curvature, Locus 
Cusps of integral curves: 41, 20; 
£01, 71 ; SO^, 71 ; £08, 78 ; «2^, 74 ; 
;?J5, e:[. 2 ; «ee aUo Locus of cusps 

UartoitE: S9, 16; i^ ftn.; J5, 21; 
79, ftn. ; 2i« ftn. ; SOS, ftn. ; US, 
ex. 2 ; J59, ftn. ; SBS, 85 
Darboux's theorems: 29, 10 
i>Miemfiert: i??, 44 ; 161, 58 
D'Alembert's method : ISS, 44; i6J, 58 
Definite Integrals as solutions, of Bes- 
eei's equation : 1S6, 46 ; 169, ex. 8 ; 
of Laplace's equation ; 1S4, 46 
Delaam^ : SS6, 94 

Depression of order: S6, 19; 109, 40 
Derivative in non-linear equations, 
infinite; 17Z, 63; indeterminate; 
I7S, 64 ; J77, 65 ; see also Briot and 
Bouquet's equation and Briot and 
Bouquet's theorem 
Developable surfaces : S40, 82 ; 257, 
85 i SSS, ex. ; see also Character- 
istic developable surfaces 
Differential equations: S, 1; admit- 
ting a group of transf onnations : 
S9, 35 ; 91, 35 ; 9J, 36 ; 96, 36 ; 97, 
36 ; 9S, ex. 4 ; algebraic : JW, 66 ; 
18£, 67 ; algebraic, of deficiency 
zero or one : 18, 11 ; Bernoulli's : 11, 
6; Bessel's: 736,46; 14S,BS; 169, 
ex.8; Briot and Bouquet's: J75,64; 
Cauchy's: S57, ei. 1; of charaeter- 
isUc curves: S19, 76; SiS, 77; 2U, 
77; «5I,85; of characteristic strip: 



«fl?,87; of circle*! 5,1; Clairaut's; 
«ee Clairaut's equation; of conies 
(Halphen's method): 5, 1; Dar- 
boux's theorems: $9, 16; depression 
of order of: 56, 19; 109, 40; differ- 
ential notation : ?, 2 ; elastic spaee 
curve: 99, ex.. 7; equations F{x,y') 
= 0, J^(V,V0 = 0: 18,U; Euler's: 
tee Euler's equation; Euler's linear: 
12 S, 46; existence theorems: see 
Existence theorems ; of first order : 
6, 2; ISO, 66; Gauss's: 140, 51; 
geometric representation of ; 14, 8 ; 
of higher order: 35, 18; 196, 70; 
homogeneous: 5,3; 16, ftn.; 55,10 ; 
90, 35 ; of incompressible fluid : 84, 
33 ; integrals of: see Integral curves, 
Integral surfaces, (t?id Integrals; of 
isothermal curves : 43, ex. 12 ; Jaco- 
bi's: tee Jacobi's equation; La- 
grange's : JS, 9 ; S04, 72 ; 205, 72 ; 
Lamp's: 146, 63; Laplace's linear: 
124, 46 ; Legendre's : US, ex. ; lin- 
ear: 9, 4; 90, 35; Liouvllle's: 79, 
ex. 8; of the nth order: 4,\; 6, 
2; 49, 22; 100, 37; order of: 4, 
1 ; of Orthogonal trajectories : 14, 
7; SS, 17; SSS, 78; PainlevS's: 
196, 70 ; 197, 70; of parabolas: 6, 
1; nith periodic coefficients: see 
Periodic coefBcients; Picard's: 143, 
53 ; raising order of : 41, Bote ; 
regular: 254,50; Riccatl's: seeRic- 
cati's equation; of similar curves: 
S, 3; singular points of : see Singu- 
lar points; of straight lines: 4, 1 ; 
of trajectories; see Trajectories; tee 
alaq special classes of differential 
equations and systems of equations 

Differential notation: 7,2 

Differential operators: 97, 86; lOS, 
38 ; 113, 41 ; bracket [u, b] : £S4, 
81; Ul,»3; the parenthesis <u, e) : 
2S4, 81; Poisson's parenthesis: S74, 
01 ; X [¥(/)] - Y [X{/)] : 97, 36 ; 
gee, 88 ; S7S, 92 

Dixon : 44, ex. 21 

Dominant functions: 45, 21 ; 47, 22; 51, 
23 ; 5S, 24 ; S5, 26 ; 1S8, 50 ; 274, 64 
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Edge of regreeslon : S09, 74 ; Slg, 74 ; 
UO, ei. 2 i SS7, 86 

Elastic space curve : 99, ex. T 

Element: £61, 85; £61, 67 

Elemeutaij divlGon : ISl, tin. 

Slimination, of arbitrary functions: 
£££, 77 ; S3S, 82 ; S59, 86 ; £73, 80 ; 
£78, OS; of conatants; S, 1; £0S, 
74 ; 256, 82 ; £55, ftn. ; f 7?, 90 

EUipeoid, lines of curvature of : iX, 
Note 

Elliptic fuDctioiiH: £3, 14; aa coefB- 
cients of a linear equation: 144, 
53; 146, 54; existence proof from 
Euler's equatioD : £3, 14; 194, 09; 
asiutegralB: J9,e2.3; ^9, SO; i44, 
53; J9f, 08; Picard'a equation: 
144, 5S 

Envelope, of aHfmptotlc lines : £06, 
ex. 6; of integral curves; 17, 10; 
£03, 71 ; 5M, ftn. ; SOS, 72 ; S09, 74 ; 
SIS, ex. 8 ; of integral surfaces: t3S, 
62 ; S81, 93 ; of Btraight lines : IS, 10 

Equations of fiiat order, higher order : 
tee DlBerentioi equations and special 
classes of equations 

Equivalent complete systems: £68, 89 

Essenllallf Angular poiDts : 131, 47 ; 
134, 49 ; movable : 198, 70 

Euler: 19, 12; S3, 14; S7, 14; £8, 
16; £9, 16; 41, ftn.; «, ex. 17; 
117, 43; i8«,45; J9J, 69; £05, 73; 
g«I, ex. 3 

Euler's equation: fJ, 14 ; fS, 16; <I, 
ftn. ; 194, 69 ; £05, 72 ; Abel's the- 
orem : 28, IS; existence of elliptic 
functions ; £S, 14; ^94, 69; La- 
grange's integral of: 43, ex. 17; 
Stieitjes'H general integral: £7, 14 

Euler's linear equation : 1£3, 46 

Euler's relation for homogeneity ; ££1, 

Exceptional initial values: 17S, 68; 

17S, 64 ; 177, 65 
Existence theorems: 45, 22; 9^, ex. 

1 ; analytic integrals: see Analytic 



integrals and. Briot and Bouquet's 

method; calculus of limits: see 
Calculus of limits; for elliptic fuiic- 
Uons: SS, 14; 194, 09; for inte- 
grating factors: 57, 26; succeasive 
approximations : see Successive ap- 
proximations; for systems of partial 
differential equations in normal 
form : £83, 94 ; set oXao Exceptional 
initial values 
Extended group; 9^,36 

First integrals: 74, 31; 76, 31; 81, 

32 ; sa, 82 ; 157, 57 ; £16, 75 
Fixed singular points : ISl, 66 ; 18t, 07 
Floguett 151, ftn. 
Focal point ; £09, 74 
Focal surface: £09, 74; £S4, 77 
Focus : ISO, 65 
Fueh»: 134, 60 i 139, ftn.; 150, tin.; 

194, ftn. 
Fuchs' theorem : 1S4, 50 
Functions defined by differential 

equations : ISS, 07 
Fundamental characteristic equation : 

139, 60 ; see also Characteristic 

equation 
Fundamental system of integrals : 

i05, 38; 105,38; 189,47; 130,47; 

147, 54; for a system of linear 

equations : 153, 56 

OauM : 140, 51 

Gauss's equation: 140, 51 

General Integral : 3,1; 1S,T; 59, 26 ; 
7J, 31 ; of homogeneous linear 
equaUons; lOS, 38; 105, 38; of 
partial differential equations; £17, 
76 ; SS8, 82 ; £7S, 90; of a system 
of equations: 57, 28 ; 15S, 50 

Goursati 83, ha.; 170, exs. 14, 15; 



r, ftn.; 



S ftn. 



Group, diSerentiai equations admit- 
ting a : 89. 35 ; 92, 36 ; 95, 36 ; 96, 
30; 97, 86; 98, ex. 4; differential 
equations of a: 88, 34 

Groups, one-parameter continuous; 
86, 34 ; 91, 36; application to differ- 
ential equations : 89, 85 ; 96, 36 ; 
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97,36; fUDctioiu admitting: 9S,S6; 
of inflnite^mal tranBformations ; 
SI, 30; 93, 30; iuTiirlants: 93, SQ; 
similar: SS, 34; of trsiislatioiie : 
SS, 34 ; tee oteo TransformaUonB 

Halphen : 5, 1 ; IIS, 42 

Hedricki 955, ftn. 

Helices: SSO, ex. 2; U5, S3 

Helicold! £«0, er. 2; £J5, 83; lines 
of cuirature of i 91, 36 

Hemate: 99, ex. 7; Wfi, 63; 169, ex. 
8; i9S, ftn.; S8S, ftn. 

Homogeneity of functions, Euler'B re- 
lation: Sil,es.. S 

Homogeneous equations i 8, Z; 16, 
ftn. ( 38, 19 ; 90, 85 

Homogeneous linear equations; lOS, 
38; W7, 39; adjoint equation, poly- 
nomial: lie, 42; analogies with 
algebraic equations : lis, 41 ; anal- 
ogies with the Galois theory, with 
symmetric functions of roots: 115, 
41 ; auxiliary equation, polyaomial : 
117, 43 ; Bessers equation : 196, 46 ; 
US, 52 ; 169, ex. 8; common Inte- 
grals of two equations: 114, 41; 
constant coefScienta : 117, 43; 
(B'Alembert's method): 1S2, 44; 
corresponding: 107, 89; critical 
points: li9, 47; depression of order: 
109. 40; elliptic coefflcients: 144, 
68 ; 146, 64 ; Euler's linear equation: 
ISJ, 46; Fuchs' theorem: 1S4, 50; 
fundamental system of integrals: 
lOS, 88 ; 105, 88 ; IS9, 47 ; Gauss's 
equation: 140,61', general integral : 
lOS, Se ; 105, Se ; greatest common 
divisor : 113, 41 ; group of Bubetitu- 
'tions: ISS, 48; 134,^; inyariants: 
115, 41 ; Lamp's equation : 146, 63 ; 
Laplace's equation : 1S4, 46 ; Legen- 
dre's equation : IIS, ex. ; linearly 
Independent integral*; 103,3.%; 105, 
88; periodic coefficients: 1S8, 47; 
146, 64 i J50, ex. ; 151, ftn. ; per- 
mutations of integrals around a 
critical point: 1S9, 47; Plcard's 
equation ! 143, 53 ; ratio of two 



integrals: 169,ax. 10; regular: iJ4, 
50 ; regular integrals : 1S8, 47 ; 131, 
47; iJ4, 40; relation to Riccati's 
equation: 111, 40; 111, ftn.; roots 
of integrals, Sturm's theorem: 111, 
ftn.; solution as a definite inte- 
gral : see Definite integrals ; system 
of : see System of homogeneous lin- 
earequatlons; Wronskian: 2.^9,47; 
«ee also Characteristic equation. 
Characteristic numbers, and Char- 
acteristic exponents 
Hoiiel: fJ2, ex. 1 
Hyperelliptic functions : 193, 68 
Hjpergeometric series: 140, 51; de- 
generate cases : 14S, 62 

Identical transfonnation ! i*, 84; 91, 

Incompreaaihle fluid, condition for: 
S6, 33; Invariant integrals: 84, 38 

Independent equations: t65, 88 

Independent integrala: 81, 81; line- 
arly; 103, 88; 105, 88 

Inflnitesimal transfonnations: 86, 84 ; 
91,86; 93,80; 9^,36 

Initial conditions: 45, 22 ; 48, 22 ; 49, 
22; J0, 28; fii, 24; J5, 24; S7, 26; 
defining an Integral ; 100, 87 ; partial 
differential equations: 54, 25; 57, 
26 ; S14, 74 ; tSl, 76 ; 946, 84 ; M4, 
04; see ai«o Caucliy's problem. De- 
rivatives in non-linear equations, 
and Exceptional initial values 

Integrable combination: 77, 31; 78, 
eis. 1, 2 ; SSO, 76 ; SiS, 83 

Integral curves: 4, 1; ec, 26 and ftn.; 
61, 26 ; 79, Note 1 ; 173, ftn. ; 179, 
65; J99, 71;center:JS0,65;cuspsi 
see Cusps; envelope of : 17, 10 ; «0J, 
71; 204, Im.; £05,12; g09,U; £13, 
ex. 8; focus: ISO, 65; in para- 
metric form: 16,9; of a partial dif- 
ferential equation: SS7, 86; £58, 
ex. 2; £«», ex. 15; saddleback: 
179, 66 ; see also Integrals 

Integral equation: 61, 27 

Integral surfaces: SIS, 76; S19, 76; 
fS7, 78 ; S46, 84 ; SSO, 85 ; «SS, 85; 
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envelope of : SS8, 82 ; £81, 98 ; tee 
also Caucby's problem and Integrals 
InUgrala : Abelian: 7j, II; analytic: 
see Analytic exten^on and Analytic 
int«gralB; anharmonic ratio of; IS, 
7; Cauchy'8 problem: S4e,Si; Se4, 
87 ; complete : see Complete inte- 
gral ; common to two linear equa- 
tions: 114, 41; defined by initial 
conditions: 100, 37; in form of 
definite integrals; see Definite in- 
tegrals; elements of : S51, 86 ; S6I, 
87; elliptic functions; 19, ex. 3 ; S9, 
20; 144, 63; I9g, 68; of equations 
of higher order; 190,70; existence 
of: see ExiEtence theorems; first: 
see first integrals; fundamental 
system of : see Fundamental system 
of integrals; general: see General 
integral; general properties of: 
100,31; hypergeometric series; 140, 
51 ; I4S, 62 ; independent ! 81, 31 ; 
initial conditions; see Initial condi- 
tions; inTariant : see Invariant inte- 
grals; Legendre's polynomials: lis, 
ex.; Lie's enlarged deflnition : S64, 
Note; linearly independent: 103, 
38; 105, 38; non-anaijtic: see Non- 
analytic integrals; particular; S, 1; 
J2, 7; 14, 7; SO, 12; 107, S» ; 109, 
40; periodic: 19S, 68; permutation 
of integrals around a critical point: 
1S9, 47 ; 1S3, 40; rational functions: 
144,5S; Jff5, 68; rational functions 

of constants ■.10,4; 12, 7 ; 186, 67 ; 
regular; J**, 47; lSl,iT\ 134,4Q; 
roots of, Sturm's theorem ; 111, 
ftn.; singular: see Singular inte- 
grals; singular points: see Singular 
points; Wronskian; 1S9, 47; see 
alto Integrable combination, Inte- 
gral curves. Integral surfaces, and 
special types of equations 
Integrating factors: 19,12; 81,&2;SS, 
32;$6,3e;9S,e%e.S,4;llS,i2;SSl, 
80 ; S90, ex. 20 ; existence of : S7, 26 
Integration by raising order; 47, Note 
Invariance of condition of integrabi lit;: 
SSI, SO 



Invariant functions; 93, 36 

Invariant Integral : SS,S3i of homoge- 
neous linear equations : ii5, 41; of 
: incompressible fluid: 84, S3; line 
and surface: S4, 33; multiple: SS, 
33; volume: 86, SS 

Involutory systems; S74, 91; com- 
plete integral ; «?7, 01 ; Jacobi'a 
method; S77, 02; Poisson's paren- 
thesis: £74, 91 

Isothermal curves : 4S, ex. 12 

Jacobi: 11, S\ 25,14; Sg,16; 74,31; 
81, 32 ; les, 60 ; £69, 89 ; S70, 89 ; 
S71, ex. ; S75, 01 ; S77, 92; S7S, 92 

Jacobi's equation; 11, 6; SS, 16; re- 
lation to a system of homogeneous 
linear equations: 16S, 60 

Jacobi's method, involutory systems: 
S77, 92 

Jacobi's multipliers : 74, 31 ; 81, 32 

Jacobian system; S69, 89; S70, 89; 
271, ex. ; 275, 91 ; S7S, 92 



:■. ie,9; 41,Stti.; «,ei. 17; 
107, 89; 109, ftn.; US, 42; SOS, 
71 ; S04, 72 ; gOS, 72 ; SIS, ex. 4 ; 
SSe, 82 ; SS9, 82 ; S40, 83 ; g41, 83 ; 
SSI, 86 ; SSS, ftn. ; £SS, ex. 1 ; gS9, 
86 ; 577, 92 

Lagrange and Charpit's method : S40, 
83 ; ^77, 02 

Lagrange's equation : 16,9; S04, 72 ; 
SOS, 72 

L^range's integral of Euler'g equa- 
tion: «, ex. 17 

Lagrange's method : HI, 83 ; S51, ^ 

Lagrange's method of the variation of 
constants : 107, 39 ; 109, ftn. ; ess, 
ftn. 

Lagrange's theory of the complete in- 
tegral : SS6, 82 ; SS9, 82 ; g68, ex, 
1 ; 259, 86 

Laguerre : 115, 41 

Lam4 : 146, 53 

Lamp's equation : 'i46, 63 
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Laplace: 114, 46; lt7, Note 

Laplace's linear equation : 1S4, 46 ; 
1S7, Note 

Legendre; 16, Hn.; tS, 16; llS,ei.. 

Legendie'e equation : 11^, ex. 

Legendre'B polynomials : US, ex. 

Legendre's transformation : 16, ftn. 

LeitmUi ! 118, 4S 

Leibnitz's formula : IIS, 43 

Liapuru^: 151, 56 and ftn. ; 166, 62 

Lie: 43, ex. 12; S6, ftn.; dj, 36; 
Sej, Note; f*9, ex. 15 

Lie's enlarged definition of the Inte- 
gral : S64, Note 

Lie's theorj of differential equations: 
86, 34 ; lee alto Groups 

Lin^Uif: 61, 27 ; 9S, ex, 1 

Linear equations : 9, i; 90,35; 100, 
37; 106, 38; 186, 67; coetGcIento 
depending upon a parameter : 65, 
Note ; depression of order : 109, 40 ; 
general properties of integrals : 100, 
37; see alao Homogeneous linear 
equations, Integrals, Non-homoge- 
neous linear equations, Partial differ- 
entiat equations, and Singular points 

Linearly independent functions: 103, 
38; integrals: 103, Z^; 105, 3S 

Lines of curvature: S06, T2; of an 
etlipsold ; 41, Note ; of a bellcoid : 
91,35 

Limimlle : 79, ex. 3 

Liouville's equation : 79, ex. 3 

LipschUz ! 65, 30 i S87, S4 

Lipschitz condition : 65, 30 ; S87, &i 

Locus, of characteristic curves i £19, 
76; of cusps of integral curves: 
eoi, 71 ; £0S, 71 ; S06, 72 ; SOS, 73 ; 
eiS, 74; SIS, ex. 2; of points of 
inflection of integral curves: SIS, 



Mayer: BS9, 79 
Mayer's metliod: SS9, 7S 
Miray : 45, 21 
Motgno : 63, SO ; SIS, ex. 1 
M<mge : 41, Note 

Monge's method of finding ttie lines of 
e of an ellipsoid : 41, Note 
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Movable alngolar points: ISl, 66; 
185, 87; 197, 70 and ftn.j for 
equations of higher order : 196, 70 ; 
essentially singular: 196, 70; lines 
of : 197, 70 ; polea : 197, ftn. ; tran- 
scendental critical points; 197, 70 

Mnltipllers: 74, 31 ; 81, 32 ; 85, 33 

Non-analytic integrals ; 50, 22 ; S55, 
ftn.; Brlot and Bouquet's theorem : 
ITS, 64 ; 176, 64 ; 177, 64 ; 17S, 65 ; 
Me alto Analytic integrals and Brlot 
and Bouquet's method 

Non-homogeneous linear equations : 
100, 37; lOS, SO; analytic exten- 
sion of integrals: 101, ST; Caucliy's 
method: 108, 39; 109, ftn.; con- 
stant coefflcienla: ISO, 43; corre- 
sponding homogeneous equation : 
107, 39; depression of order: 110, 
4p; general integral: 107, 89; La- 
grange's method of the variation of 
constants: J07,30; JOS.ftn.; singular 
points: 100,37 ; system of equations: 
>ee Systems of non-homogeneous 
linear equations 

Non-linear differential equations, 17S, 
63; 179, 66; algebraic equations of 
the first order: 180, 66; ]8g, 87; 
Briot and Bouquet's problem: 193, 
ftn.; having single-valued inte- 
grals! 1S7, 68 ; 19S, 68 ; 193, ftn.; 
exceptional Initial values: 17S, 63; 
(derivative infinite): ITS, 63; (de- 
rivative indeterminate) : 17S, 64 ; 
177, 65; integrals; see Envelope of 
integrals. Integral curves. Integrals, 
Locus of cusps, and Singular inte- 
grals; functions defined by g' = 
It{x,y): J5J,67; non-analytic inte- 
grals: see Non-analytic Integrals; 
singular points: tee Critical points. 
Fixed Angular points. Movable sin- 
gular poinU, Singular points; sys- 
temsof; £05,74; see aI»o Equations 
of Briot and Bouquet, Clalraut, 
Euler, Lagrange, and RIccati 

Normal form of a system of partial 
differentia equations : S83, 94 
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Order ol & difierential equation : 4,1; 
depresuon ot : S6, 10 ; 109, 40; first 
order: 6, 2 ; iSO, 66; higher order, 
nth order; 4,1; 6,2; SS, 18 ; 196, 
TO; integialion b; raising order: 
41, Note 

Orthogonal trajectories: 14, 7; SS, 
17; S20, ex. 3; 22«, 78 

Orthogonal surfaces : SSS, 77 

Painleo6i 59, ftn.; 7i(, 80; iiW, 70; 
J97, 70 ; lis, es. 7 

Painlev^'s equation: 196, 70; /97, 
70 

Parallel curves : 42, ex. 9 

Parallel surfaces: £89, ex. 10 

Farenthesie(u,e): £^4,61; Poisson's: 
«7rf, 91 

Partial differential equations: 76,31; 
of first order; «ee Partial differential 
equatioiu of the first order-; of 
higher order : 178, 98 ; (Byetem of 
equatJons): £83, 94; of ruled sur- 
faces; SSO, ex. 1; £81, ex. 2; of 
tubular surfaces; SiO, ex. 3; S8£, 
ex. ; see aUo Systems of difierential 
equations und Eiist«nca theorems 

Partial dlSerenlial equations of the 
first order, linear : 75,81; £14, 75; 
characteristic curres: see Character- 
istic curves ; of conoids i SgO, e j. 1 ; 
general integral: £17, 75; geomet- 
ric interpretation : £18, 76 ; general 
method of integration i £14, 76; of 
helicoids: £20, ei. 2 ; £46, 83; initial 
conditions, ££1, 76 ; integral surface ; 
£18, 78; £19, 76; singular integral, 
surface: ££4, 77 ; see al»o Systems 
of difFerential equations 

Partial differential equations of the 
first order, non-linear : any num- 
ber of variables : £S1, 87; Cauchy's 
equation: 2B7, ex. 1; Cauchy's 
method: £49, 86; £59, 86; £60, 
Note; (extended): £6i, 87; Cauchy's 
problem: £46, 64; characteristic 
curves, characteristic developable 
surface, characteristic direction, 
obaracteristlc strip: see tliese titles; 



Clainiut's equation, generalized : 
2S9, ex. 1; complete integral; SS€, 
82, and see aUo Lagrange's theory; 
element: 251, 86; envelope of sur- 
faces: £S8, 82; general integral: 
£38, 82; integral. Lie's enlarged 
definition : 264, Note ; integral 
curves: 257, 85; 289, e^. 15; La- 
grange and Charpit's method : 240, 
83; f77,92[ separaUon of variables; 
£44, ei. 3; singular integrals: £t4, 
77; £37, 82; £38, ftn. ; 272, 00; 

- three variables: 236, 82; tee alio 
Involutory systems 

Particular integral, solution ; 3,1; 
1£, 7; li, 1; £0, 12; 107, 30; 
109, 40 

Periodic coefficients; 1£8, 47; 148, 
54; 150, ex.; ISl, ftn.; elliptic: 
144, 63; 146, 64; Picard's equa- 
tion : 144, 63 ; system of linear 
equations; 164, 61 ; 166, 62 

Pieard: 5S,ftn.; 61,27; 74,30; 116, 
42 ; 144, 68 ; 177, 64 

Picard's equation : 144, 63 

Heard's method ot successive approxi- 
: approxima- 



Foiwari: S5,83; 126,iai..; lSl,tVa.i 

177, 64 ; 180, 66 ; 194, ftn, 
Poisson: 374, 01 ; f77, 02 
PoisBon's identity ; S77, 92 
Poisson's parenthesis : £74, ftl 
Poles of integrals : 143, 63 ; 18S, 67 ; 

JS5,67{ movable: 1*6,67; J97,ftn. 
Properties, of difierential equations of 

higher order : 196, 70 ; of e*, tan z : 

$13, ex. 6 

Quadratures : 7, 2 ; iO, 4 ; J«, 7 ; IS, 
7; 2rf,7; je,9; 19,\2; 78,Zl; 79, 
Note 1 ; *5, 82 ; 90, 36 ; 108, 80 ; 
J2(?, 40; iiJ, 40; 154, f^; £78,92 

Rc^: «, ex. 21 

Ratio, of similitude: 8, &i of two 
Integrals; 169, ex. 10 

Rational functions, of constants as In- 
tegrals: 10, 4; 1£, 7; 186, 67; of 
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Tsriablea as integrals: i44,6S; 19S, 

68 
Reducible eysteme : 16S, 62 
Regular diSerenUal equations: 134, 

50 
Regular integrals : IS^, 47 ; 131, 47 ; 

1S4, 40; Fucbe' theorem : 134, GO; 

eubstitutions ! 1SS,4S; 154,48 
Rfecoti: J2, 7; 13, ftn,; «, ei. 18; 

?9,es..2; 111,40; JJS, 40andftii.; 

2«,Note; i57,57; 169,«x..9; 170, 

es. 15 ; 1S6, 07 ; 1*7, 37 and ftn.; 

1$4, ftn.; J97, ftn.; gl3, ei. 7 
Riccati's equation : 1S,1; 43, ex. 13 ; 

?9,ex.2; 2iJ,40; i2«,40andftn.; 

/«,Note; i57,57; ifiS,ex.O; i7(?, 

ei. 16 ; ISl, 67 and ftn. ; 186, 67 ; 

294, ftn.; dJ5, ex. 7; generallzatioD 

of: 197,1111. ; linear transformation 

of ; 13, ftn.; relation to linear equa- 
tions: JJJ, 40; JiS, ftn. 
Siguier : 45, 21 ; £S6, M and ftn. 
Roots of characterietie equaUon : ISO, 

47 ; 131, 48 ; 139, 60 ; 149, Hote 2 ; 

elementary divisors: 13S, ftn. 
Roots of Integrals : Sturm's theorem ; 

111, ftn. 
Ruled surfaces : ISO, ex. 1 ; SSI, ex. 2 

Saddleback: 179,66 

Sawoage s ISS, ftn. 

ScmmOch : SIS, ex. 1 

Separation of Toriables : 6, 2 ; 5, 3 ; 
19, 12 ; t44, ex. 8 

Serrel : SIS, ex. 1 ; SIS, ex. 8 

Similar curves: S, S 

Similar groups i SS, 84 

Single-valued integrals; 144, 53; of 
(y")™ = fi (j/), classification of equa- 
tions : 187, 68 ; J92, 68 ; 193, ftn. 

Singular integral, curve, surface : 17, 
10 ; S7, 14 ; 76, ftn. ; iSS, 71 ; SOS, 
71 ; S05, 72 ; SOS, 72 ; SOS, 74 ; S/0, 
74 i SS4, 77 ; «57, 82 ; SSS, ftn.; as 
an envelope: f OS, 71 ; 235,82; geo- 
metric interpretation; S07, 73 

Singular integral, curres and surfaces: 
determination of: fOJ, 72; of first- 
order equations : 19S, 71 ; SOS, 71 ; 
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S06,12; geometric interpretation; 
S07, 78 ; of partial dlBerential equa^ 
tions ! SS4, 77 ; SS7, 82 ; SSS, ftn. ; 
S7S, M; of a system of equations; 
SOS, 74 ; SIO, 74 

Singular lines, movable : 197, TO 

Singular points ; algebraic critical 
points : 173, 63 ; 18S, 67 ; 184, 67 ; 
SOI, 71 ; Briot and Bouquet's theo- 
rem: 176, 64; center: 180, 66; of 
equations of the first order: ISO, 
66; essenUally: ISl, 47; 134, 49; 
essentially singular movable : 196, 
70 i fixed ; 181, 66 ; 13S, 67 ; focus : 
ISO, 66; of linear equations: SS, 
28 ; 100, 37 ; 1S9, 47 ; 140, 51 ; US, 
52 ; JJ5, 53 { indeterminate deriva- 
tive ; 173, 64 ; infinite derivative ; 
17S, 68 ; infinite number of critical 
points : 1S6, ftn. ; movable ; see 
Movable singular points; poles: ISl, 
47 ; 143, 63 ; 144, 53 ; 183, 67 ; 184, 
87; JSJ,67; 297,ftn.; saddleback: 
J79, 65 

Solution; see Integral 

Star: 67,29 

Stationary flow : SB, 83 

Stiemea: S7, H 

Stiettjes's general integral of Euler's 
equation ; S7, 14 

Straight lines, differential equation 
Qt:4,l 

Sturm ; 111, ftn. 

Sturm's theorem ; 111, ftn. 

Substitutions: linear equations: 1S9, 
47; ISt, 48; 234, 48; canonical 
form ! ISI, 48 ; ISS, 48 ; ByBtcm of 
linear equations, canonical form : 
165, 61 ; Wronskian : 1S9, 47 

Successive approximations: 61, 21 1 
analytic functions; 66,29; 2£>£,87; 
i75, 64; Caucby-Llpschltz method : 
el, 27 ; 65, 30 ; 74, 30; Cauchy'sflrst 
proof : fi5, 80 ; 73, 30 ; coefficients 
functions of a parameter : 6 J, Note; 
Linde16f'B addition: 61, 27; linear 
equations: 64, 28; Lipschitz coiidi- 
Uou ; 6£, 80 ; 2^, 94 ; non-analytic 
Integrals: 175, 64; real variables; 
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61,27; 61, 27; 6 
55; 
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; 7S, 80 J 160, 



Surfaces, coooida ; SSO, ex, 1 ; develop- 
able: S40, 62; SS7, 86; !8S, ex.; 
etlipeoid: 41, Note; foc&l: fC9, 
74 ; SS4, 77 ; helicoids : SSO, ei. 2 ; 
£45, 83 ; orthogonal : ses, 77 ; par- 
allel: iS9, ex. Ifi; ruled: SSO, ei. 
1 ; «<¥/, ex. 2 ; tubular i g40, ex. 3 ; 
£5S, ex. 1 see abo Cbaracteriatic de- 
velopable surfaces, Envelopes, and 
Integral surfaces 

Sjmbolic polynomial : US, 41 ; US, 
42; Ji5,48;diviHor: 114,il; gteat- 
est comoioR divisor : 113, 41 

Systems of differential equations: SO, 
26 ; 74, 31 ; 79, Note 1 ; covariant : 
SO, Note 2 ; existence tbeorem : 
see Existence theorem ; flrst inte- 
grals: see First integrals; general 
integral : 57, 26 ; integral curve : 
60, 26; invariant integrals: see 
Invariant integrals ; multipliers : 
74, 31 ; SI, 32 ■,85,SSi BiDgular inte- 
grals : SOS, 74 ; »ee also Integrable 
combination. Systems of homoge- 
neous linear equations, OTid Sygtems 
of non-homogeneous linear equations 

Systems of homogeneous linear equa- 
tions: 15S, 66; adjoint system: 
1S6, 67 ; X66, 62 ; auxiliary equa- 
tion: 15S, 68; canonical form: 
161, 68; 165, 61; 279, 65; con- 
Btajit coefBcients: 157, 58; 160, 
68; (D'Alembert's method): 161, 
68; fundamental system of inte- 
grals : 153, 56 ; periodic coefBcients : 
164, 61 ; 166, 62 ; reducible Bystems : 
16S, 62 ; relation to Jacobi's equa- 
tion: ifi5,60;substitutionB: 165, Bl 

8yst«m8 of non-homogeneous linear 
equations; 154, 56; Cauchy's 

, method: 1S4, tin. ; existence theo- 
rem : SO, 23 

Systems of partial differential equa- 
tions; of first order: «7f, 80; nor- 
mal form, general existence theo- 
rem: ess, M; see aUo Existence 
theorems, Involutory systems, and 



Systems of homogeneous linear par- 
tial differential equations of the first 

Systems of partial differential equa- 
tions, hom<^neous linear equa- 
tions of the first order; t65, 88; 
independent equations; S66, 88; 
X[Y{/)]~TlX(f)]: «ee,88;Me 
alio Complete systems 

Tannery: 139, ftn. 

Taylor: 35, 18 

Total differential equations : SI, 24 ; 
SSB, 78; Ml, 88; 276, 91; Ber- 
trand'smethod : MS, BO ; S90,ejL. 21 ; 
completely Integrable : 5S, 24 ; SS5, 
78 ; existence theorem : 51, 24 ; 
geometric interpretation : es7, 76 ; 
integral surface: SS7, 7B; Mayer's 
method : 229, 79 ; method of inte- 
graUon; SSB, 78; SSS, 80; Pdz -(- 
Hdy + fidz =0 : ISO, 80 ; see oZso 
Condition of integrability 

Trajectories; IS, 7; 14,1; 34, 17; 
93, 36 

Transcendental critical points ; id7,70 

Transformations : SS, 32 ; SS, 82 ; 
^4,33; admitting a group of : 59,36; 
96, 36 ; of complete systems : ^£7,89 ; 
covariants ; 80, Note 2 ; Cremona : 
Jd5, ftn.; extended group of: 94,36; 
identical: S8, 34; 91, 36; infinites- 
imal: se,34; 92,36; 95,36; 9^,36; 
inverse: S9, 34; Legendre's; 16, 
ftn.; of linear equations: 115, 41 ; 
les, 69; of Riccati's equation; IS, 
ftn. ; see oJso Groups and Invariants 

Treme : SS6, 94 

Tubular surfaces : £40, ex. 3 ; SSS, ex. 

Unicursal quartic : 19, ex. 2 ; SOS, 73 



tTeJersiriwa : 45, 21 ; ISS, 48 and ftn. 
Weierstrass's elementary divisors : 

ISS, ftn. 
Wronskian; if.", 47 
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